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S4 FLAVOR SYMMETRY WITH SOFT-BREAKING AND PHYSICAL
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Abstract. We study the supersymmetric seesaw model in a S4 based flavor model. It has been
shown that at the leading order, the model yields to exact tri-bimaximal pattern of the lepton mixing
matrix and zero lepton-asymmetry of the decays of heavy right-handed neutrinos. By introducing
a soft-breaking term in Dirac-neutrino mass matrix, a non-zero Ue3 is generated leading to the
non-zeros of mixing angle θ13 and Dirac CP violating phase δCP . We also obtained the deviations
of the values θ12 and θ23 from their tri-bimaximal values. In addition, non-zero lepton asymmetry
from the decays of right-handed neutrinos is generated, as a result, by a reasonable choice of model
parameters compatible with low-energy data. The baryon asymmetry of the Universe is successful
generated through flavored leptogenesis.

I. INTRODUCTION

Observed data from the Cosmic Microwave Background (CMB) and Big Bang Nu-
cleosynthesis (BBN) indicate that almost no antimatter exists in our Universe and matter
density is very small compared to the photon density. The baryon asymmetry of the Uni-
verse (BAU) usually is expressed as ratio of the baryon density nB to the photon density
nγ of the Universe [1]

ηB =
nB
nγ

= 6.11+0.26
−0.27 × 10−10. (1)

It needs adequately explaining since all cosmological models agree that, matter and anti-
matter are generated at the same rate during the evolution of the Universe.

Besides, recent experiments of neutrino oscillations purpose determining more accu-
rate values of mixing angles of lepton sector, and squared mass differences among neutrino
masses [3]. However, properties related to the leptonic CP violation are completely un-
known yet. The large mixing angles of lepton sector, which may be suggestive of a flavor
symmetry, are completely different from the quark mixing ones. Therefore, it is very
necessary to find a model that leads to flavor mixing model for quarks and leptons.

Based on the neutrino oscillation experimental data, Harrison et al. suggested a
mixing structure called tri-bimaximal mixing (TBM) [4], UPMNS ≡ UTBPν , where

UTB =


2√
6

1√
3

0

− 1√
6

1√
3
−1√

2

− 1√
6

1√
3

1√
2

 , (2)
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Table 1. Neutrino oscillation parameters from two independent global fits [2, 3]

Refeence [2] Refeence [3]
Parameter Best fit 1σ 3σ-interval Best fit 1σ 3σ-interval

4m2
sol[10−5 eV2] 7.67+0.16

−0.19 7.14-8.19 7.65+23
−0.20 7.05-8.34

| 4m2
atm|[10−3eV2] 2.34+0.11

−0.80 2.06-2.81 2.04+0.12
−0.11 2.07-2.75

sin2 θ12 0.312+0.019
−0.018 0.26-0.37 0.304+0.022

−0.016 0.25-0.37

sin2 θ23 0.466+0.073
−0.058 0.331-0.644 0.5+0.07

−0.06 0.36-0.67

sin2 θ13 0.016+0.010
−0.010 ≤ 0.046 0.010+0.016

−0.011 ≤ 0.056

and Pν is a diagonal matrix of Majorana CP violating phases. In this structure, sin2 θ12 =
1

2
, sin2 θ23 =

1

3
and sin2 θ13 = 0. This structure fairly agrees with experimental data, how-

ever a non-zero of θ13 is a hot goal of new generation of neutrino oscillation experiments.
In recent years there have been lots of efforts in searching for models generated the

TBM pattern of neutrino mixing matrix, and an absorptive way seems to be the use of
some discrete non-Abelian flavor groups added to the gauge groups of the Standard Model
(SM). There is a series of interesting models based on the symmetric group A4 [5], T

′
[6],

S4 [7, 8]... The universal characteristics of this class of model are: existing at high energy
scale, giving rise to the TBM structure and could not explain BAU at the leading order
(LO).

In this work, we study the supersymmetric seesaw version of an S4 model. By
considering a perturbation parameter in the Dirac neutrino mass matrix, we obtain non-
zero Ue3 leading to non-zero value of θ13. Besides, the values of other lepton mixing angles
get small deviations compared to their TBM values. In addition, we also obtain lepton
asymmetry from the out of thermal equilibrium decay of right handed neutrino. Together
with a reasonable choice of parameter space of the model consistent with the experimental
data at low energies, BAU is generated successfully through leptogenesis.

