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Abstract. The effect of confined phonons on parametric resonance of acoustic and optical phonons
in rectangular quantum wires (RQWs) in the presence of an external electromagnetic field is the-
oretically studied by using a set of quantum kinetic equations for phonons. The analytical ex-
pression of intensity of threshold field Eth of the parametric resonance of confined acoustic and
optical phonons in RQWs is obtained. Numerical results for the the threshold field intensity in a
GaAs/GaAsAl quantum wire are presented for both models of phonon confinement for a range of
values of the relevant parameter. Numerical results are compared with those for the unconfined
phonons to clarify the difference and show that the confinement of the phonons effect significantly
on the threshold amplitude of the field.

I. INTRODUCTION

In the presence of an external electromagnetic field (EEF), an electron gas is well
known to become non-stationary. When the conditions of the parametric resonance (PR)
are satisfied, parametric interactions and transformations (PIT) of the same kind of ex-
citations, such as phonon-phonon and plasmon-plasmon excitations, or of different kinds
of excitations, such as plasmon-phonon excitations, will arise; i.e., energy exchanges pro-
cesses between these excitations will occur [1]. The physical picture can be described as
follows: Due to the electron-phonon interaction, propagation of an acoustic phonon with
a frequency ω~q is accompanied by a density wave with the same frequency. When an
EEF with a frequency Ω is presented, a charge density waves (CDW) with a combination
frequency ω~q ± LΩ (L = 1, 2, 3...) will appear. If among the CDW there exists a certain
wave having a frequency that coincides, or approximately coincides, with the frequency of
the optical phonon, υ~q, optical phonons will appear. These optical phonons cause a CDW
with a combination frequency of υ~q ±LΩ, and when υ~q ±LΩ ∼= ω~q, a certain CDW causes
the acoustic phonons mentioned above. The result of the study shows that the PIT can
speed up the damping process for one excitation and the amplification process for another
excitation; namely, acoustic phonons are amplified while optical phonon are decreased or
vice versa. For low-dimensional semiconductors, there have been several works on the
generation and amplification of acoustic phonons [2, 3] but just for unconfined phonons.
In order to continue these ideas, the purpose of this paper is to also study the parametric
resonance of acoustic and optical phonons, but in a RQW and phonons are confined. The
electron gas is assumed to be non-degenerate. In Sec. II, we introduce the interaction
Hamiltonian of the parametric interaction model and the dispersion equation obtained
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from the quantum transport equations for phonons. In Sec. III, we present the results of
an analytical approximation for the resonant acoustic phonon frequency and the threshold
amplitude of the field for parametric amplification of acoustic phonons. Numerical results
and Conclusions are shown in Sec. IV and V.

II. MODEL AND DISPERSION EQUATION

Let us consider a quantum wire of rectangular cross section along the z axis, with
finite x and y dimensions, given, respectively, by Lx and Ly. We assume that the walls
are impenetrable; that is, the confining potential well is an infinite square well. In this
case, the state and the electron energy spectra have the form [4]

|α, kz〉 ≡ |`, j, kz〉 =
eikzz√
Lz

2√
LxLy

cos
(π`x
Lx

)
cos
(πjy
Ly

)
, (1)

εα(kz) =
~2k2z
2me

+
π2~2

2me

( `2
L2
x

+
j2

L2
y

)
=

~2k2z
2me

+ εα, (2)

where kz is the electron wave vector along the wire’s z axis and me is the electron effective
mass, Lz is the length of the RQW, −Lx/2 ≤ x ≤ Lx/2 and −Ly/2 ≤ y ≤ Ly/2.

