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Abstract. In this paper, the dependence of cyclotron resonance line-width (CRLW) on the mag-
netic field, the wire’s size and the temperature are theoretically considered by computational method
for a rectangular quantum wire (RQW) in the presence of an external static magnetic field. It
is shown that in intense magnetic field CRLW depends strongly on the magnetic field strength
whereas the behavior of CRLW is determined primarily by the wire’s size in the weak magnetic
field. In both cases of intense and weak magnetic field, CRLW increases with temperature and
decreases with the wire’s size.

I. INTRODUCTION

The study of magneto-optical transitions, including CRLW, is known as a good tool
for investigating transport behavior of electrons in semiconductor material. CRLW has
been studied both theoretically [1-7] and experimentally [8]. However, most of these works
is merely focused on the quasi 2 or 3-dimensional electron systems. Therefore, CRLW in
1D semiconductors, such as RQW is needed for studying.

Up to date, there have been many works studying CRLW using different methods.
In the work of Mayer [6], Suzuki [7] and Kobori [8], the absorption power P (ω) of the
incident electromagnetic wave of frequency ω is given by [9]

P (ω) =

∫ +∞

−∞
dkzA(ω, kz)

Γ(ω, kz)

(ω − ωc)2 + [Γ(ω, kz)]2
, (1)

where ωc is the cyclotron frequency, A(ω, kz) is the function of ω and the component of

the wave vector k⃗ along z-direction (kz), and Γ(ω, kz) is the CRLW. However, in one of
their papers [9], Cho and Choi termed Γ(ω, kz) as the energy-dependent relaxation rate
but not the line-widths. According to these authors, the line-widths can be obtained if
P (ω) can be plotted.

Recently, our group has proposed a method to obtain the line-widths from graphs of
P (ω) [10]. In this paper, we use this method to determine CRLW in RQW, one of the quasi
one-dimensional electron systems. We study the dependence of CRLW on the magnetic
field induction B, the wire’s size Lx and the temperature T . The paper is organized as
follows: The calculation of analytic expression of the absorption power P (ω) in a specific
GaAs/AlAs RQW in the presence of a magnetic field is presented in section II. Section
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III shows the graphic dependence of P (ω) on the photon energy. From this we obtain the
CRLW and examine the dependence of it on B, T , and Lx. A conclusion is introduced in
Section IV.

II. ABSORPTION POWER IN RECTANGULAR QUANTUM WIRES

We consider a RQW semiconductor model, where the conduction electrons are free
along the z-direction and confined in the (x, y) plane with confined potentials are given
by

V1(x) =

{
0 0 6 x 6 Lx,
∞ x < 0, x > Lx,

V2(y) =

{
0 0 6 y 6 Ly,
∞ y < 0, y > Ly.

(2)

We assume that a static magnetic B⃗∥ˆ⃗z is applied along the z-direction of the wire. The
one-particle Hamiltonian He, the normalized eigenfunctions |λ⟩, and the eigenvalues Eλ in

the Landau gauge of vector potential A⃗ = (−By, 0, 0) for confined electrons are obtained
using the effective-mass approximation [13]

He = (p⃗− eA⃗)2/2m∗ + V1(x) + V2(y), (3)

|λ⟩ ≡ |N,n, kz⟩ = ΦN (y − yλ)

√
2

Lx
sin

nπx

Lx
exp(ikzz)/

√
Lz, (4)

Eλ ≡ E(N,n, kz) = (N + 1/2)~ωc + n2E0 + ~2k2z/(2m∗), (5)

where p⃗ and e are the momentum operator and charge of a conduction electron, respec-
tively, N = 0, 1, 2, . . . and n = 1, 2, 3, . . . denote the Landau-level index and subband
indices, respectively, m∗ is the effective mass of electron, ωc = eB/m∗ is cyclotron fre-

quency, HN is a Hermite polynomial, ac = (~/m∗ωc)
1/2 is the cyclotron radius, energy

E0 = ~2π2/2m∗L2
x. The function ΦN (y − yλ) in Eq. (4) represents harmonic oscillator,

centered at yλ = −~kz/(m∗ωc) and can be written as

ΦN (y − yλ) =
1

(
√
π2NN !ac)1/2

exp

(
−(y − yλ)

2

2a2c

)
HN

(
y − yλ
ac

)
. (6)

For calculating the absorption power of electromagnetic wave in RQW we use the
following matrix elements [14]

|⟨λ|e±iq⃗·r⃗|λ′⟩|2 = [Jnn′(±qx)]
2|JN,N ′(u)|2δk′z ,kz±qz , (7)

Jnn′(±qx) =

∫ Lx

0
sin

nπx

Lx
e±iq⃗·r⃗ sin

n′πx

Lx
dx, (8)

|JN,N ′(u)|2 =
N !