The rest of this work is organized as follows. Next section we review an interesting
S4 model with seesaw mechanism. The effects of a soft-breaking term on the model are
discussed in section 3. Section 4 is devoted for leptogenesis of the model after soft-breaking.
We summary our work in the last section.

II. S4 MODEL WITH SEESAW MECHANISM

We consider the model proposed in [8], which could give sise to TBM pattern of the
lepton mixing matrix at the LO by seesaw mechanism. The model is based on the flavor
discrete group Gf = S4 × Z5 × U(1)FN added to the gauge groups of SM. The matter
fields and the flavons of the model are given in table 2. The superpotential of the model
in the lepton sector reads as follows

w` =

4∑
i=1

θ

Λ

ye,i
Λ3

ec(`Xi)
′
hd +

yµ
Λ2
µc(`ψη)

′
hd +

yτ
Λ
τ c(`ψ)hd + h.c.+ ..., (3)

wν = x(νc`)hu + xd(ν
cνcϕ) + xt(ν

cνc∆) + h.c.+ ..., (4)
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Table 2. Transformation properties of the matter fields in the lepton sector and
all the flavons of the model, ω is the cube root of unity, i.e. ω = ei2π/3.

Field ` ec µc τ c νc hu,d θ ψ η ∆ ϕ ξ′

S4 31 12 12 11 31 11 11 31 2 31 2 12

Z5 ω4 1 ω2 ω4 ω 1 1 ω2 ω2 ω3 ω3 1
U(1)FN 0 1 0 0 0 0 -1 0 0 0 0 0

where Xi = ψψη, ψηη,∆∆ξ′,∆ϕξ′ and (...)(′) is used to refer to the contraction in 11(2)

and the dots denote higher order contributions.
The alignment of the vacuum expectation values (VEVs) of flavons is given by:

〈ψ〉 =
(

0 1 0
)T
υψ, 〈∆〉 =

(
1 1 1

)T
υ∆, (5)

〈η〉 =
(

0 1
)T
υη, 〈ϕ〉 =

(
1 1

)T
υϕ, 〈ξ′〉 = υξ′ .

All the VEVs are of the same order of magnitude and for this reason these VEVs are pa-
rameterized as VEVs/Λ = u. The only VEV which originates from a different mechanism
with respect to the others is υθ and we indicate the ratio υθ/Λ = t. It is shown in the
reference [8] that u and t belong to a well determined range of values 0.01 < u, t < 0.05.

With this setting, the mass matrix for the charged leptons is obtained as

m` =

 y
(1)
e u2t y

(2)
e u2t y

(2)
e u2t

0 yµu 0
0 0 yτ

uυd (6)

where the y
(i)
e are the result of all the different contributions of the ye,i. The neutrino

mass matrices are given by

md
ν =

 1 0 0
0 0 1
0 1 0

xυu, (7)

MR =

 2c b− c b− c
b− c b+ 2c −c
b− c −c b+ 2c

 , (8)

where b = 2|xd|υϕ, c = 2|xt|υ∆ are real and positive quantities and the phases α1, α2 are
the arguments of xd,t, and φ = α2 − α1 is the only physical phase remained in MR.

The heavy neutrino mass matrix MR is exactly diagonalized by the TBM matrix

MD
R = V T

RMRVR = Diag.
(
M1,M2,M3

)
, (9)

MD
R = V T

RMRVR = b.Diag.(3keiφ − 1, 2, 3keiφ + 1) (10)

M1 = b|3keiφ − 1|, M2 = 2b, M3 = b|3keiφ + 1| (11)

VR = UTBUP , UP = Diag.
(
eiγ1/2, 1, eiγ2/2

)
, (12)

γ1,2 = − arg(3reiφ ∓ 1), k = c/b. (13)
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Integrating out the heavy degrees of freedom, we get the effective light neutrino
mass matrix, which is given by the seesaw relation [10] meff = −(md

ν)TM−1
R md

ν . This
mass matrix is diagonalized by the TBM matrix. We obtained the light neutrino mass
eigenvalues:

UTν meffUν = Diag.(m1,m2,m3) = −Diag.(
x2υ2

u

3c− b
,
x2υ2

u

2b
,
x2υ2

u

3c+ b
), (14)

m1 = −x
2υ2
u

M1
, m2 = −x

2υ2
u

M3
, m2 = −x

2υ2
u

M3
, (15)

Uν = UTBDiag.(e−iγ1/2, 1, e−iγ2/2). (16)

The light neutrino mass eigenvalues are simply the inverse of the heavy neutrino ones,
apart from a minus sign and the global factors from md

ν , as can be seen in Eq. (15). The
light neutrino mass spectrum can be both normal or inverted hierarchy depending on the
sign of cosφ. If cosφ < 0 one has normal hierarchy (NH) light neutrino mass ordering and
inverted hierarchy (IH) ordering if cosφ > 0.