Here, we are interested in the role of phonons. With the confined-phonon assump-
tion, the total Hamiltonian of the electron-phonon system in a RQW in the presence of a

laser field, ~E = ~E0 sin Ωt, can be partitioned as

H = He +Hph +He−ph (3)

The first term in Eq. (3) is the Hamiltonian of the electron [5]

He =
∑
α,kz

εα(kz −
e

~c
~A(t))c+α (kz)cα(kz), (4)

Hph is the Hamiltonian of phonons. Here, two kinds of phonon modes, confined acoutic
phonon and optical phonon, are considered. So Hph takes the form [6]:

Hph =
∑
m,n,qz

~ωm,n,qza+m,n(qz)am,n(qz) +
∑
m,n,qz

~υm,n,qzb+m,n(qz)bm,n(qz) (5)

The one-dimensional Frohlich Hamiltonian in the last term of Eq. (3) describing the
interaction between an electron and two different confined phonon modes can be written
as [7]:

He−ph =
∑
α,α′

∑
m,n,kz ,qz

Mα,α′,m,n(qz)c
+
α′(kz + qz)cα(kz)(am,n(qz) + a+m,n(−qz))

+
∑
α,α′

∑
m,n,kz ,qz

Gα,α′,m,n(qz)c
+
α′(kz + qz)cα(kz)(bm,n(qz) + b+m,n(−qz)) (6)

with εα and cα(kz)
+(cα(kz)) being the energy spectrum and the creation (annihilation)

operator of an electron for state |α, kz〉, and a+m,n(qz) (b+m,n(qz)) is the creation operator
of an acoustic (optical) phonon for energy ~ωm,n,qz(~υm,n,qz). In this paper, we will deal
with confined phonons; therefore the electron-phonon interaction matrix element take the
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forms Mα,α′,m,n(qz) = Cm,n(qz)I
m,n
α,α′(qm,n) and Gα,α′,m,n(qz) = Dm,n(qz)I

m,n
α,α′(qm,n) where

[8]
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The function ζm, which is determined by the confinement mode, is defined as follows

ζm(x) = cos
(mπx
Lx

+
π

2
δm
)

(8)

The confined electron- acoustic and -optical phonon interaction constants take the
forms [9] ∣∣Cm,n(qz)
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In order to establish a set of quantum transport equations for confined -acoustic
and - optical phonons, we use the general quantum distribution functions for the confined
phonons, < am,n(qz) >t and < bm,n(qz) >t, where < ψ >t denotes a statistical average at

the moment t : < ψ >t= Tr(Ŵ ψ̂), where Ŵ is the density matrix operator and Tr denotes
the trace. Using the Hamiltonian H and realizing the operator algebraic calculations, we
obtain a set of coupled quantum transport equations for the confined acoustic phonons.

From that, we can obtain an equation for the Fourier transformation Am,n(qz, ω) of
< am,n(qz) >t
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where we have set
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)
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( λ
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Γm,n,qz
(
ω + sΩ

)
=

∑
kz

fα(kz)− fα′(kz − qz)(
εα(kz)− εα′(kz − qz)− ~sΩ− ~ω − i~δ

) . (13)

It can be noted that Γm,n,qz (ω + sΩ) is the polarization operator of the electron
distribution function and that the quantity δ is infinitesimal and appears due to the
assumption of an adiabatic interaction of the EEF, fα(kz) is the distribution function of
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electrons in the state |α, kz >, Js(λ/Ω) is the Bessel function, and λ = eqzE0/meΩ (me is
the electron mass).

Repeating the above processes, we can also obtain an equation for the Fourier trans-
formation A+

m,n(−qz, ω) of < a+m,n(−qz) >t and the relative expression between Am,n,qz(ω)

and A+
m,n(−qz, ω). In the same way, but for confined optical phonons, we obtain a similar

equation in which ωm,n,qz , Am,n(qz, ω), Am,n(qz, ω−LΩ), Cm,n(qz), Dm,n(qz), and υm,p,qz
are replaced with υm,n,qz , Bm,n(qz, ω), Bm,n(qz, ω−LΩ), Dm,n(qz), Cm,n(qz), and ωm,n,qz ,
respectively. In the equations, Am,n(qz, ω) and Bm,n(qz, ω) are the Fourier transformations
of < am,n(qz) >t and < bm,n(qz) >t respectively. In these coupled equations, the first terms
describe the interactions between phonons that belong to the same kind (acoustic-acoustic
or optical-optical phonons) while the second terms describe interactions between phonons
that belong to different kinds (acoustic-optical phonon). We can put L = 0 in the first
terms of the coupled equations because we are now focusing on the PIT of the confined
acoustic and the confined optical phonons. Solving the set, we obtain a general dispersion
equation for the PIT of the acoustic and the optical phonons[
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. (14)