N ′!
e−uuN

′−N [LN ′−N
N (u)]2, N ≤ N ′, (9)∫ +∞

−∞
|Jnn′(±qx)|2dqx = (π/Lx)(2 + δnn′), (10)

where q⃗ is the wave vector of phonon, LN ′−N
N (u) is a Laguerre polynomial of variable

u = a2c(q
2
y + q2z)/2. Phonons under consideration are assumed to be dispersionless (i.e.

~ωq ≈ ~ωLO = const, with ωLO is the LO-phonon frequency). We now apply the general
expression for the absorption power in bulk semiconductors, presented in Ref. 5, to RQW.
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Considering transitions between two lowest Landau levels with N = 0 and N ′ = 1, and
supposing that the scattering process occurs at the boundary of Brillouin zone, we obtain
the absorption power in RQW

P (ω) =
eE2

0ω

m∗ωc

∑
n,n′

{f [E(0, n, 0)]− f [E(1, n′, 0)]}γ(ω)
(ω − ωc)2 + [γ(ω)]2

, (11)

where E0ω is the intensity of electromagnetic wave and

~γ(ω) = π
∑
n”,q⃗

|Vq|2[Jnn”(±qx)]
2[(1 +Nq)X1 +NqX2], (12)

with Nq = [exp(~ωLO/(kBT )) − 1]−1, is the distribution function for LO-phonons, kB
being the Boltzmann constant. In Eq. (12), the quantity Jnn”(±qx) is given in Eq. (8),
X1 and X2 are defined as follows from Ref. 5

X1 =
∑
N ”̸=1

δ[~ω + E(0, n, 0)− E(N”, n”, 0)− ~ωLO]|J0,N”(u)|2

+
∑
N ”̸=0

δ[~ω − E(1, n′, 0) + E(N”, n”, 0) + ~ωLO]|J1,N”(u)|2, (13)

X2 =
∑
N ”̸=1

δ[~ω + E(0, n, 0)− E(N”, n”, 0) + ~ωLO]|J0,N”(u)|2

+
∑
N ”̸=0

δ[~ω − E(1, n′, 0) + E(N”, n”, 0)− ~ωLO]|J1,N”(u)|2. (14)

Here the coupling factor expressed is given by [15]

|Vq|2 =
2πe2~ωLO

ε0V0

(
1

χ∞
− 1

χ0

)
1

q2
≈ D

q⊥
, D =

2πe2~ωLO

ε0V0

(
1

χ∞
− 1

χ0

)
, (15)

where ε0 is the permittivity of free space, χ∞ and χ0 are the high and low frequency
dielectric constant, respectively. V0 is the volume of the crystal.

For calculating the absorption power in Eq. (11), we need to calculate γ(ω) in Eq.
(12). The sum over q⃗ will be transformed into the integral, the integral over qx is given
by Eq. (10). Using Eq. (A4) from Ref. [14] to calculate the integral over q⊥, we obtain

~γ(ω) =
∑
n”

DV0

8Lx
(2 + δnn′)

{
Nq

[ ∑
N ”̸=1

δ(Y −
1 )

N”− 1
+

∑
N ”̸=0

δ(Y +
2 )

N”

]

+ (1 +Nq)

[ ∑
N” ̸=1

δ(Y +
1 )

N”− 1
+

∑
N ”̸=0

δ(Y −
2 )

N”

]}
, (16)

where we have denoted

Y ±
1 = ~ω ∓ P~ωc + (n2 − n”2)E0 ± ~ωLO, (17)