In order to find the lepton mixing matrix we need to diagonalize the charged lepton
mass matrix

mD
` = U †`cm`U` = Diag.(yeu

2t, yµu, yτ )uυd, (17)

where the unitary U` results to be unity matrix. As a result we get

UPMNS = U †`Uν ≡ Uν = e−iγ1/2 UTB Diag.(1, eiβ1 , eiβ2), (18)

where β1 = γ1/2, β2 = (γ1 − γ2)/2 are the Majorana CP violating phases.
To determine the lepton asymmetry leading to the determination of baryon asym-

metry, we need to calculate the hermitian matrix H = (md
ν)

′
(md

ν)
′† in the basis where the

the heavy neutrino mass matrix MR is diagonal and real, and hence Dirac mass matrix
md
ν gets modified to be md

ν → (md
ν)

′
= V T

Rm
d
ν , then

H =

 1 0 0
0 1 0
0 0 1

x2v2
u. (19)

This indicates that all off-diagonal terms, Hij , (i 6= j), vanish so the CP asymmetry could
not be generated and neither leptogenesis. As a result, leptogenesis does not work in this
model at the LO.

Although the model shows sin θ13 = 0 is consistent with the experimental upper
bound, but non-zero and complex value of Ue3 lead to the possibility of exploring CP
violation in the leptonic sector and that is the main goal of future experiments. In order
to obtain non-zero θ13, low energy CP violation and leptogenesis, we must consider the
next leading order (NLO) corrections [8], the renormalization process or the disturbance
process. In this work, we consider the breaking the S4 symmetry through not only spon-
taneously, but also explicitly by introducing a soft S4 symmetry breaking term in the
Lagrangian of the model in order to obtain the above goals.
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III. S4 SYMMETRY WITH A SOFT BREAKING

To study the capability of generating non-zero Ue3 and deviation of θ12 and θ23

mixing angles compared to their TBM values as well as leptogenesis, we introduce a soft
breaking term of the S4 model through a single real dimensionless parameter ε in the (31)
component of md

ν while keeping m` and MR unchanged. After SU(2)L⊗U(1)Y symmetry
breaking, explicit form of md

ν is

md
ν =

 1 0 0
0 0 1
ε 1 0

xvu. (20)

After the seesaw with unchanged m` and MR, the effective light neutrino mass matrix

meff can be diagonalized by the modified TBM matrix ŨTB, up to the first order of ε

mD
eff = ŨTν meff Ũν = Diag.(m1,m2,m3) (21)

= m0Diag.

(
2(1− 2

3ε)

1− 6k cosφ+ 9k2
, 1 +

2

3ε
,

2

1 + 6k cosφ+ 9k2

)
, (22)

Ũν = ŨTB.Diag.(e−iα1/2, 1, e−iα2/2), (23)

α1,2 = −arg(3keiφ ∓ 1), (24)

where M0 = b, k =
|c|
|b|
, m0 =

x2v2
u

2M0
and c = ceiφ. The modifed TBM mixing matrix ŨTB

is obtained, also up to the first order of ε

ŨTB =



√
2

3
(1+ε

(−2+3k)

9(1−k)
)

1√
3
(1− 2ε

(−2+3k)

9(1−k)
) −ε1−2k+3k2

√
2(1−3k)

− 1√
6
− ε(17+48k+27k2)

18
√

6(1−k)

1√
3
− ε(11−18k+9k2)

9
√

3(1−4k+3k2)
− 1√

2
− ε(1−k)(1+3k)

2
√

2(1−3k)

− 1√
6

+ ε
1−24k+27k2

18
√

6(1−k)

1√
3

+ ε
7−9k2

9
√

3(1−4k+3k2)

1√
2
− ε (1−k)(1+k)

2
√

2(1−3k)

 . (25)

Lepton mixing matrix with the soft-breaking is obtained as

ŨPMNS = Ũν = e−iα1/2 × ŨTB ×Diag.(1, eiβ̃1 , eiβ̃2), (26)

where β̃1 = α1/2 and β̃2 = (α1 − α2)/2 are Majorana CP violating phases when there is
a disturbance in the matrix md

ν .
The deviation of mixing angles from their TBM values can be derived to be

δ12 = ε
4(2− 3k)