III. CONDITION FOR PARAMETRIC AMPLIFICATION

The solution to the general dispersion equation, Eq. (14), is complicated; therefore,
we limit our calculation to the case of the first-order resonance (L = 1), in which ωm,n,qz±
υm,n,qz = Ω. We also assume that the electron-phonon interactions satisfy the condition∣∣∣Cm,n(qz)I

m,n
α,α′(qm,n)

∣∣∣2 ∣∣∣Dm,n(qz)I
m,n
α,α′(qm,n)

∣∣∣2 � 1. With these limitations, if we write the

dispersion relations for acoustic and optical phonons as ωac (m,n, qz) = ωa + iτa and
ωop (m,n, qz) = ω0 + iτ0, we obtain the resonant acoustic phonon modes [10]

ω
(±)
± = ωa +

1

2
[(υa ± υ0) ∆qz − i (τa + τ0)]±

√
[(υa ∓ υ0) ∆qz − i (τa − τ0)]2 ± Λ2 (15)

where υa and ωa (υ0 and ω0) are the group velocity and the renormalization (by the
electron -phonon interaction) frequency of the acoustic (optical) phonon, respectively,
∆qz = qz − q0, q0 being the wave number for which the resonance is maximal,

Λ =
2

~Ω

∑
α,α′,m,n

Cm,n(qz)Dm,n(qz)
∣∣∣Im,nα,α′(qm,n)

∣∣∣2 .Π1 (qz, ωm,n,qz) (16)
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In Eq. (15), the signs (±) in the subscript of ω
(±)
± correspond to the signs (±) in

front of the root, and the signs (±) in the superscript of ω
(±)
± correspond to the other sign

pairs. These signs depend on the resonance condition ωm,n,qz ± υm,n,qz = Ω. For instance,

the existence of a positive imaginary part of ω
(−)
+ implies a parametric amplification of

the acoustic phonon. In such cases that λ/Ω� 1, the maximal resonance, and q = qz, we
obtain

F = Im
[
ω
(−)
+

]
=

1

2

[
− (τa + τ0) +

√
(τa − τ0)2 + |Λ|2

]
(17)

where τa and τ0 are the imaginary parts of the frequencies of the acoustic and the optical
phonons and take the forms

τa = −1

~
∑
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~
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and

|Λ| =
λ

~Ω

∑
α,α′,m,n
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×

{
[θ (ωm,n,qz)− θ (ωm,n,qz − Ω)]2 + [ξ (ωm,n,qz)− ξ (ωm,n,qz − Ω)]2

}1/2
, (20)

with

ξ (ωm,n,qz) =
meLz
2~2qz

exp [β (εF − εα)] exp

[
−
mβε2α,α′ (ωm,n,qz)

2~2q2z
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×{1− exp (β~ωm,n,qz)} , (21)

θ (ωm,n,qz) =
Lz
√
me

~
√

2πβ
eβεF {exp(−βεα)− exp(−βεα′)} × 1

εα,α′ (ωm,n,qz)
, (22)

with β = 1
kBT

, kB being the Boltzmann constant and T the temperature of the system.

εF is the Fermi level, and

εα,α′(ωm,n,qz) = εα − εα′ − ~ωm,n,qz −
~2q2z
2m

(23)

From Eq. (17), the condition for the resonant acoustic phonon modes to have a

positive imaginary part leads to |Λ|2 > 4τaτ0. Using these conditions and Eqs. (18)-(20)
yields the threshold amplitude for the EEF for a non-degenerate electron gas:

E0 > Eth =
2meΩ

2

eqz

√
ξ (ωm,n,qz) ξ (υm,n,qz)√

[θ (ωm,n,qz)− θ (ωm,n,qz − Ω)]2 + [ξ (ωm,n,qz)− ξ (ωm,n,qz − Ω)]2
.