Y ±
2 = ~ω ∓ P~ωc + (n”2 − n′2)E0 ± ~ωLO. (18)

Here we have set N”−N = −P in the emission term and N”−N = P in the absorption
term (P = 1, 2, 3, . . .) [14]. Here N = 0 in Y ±

1 and N = 1 in Y ±
2 . Inserting Eq. (16)
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into Eq. (11), we obtain the analytical expression of the absorption power in a RQW.
However, delta functions in the expression for γ(ω) result in the divergence of γ(ω) when
Y ±
1 = 0 or Y ±

2 = 0. To avoid this we shall replace the delta functions by Lorentzians [16]

δ[Y ±
1,2] =

1

π

~Γ±
N,N ′

(Y ±
1,2)

2 + ~2(Γ±
N,N ′)2

, (19)

where Γ±
NN”, the inverse relaxation time, is called the width of a Landau level. Using Eq.

(A6) from Ref. 16, we have

(Γ±
N,N ′)

2 =
∑
N”,n”

V0D

~28πLx

1

N”−N
(2 + δnn”)(Nq + 1/2± 1/2). (20)

III. NUMERICAL RESULT AND DISCUSSION

The obtained results can be clarified by numerically calculation the absorption power
P (ω) in Eq. (11) for a specific GaAs/AlAs RQW. From the graphs of P (ω), we identify
the position of cyclotron resonance peaks and obtain CRLW as profiles of the curves. The
dependence of CRLW on the magnetic field induction, wire’s size and temperature are
discussed. Parameters used in the numerical calculation are [15]: ε0 = 12.5, χ∞ = 10.9,
χ0 = 13.1, m∗ = 0.067m0 (m0 being the mass of free electron), ~ωLO = 36.25 meV.
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Fig. 1. Absorption power as function of the photon energy at B = 7.0 T, Lx = 20
nm, T = 250 K. Here, N = 0, N ′ = 1; n, n′, n” = 1÷ 2.

Figure 1 describes the dependence of absorption power on the photon energy at
B = 7.0 T, corresponding to cyclotron energy ~ωc = ~eB/m∗ = 12.19 meV. The graph
has three peaks, each of which describes a specific resonance. The first peak corresponds
to the value ~ω = 12.19 meV, which satisfies the condition ~ω = ~ωc. Therefore, this
peak is called the cyclotron resonance one. The second peak corresponds to the value
~ω = 24.06 meV, satisfying the condition ~ω = ~ωLO − ~ωc = 36.25 − 12.19 meV. This
is the condition for optically detected magneto-phonon resonance (ODMPR) [17, 18] with
P = 1. The third peak corresponds to the value ~ω = 60.63 meV, satisfying the condition
for ODMPR, ~ω = 2~ωc + ~ωLO = 2× 12.19 + 36.25 meV, with P = 2. We can see from
the figure that the cyclotron resonance peak (first one) has the greatest value. This mean
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that the cyclotron resonance transition is dominant. In the following, we use this peak to
investigate the CRLW.
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Fig. 2. a) Absorption power as function of the photon energy with different values
of magnetic fields. The solid, dashed, and dotted lines correspond to B = 6.0 T,
7.0 T, and 8.0 T. b) Magnetic field dependence of CRLW. Here, Lx = 20 nm,
T = 250 K, N = 0, N ′ = 1; n, n′, n” = 1÷ 2.

Fig. 2a) describes the dependence of the absorption power on the photon energy
with different values of B in the case of T = 250 K, Lx = 20 nm. From the figure, we
can see that with B = 6.0 T, 7.0 T, and 8.0 T, the photon energy values correspond-
ing to resonance peaks are, respectively, ~ω = 10.45 meV, 1219 meV, and 13.93 meV.
Consequently, the shapes of the absorption power curves have peaks at the cyclotron en-
ergy, ~ω = ~ωc. From these curves, we obtain the magnetic field induction dependence
of the CRLW as shown in Fig. 2b). It can be seen that CRLW increases with B. This
result is in good agreement with those obtained by the other authors [3, 5, 8]. This can
be explained that as B increases, the cyclotron frequency ωc increases, the cyclotron ra-
dius ac = (~/(m∗ωc))