27(1− k)
, δ23 = ε

(1− k)(1 + 3k)

2(1− 3k)
, Ue3 = −ε1− 2k + 3k2

√
2(1− 3k)

, (27)

where δ12 = sin2 θ12 − 1
3 v δ23 = sin2 θ23 − 1

2 . When there is a disturbance in the Dirac
neutrino mass matrix, the considered model will generate θ13 mixing angle and also will
generate a non-zero lepton asymmetry. This is seen as the success of the S4 symmetry
model with soft breaking. The correlations between b and k for normal mass spectrum
(right plot) and inverted one (left plot) are presented in Fig. 1. Hereafter we always use
the 1σ confidence level of experimental data [3] for our numerical calculations. The lepton
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Fig. 1. Allowed parameter space constrained by current low energy neutrino data
(M0 = 1012GeV, tanβ = 10 and ε = 0.1). The right and left panels correspond to
the NH and IH spectrum of light neutrino masses, respectively.
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Fig. 2. The predictions of θ12 and θ23 with the soft breaking for NH (right panels)
and IH (left panels) of neutrino mass spectrum (M0 = 1012GeV, tanβ = 10 and
ε = 0.1).

mixing angles θ12 and θ23 with the soft-breaking as a function of cosφ are shown in right
panels for NH and left panels for IH of the Fig. 2. In both cases, the mixing angle θ12

increases about 20 compared with its TBM values, whereas the mixing angle θ23 oscillates
with the amplitude about 0.50 around its TBM value. The Fig. 3 shows the none zero
mixing angle θ13 as a result of soft breaking for NH (right panel) and IH (left panel) of
light neutrino mass spectrum. We can see that θ13 is generated up to 4.50 and 40 for
NH and IH, respectively; those values can be measured by new generation of neutrino
oscillation experiments from which data are taken.
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Fig. 3. The predictions of θ12 after soft breaking for NH (right panel) and IH
(left panel) of neutrino mass spectrum (M0 = 1012GeV, tanβ = 10 and ε = 0.1).

IV. FLAVORED LEPTONGENESIS

In this section we will study the flavored leptogenesis through disturbance in the
Dirac neutrino mass matrix. The lepton asymmetries which are produced by out-of-
equilibrium decays of the heavy right handed neutrinos (RHN) in the early Universe, at
temperatures above T ∼ (1 + tan2 β)× 1012 GeV, do not distinguish lepton flavors (called
conventional or unflavored leptogenesis). However, if the scale of the RHN masses are
about M ≤ (1 + tan2 β)× 1012 GeV, we have to take into account the lepton flavor effects
and this is said as the flavored leptogenesis. In this case, the CP asymmetry generated
by the decay of the RHN Ni given by [11, 12]

εiα =
1

8πv2
uHii

∑
j 6=i

Im
[
Hij(m̃

d
ν)iα(m̃d

ν)∗jα

]
g

(
M2
j

M2
i

)
, (28)

where the loop function g
(
M2

j

M2
i

)
is given by

g
(M2

j

M2
i

)
≡ gij(x) =

√
x
[ 2

1− x
− ln

1 + x

x

]
. (29)

To study the leptogenesis through the decay of heavy RHN we need calculate in the
basis where the RHN mass matrix is diagonal and real. In this basis, the Dirac neutrino
mass matrix is modified as m̃d

ν = V T
Rm

d
ν , then the hermitian matrix H = m̃d

ν(m̃d
ν)†, which

is relevant to leptogenesis, is obtained as follows:

H =


1− 2ε

3

εeiγ1/2

3
√

2

εei(γ1−γ2)/2

√
3

εe−iγ1/2

3
√

2
1 +

2ε

3

εe−iγ2/2√
6

εe−i(γ1−γ2)/2

√
3

εeiγ2/2√
6

1

x2v2
u. (30)

We can see that the off-diagonal terms of the hermitian matrix is non-zero and complex,
leading to leptogenesis.
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In this model, the RHN masses are strongly hierarchical. For the inverted hierarchy
case, the lightest RHN is of M2. The flavored CP -asymmetries εα2 are then obtained as

εe2 =
(1 + ε)m0M0

24π(1 + 2
3ε)v

2
u

[
(ε2 − 2ε)

3
sin γ1.g21(x)− ε2 sin γ2.g23(x)

]
, (31)

εµ2 =
εm0M0

24π(1 + 2
3ε)v

2
u

[
1

3
sin γ1.g21(x)− sin γ2.g23(x)