(24)
Equation (24) means that the parametric amplification of the acoustic phonons is

achieved when the amplitude of the EEF is higher than some threshold amplitude.
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IV. NUMERICAL RESULTS AND DISCUSSION

To numerically estimate the threshold amplitude, Eth, and the parametric ampli-
fication coefficient, F for parametric amplification of confined acoustic phonons, we use
specific GaAs/GaAsAl RQW with the parameters [6, 11, 12]: χ∞ = 10.9, χ0 = 12.9,
ξ = 13.5 eV, ρ = 5.32 gcm−3, va = 5370 ms−1, εF = 50 meV, Ly = 10Å, Lz = 100Å,
m = 0.067m0, m0 being the mass of free electron, and ~νm,n,qz = 36.25 meV, T = 77 K,
Ω = 4× 1013 Hz, the set of transition is n = 2, ` = 1, n′ = 2, `′ = 1,m = 1, n = 1.

In Fig. 1, 2, we show Eth as a function of the reduced wave number qz, and the
length Lx of RQW at temperature of 77K. The figures show that the shape of the curves
are total similar each other, the curves have maximal values and are non-symmetric around
the maxima. This is due to the fact that a fixed EEF, with an amplitude greater than
the corresponding threshold amplitude, can induce parametric amplification for confined
acoustic phonons in two regions of the wave number corresponding to the two sign in
ωm,n,qz ± νm,n,qz = Ω. Eth strongly depends on temperature T , as the temperature drops,
the maximum value of Eth decreases significantly, and its peak shifts to larger wave num-
bers. However, in Fig. 2, when the length Lx of RQW increases, the value of Eth increases
and reaches a saturated value. We can see that in the case of confined phonons the am-
plitudes are greater than the corresponding threshold amplitude in the case of unconfined
phonons.

Fig. 1. Eth (kVcm−1) as a function of
qz in two cases: confined-phonon (solid
line) and bulk-phonon (dashed line). Here,
Lx = 40Å

Fig. 2. Eth (kVcm−1) as a function of Lx

in two cases: confined-phonon (solid line)
and bulk-phonon (dashed line). Here, qz =
2× 108 m−1

The dependence of the parametric amplification coefficient F on the reduced wave
number qz, and the length Lx of RQW is presented in Fig. 3 and Fig. 4. It is easy for us
to recognize the shape of these curves are different from they are in above figures. F has
the both positive (amplification) and negative (absorption) values. This is consistent with
the above consideration for the threshold amplitude. Apparently, there are two regions of
wave number in which parametric amplification for acoustic phonons is achieved (F > 0).
The amplification for wave number from 1× 108 m−1 to 3× 108 m−1 is stronger than it is
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Fig. 4. F (s−1) as a function of Lx in
two cases: confined-phonon (solid line) and
bulk-phonon (dashed line). Here, qz =
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for the other wave numbers. In Fig. 4, F is also sensitive to the length Lx of RQW and
it has the similar explanation.

V. CONCLUSIONS

In this paper, we analytically investigated the possibility of parametric resonance
of confined acoustic and confined optical phonons in RQWs. We obtained a general dis-
persion equation for parametric amplification and transformation of phonons. However,
an analytical solution to the equation could only be obtained within some limitations.
Using these limitations for simplicity, we obtained dispersions of the resonant acoustic
phonon modes and the threshold amplitude of the field for acoustic phonon parametric
amplification. Analytical expressions show that the parametric amplification and thresh-
old amplitude depend on the frequency ωm,n,qzand υm,n,qz while ωm,n,qzand υm,n,qz depend
on m,n quantum numbers and component of wave vector qz. That is a basic difference
between confined phonon mode and bulk phonon mode .

Numerical results for a specific quantum wire GaAs/GaAsAl: Be clearly showed the
predicted mechanism. Parametric amplification for acoustic phonons and the threshold
amplitude depended on the physical parameters of the system and were sensitive to the
temperature in the region of low temperature but saturated in the region of high temper-
atures. These characteristics are similar to those in quantum wells, and maybe they are
common properties of low dimensional systems.
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