I. Spinors

II. The matrices and eigenspinors of S and S,



I1. Spinors

This is an example of using the matrix formulation of Quantum Mechanics

\ J
|

"Matrix Mechanics"

with 2-component ‘z> and ‘ f > states

« Recall that a particle can have 2 kinds of angular momentum

-spin angular momentum and orbital angular momentum

« Recall that spin (a kind of angular momentum) can have components,
in particular a z-component
« Recall that z-component of spin can have only 2 values:
‘SZ= up> and ‘Sz= down>
also called ‘+> and ‘—> (no ‘O>)



« Recall that a particle's m quantum number concerns the\z—component of its angular momentum

orbital angular momentum

) ) and spin angular momentum
If the particle has no orbital angular momentum (m, = 0)

Then m=m _ only.

« Recall that the general operator that represents the measurement of mis J_

Z— like L_ but generalized to measure m . ANDm,

So in general J_ “P> = mh“{’>
&_/ if /=0, this 1s m .

Recall on (?) we showed that quantum # j (like ¢ but including spin) can take values given by Teger




I. Spinors (continued)

II. The matrices and eigenspinors of S and S,



Alsom, =+jandm
And (m — m

J max J min )

J min :_-]

= integer

: : : 1
The way to satisfy all of this for a 2-state system is for J:E

— 1

J max 2
1

mJ min 2

No othe m, values allowed.
So if /=0, so j = spin only then we have<|:m =+

1
spin max 2

1
spinmin 2

Make a matrix to reﬂect‘J . When j = spin only:,

|
Callit"S_"

(¥, |s.¥) = (¥, |m,. 7

spin

W) =m i(¥ W) =m, nd,

spin if

0,

spin initial if

mspin final ‘ +> - >

S.=  (+ o0




Recap what we know:
‘+> and ‘—> exist
They are eigenfunctions of the spin measurement, S_

Dirac notation .
— Their eigenvalues are +27 and -3 7

stuff
We can summarize this information as:
— h — h
S 44 ands ) -4
. . |+ 0
The matrix representation for S_ is .
Matrix notation 0 - 5
stuff

What are the matrix representations for ‘+> and ‘—>?

To answer this we need to solve

h 0 z z
S I
O -3 A" v,

N

S. [+)
and

AN
]

S |



The solutions are

5.5)= et +4

alternative symbol 3> T3

eigenfunctions of S_ = ‘4_%’ _%>

* Any 2 component vector is called a spinor

*These two-component column vectors which are the eigenfunctions of ‘SZ in the ‘mjgl—/ also called the
) . S basis
are called the eigenfunctions of S | z

We could also write for example a matrix S_ to describe the measurement of the x-component of spin

That matrix would have different eigenfunctions y; and x , the "eigenspinors of S_"

Any pair of spinors:

x,)=0
x.)=(x|x)=1
(3) form a basis in "spin space": any state of arbitrary spin ¥ can be represented by a linear combination of them

x=ay, +by

\/

coefficients

(1) are orthogonal: < X,

(2) are normalized: < X.



II. The matrices and eigenspinors of S and S,

Recall in P 491 we showed that

[L,.L ]=inL, (and cyclicx > y — 2)
and we postulated that
[J,.J ]=ihJ (and cyclicx - y — z)
Now postulate that S , S,, S, are related in the same way:
[S,,S 1= 1ihS, (and cyclicx - y — 7)
Also recall from P 491 the definition of the general angular momentum raising and lowering operators:
I =J +iJ

+ X y
I =J —-iJ

x y

Since these are general, they raise or lower both
orbital angular momentum and spin angular momentum
J ( J
| |
L S

When L=0, they act only on S, so we could call them in that case:
S =S +iS
+ X y
S =5 —-iS
x y



To make the matrix for S_ (in the m_ or the S_ basis) we need the matrices for S, and S_ in the m_ basis:

Recall:
1| jom ) =1 i+ 1) = m (m +1)

+

j,mj +1> J

j,mj> - h\/j(j+ D=m,(m,—1)|j,m, — 1>

In general j=/+s and m =m, +m
Suppose /=m, =0

Then j=s and m =m_

Then
S, S,I’I’ls> =hys(s+1)—m (m_+1)|s,m + 1> S S,ms> = h\/S(S +D)—m (m _—1)|s,m — 1>
But s=7 only
= h\/g(g) —m (m +1)|s,m_+1) = h\/é(i) —m (m —1)|s,m —1)
So
<s,m: ‘S+ s,ms> = h\/% —m (m_+ 1)5m;’m.y+1 <s,ms' S S,ms> = h\/% —m (m — 1)5m, .