]
, (32)

ετ2 =
εm0M0

24π(1 + 2
3ε)v

2
u

[
1

3
sin γ1.g21(x) + sin γ2.g23(x)

]
. (33)

For the normal hierarchy case, the lightest RHN is of M3. The flavored CP -asymmetries
εα3 are obtained as

εe3 =
ε2m0M0

24πv2
u

[(2− ε) sin(γ1 − γ2).g31(x) + (1 + ε) sin γ2.g32(x)] , (34)

εµ3 =
εm0M0

24πv2
u

[sin(γ1 − γ2).g31(x) + sin γ2.g32(x)] , (35)

ετ3 =
−εm0M0

24πv2
u

[sin(γ1 − γ2).g31(x) + sin γ2.g32(x)] . (36)

Besides the CP -asymmetries, we have to calculate the washout factors due to the
inverse decay of Ni into lepton flavor α [13]

Kα
i =

Γαi
H(Mi)

=
m̃α
i

m∗
, (37)

where

m̃α
i =

(m̃d
ν)iα(m̃d∗

ν )iα
Mi

, m∗ =
16π

5
2

3
√

5

√
g∗

v2
u

MPlanck
, (38)

where Γαi is partial decay rate of process Ni −→ `αϕ†, H(Mi) '
(

4π3g∗
45

) 1
2 M2

i

MPlanck
is Hubble constant at T = Mi, g∗ = 288.75 is the effective number of freedom, vu =
v sinβ, v ≈ 174 GeV, MPlanck = 1.22× 1019 GeV.

Each lepton asymmetry for a single flavor εαi is weighted differently by the corre-
sponding washout parameter Kα

i , and appears with different weight in the final formula
for the baryon asymmetry [13],

ηB ' −10−2
∑
Ni

[
εeiκ

e
i

(
93

110
Ke
i

)
+ εµi κ

µ
i

(
19

30
Kµ
i

)
+ ετi κ

τ
i

(
19

30
Kτ
i

)]
, (39)

if the scale of heavy RHN masses are about M ≤ (1 + tan2 β) × 109 GeV where the
charged µ and τ Yukawa couplings are in equilibrium and all the flavors are to be treated
separately. And

ηB ' −10−2
∑
Ni

[
ε2
iκ

2
i

(
541

761
K2
i

)
+ ετi κ

τ
i

(
494

761
Kτ
i

)]
, (40)
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Fig. 4. The prediction of flavored baryon asymmetry ηB as a function of φ for
the IH case (left plot) and NH case (right plot). The horizontal solid and dashed
lines correspond to the experimental central value and phenomenologically-allowed

region.

if (1 + tan2 β) ·109 GeV ≤Mi ≤ (1 + tan2 β) ·1012 GeV where only the τ Yukawa coupling
is in equilibrium and is treated separately while the e and µ flavors are indistinguishable,
ε2
i = εei + εµi , K2

i = Ke
i +Kµ

i . The wash-out factors are defined as

καi '
(8.25

Kα
i

+
(Kα

i

0.2

)1.16)−1
. (41)

Using Eqs. (39, 40, 41), the BAU for two cases are then obtained.
The predictions for ηB as a function of φ are shown in Fig. 4 where we have used

M0 = 1012 GeV, the supersymmetry parameter tanβ = 10 and ε = 0.1 as inputs for all
calculations. The horizontal solid and dashed lines correspond to the central value of the
experiment result of BAU ηCMB

B = 6.1 × 10−10 [14] and the phenomenologically allowed
regions 2 × 10−10 ≤ ηB ≤ 10−9, respectively. We can see that the model successfully
explains the BAU through leptogenesis.

V. CONCLUSION

We have studied the supersymmetric model with seesaw mechanism based on the
S4 flavor symmetry group. In this model, the TBM form of the lepton mixing matrix

naturally is obtained; and the combination of YνY
†
ν , which is relevant for leptogenesis,

is proportional to unity. This forbids the leptogenesis to occur. Therefore, for making
leptogenesis viable we introduce a soft breaking term into the Dirac neutrino mass matrix
of the model, which then naturally leads to successful leptogenesis. As a result of soft
breaking, corrections to tribimaximal mixing would lead to deviations of lepton mixing
angles and definite predictions for the low-energy CP violating phases. Especially, the
non-zero of Ue3 leading to the non-zero of the mixing angle θ13 is predicted to be about
∼ 4 ◦ which can be measured by the neutrino oscillation experiments.
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