1/2 reduces, the confinement of electron increases, the probability of
electron-phonon scattering increases, so that CRLW rises. We also see from the figure that
CRLW depends strongly on the B in the region of strong magnetic field whereas in region
of the weak magnetic field the influence of magnetic field on CRLW is negligible. This can
be explained that in the range of a weak magnetic field, the cyclotron radius ac is greater
compared to the wire’s size, so that the effect of confined electrons is determined primarily
by the size of quantum wires. The influence of magnetic field on CRLW is strong in the
case of ac 6 Lx/2, with Lx = 20 nm. The magnetic field induction satisfies this condition
is B > 6.58 T. Figure 2b) also shows that CRLW strongly increases when B > 7.0 T.

In comparison to experimental results of Kobori [8], we see that CRLW in RQW
has greater value than that in normal 3D materials. This reason can be explained in the
following when we investigate the dependence of CRLW on the wire’s size.

Figure 3a) describes the dependence of absorption power on the photon energy with
different values of wire’s size. From the figure we can see that the cyclotron resonance peaks
of the absorption power curves locate at the same position, corresponding to the cyclotron
resonance condition, ~ω = ~ωc, and is independent of Lx. From these curves, we obtain



180 HUYNH VINH PHUC, LE DINH, TRAN CONG PHONG.

aL

11.6 11.8 12.0 12.2 12.4 12.6 12.8
0

2

4

6

8

Photon energy HmeVL

A
bs

.P
ow

er
HA

rb
.U

ni
ts
L

à

à

à
à
à
à
à
à à à à

bL

10 15 20 25 30
0.0

0.1

0.2

0.3

0.4

0.5

Wire's sizeHnmL

Li
ne
-

w
id

th
Hm

eV
L

Fig. 3. a) Absorption power as function of the photon energy with different values
of wire’s size. The solid, dashed, and dotted lines correspond to Lx = 10 nm, 20
nm, and 30 nm. b) Wires’s size dependence of CRLW. Here, T = 250 K, B = 7.0
Tesla, N = 0, N ′ = 1; n, n′, n” = 1÷ 2.

the wire’s size dependence of the CRLW’s as shown in Fig. 3b). The figure shows that
CRLW decreases with Lx. The reason for this is that as Lx increases, the confinement
of electrons decreases, the probability of electron-LO-phonon scattering drops, so that
CRWL decreases.
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Fig. 4. a) Absorption power as function of photon energy with different values of
temperatures. The solid, dashed, and dotted lines correspond to T = 200 K, 250
K, and 300 K. b) Temperature dependence of CRLW. Here, Lx = 20 nm, B = 7.0
T, N = 0, N ′ = 1; n, n′, n” = 1÷ 2.

Fig. 4a) describes the dependence of the absorption power on photon energy with
different values of temperature. From the figure we can see that the cyclotron resonance
peaks locate at the same position ~ω = 12.19 meV, corresponding to the cyclotron res-
onance’s condition, ~ω = ~ωc, and is independent of T . From these curves, we obtain
the temperature dependence of the CRLW’s as shown in Fig. 4b). The figure shows that
CRLW increases with temperature. The result is consistent with that shown in Refs. 1-8.
The reason for this is that as the temperature increases, the probability of electron-LO-
phonon scattering rises.



CYCLOTRON RESONANCE LINE-WIDTHS... 181

IV. CONCLUSION

We have derived the analytical expression of the absorption power of an intensity
electromagnetic wave in RQW with the presence of a static magnetic field. We have
done the numerical calculation of the absorption power for GaAs/AlAs RQW and plotted
graphs to clarify the theoretical results. We have obtained CRLW as profiles of the curves
of the graphs. Numerical results for this RQW show clearly the dependence of the CRLW
on the magnetic field induction, the wire’s size and the temperature.

Computational results show that CRLW depends strongly on the magnetic field
induction in the region of strong magnetic field whereas in the weak region the influence
of magnetic field on CRLW is negligible. The behavior of CRLW is determined primarily
by the size of quantum wires in the weak magnetic field. In both cases of strong and weak
magnetic field, CRLW increases with temperature and decreases with the wire’s size. The
results are in good agreement with experimental data of Kobori and other theoretical
results.
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