Make the matrices:



s 2 2
+1

S= e 2|0 MESEDEED 5
210 0

(55)

Combine these to get

S +8
g =2 _:l 0h+00
x 2 2 0 0 h 0

g %S _ Lo | [oo0|_Zf 0 a|_ o0 -
r2i 2L 00 hoo 20 -n 0 ) 2i{ + 0

Now find their eigenspinors
|

eigenvectors in the m _ basis

0 0




To find y; and their eigenvalues 4, solve

()

N =
S v

Plugin A =+2 for (ul,v))

g 4 A
2u++2v+_0

ul =V
+ +
Normalized
. L
R PO R (R this is the spinor that goes with eigenvalues + %
I X P s ¢ ’
+ V2




Similarly,

L

X = f for A=2
V2
L

X = ﬁl for A=-2
2

Example:

Suppose an SG filter produces an €~ in state S_ = down.

Then the e” enters another SG filter designed to select Sy= up or down.

What is the probability that the e will be found to have S =up?

e (0]
(ol r)=r-| *
NG
sl - | va HE

complex conjugate



Read Chapter 16

I. The Pauli Matrices

II. The Transformation Matrix



III. The Pauli Matrices

Recall:
0 3| nf o1
S = 2 — < "o "
o 2(1 0 :
_ 2 0 —1 " "
A
2
SZZ 2 ) - 1 0 < "GZ"
0 - | 2 0 -

These matrices (without %'S) are called the Pauli matrices o,



Facts about the Pauli matrices

1) The setof o, 0,0, and [ = ( (1) (1) j form a basis for the space of 2x2 matrices

i.e. any 2x2 matrix can be expressed as a linear combination of ¢, 0,0, and |
2)o’=1 i=1,2,3
3) 0.0, =i0, and cyclicx > y—>z—> X

400, +0,0, = 251]. since there is a + instead of a -, we say they "anti-commute"

[0}
5) [Gx,ay]=2i0'2 and cyclicx > y—>z—>Xx

6) They are Hermitian. This makes sense because

o' =0
0. = (a real number)*S.

S. measures spin, a physical observable

Operators reflecting physical observables are always Hermitian.



So we have 3 separate matrices,

5= 01
“l1o
o =| 0 -
Lo
s 10
Lo -

Forget for a moment that those o, are matrices.

Focus on the symbols. They look like the components of a 3-D vector:

We will use this vector. So for example if we have some other vector v, then V-6 =

VO +v O +VvO
X x y oy z z

o o =i, (10
L1ro) PLio) Lo

0 v 0 —iv v. 0
= + +v,
v 0 v 0 0 —v
X z
v v —1iv
_ z x v
v +1iv -V
x y




I. The Transformation Matrix

Plan:

(1) Present plan of what calculation we need to learn how to do
(i1) Show why one might want to do it

(111) Show how to do it

(iv) Examples

Carry out plan:
(1) Suppose a particle is prepared in a particular basis state, example it is prepared to have S_ = up.

But we actually want to know its S state

1.e. its probability of S,=up and S, = down

So we need a translation dictionary that says
"If the state is S_= , it has Amplitude = to be found in

state Sy = (i.e. want the projection of one set of basis vectors onto another set.)

Table: all possible S_states— o o o o

all possible S, states O

\L each element of this
O matrix is the amplitude
that relates (projects) an

O S_statetoan S state

O

This matrix is called the Transformation Matrix from the SZ basis to the Sy basis.

CallitU,



It's matrix elements look like
<Sy = f‘SZ = i> where for examplei=+, 0, -and f=+, 0, -

So if you know all of the elements of the matrix between 2 bases, then if you know a particle's state

in one basis, you can translate it into the other basis.

(1) Why would you want to do that?
It is hard to see why if you consider just ‘SZ> and ‘Sy>

Example of other possible bases: |x> (position)}

unlike the S_ basis,
ot ‘E> (energy) which has 3 states for
a spin -1 particle, these
So you might want to know for example, <x‘ E > have e # of states.
But they are still bases.

Recall how Dirac notation works:

|E > = a state with energy, E
<x| E > means project it from Hilbert

space into position space
so (x| E)="¥,(x)

So when we say we find the elements of a Transformation Matrix we are really finding the possible

wavefunctions of a particle which is entirely specified by 2 of its properties

say (E and x) or (S_ and Sy)



(111) How to construct U 5.5,

Recall what the S, basis is:

It is the set ofjm_ states|which can be arranged to make the matrix representation of S_ diagonal

!

Le.quantum#m+s < m < -s
like +/ <m,6 <-/

Recall that in the S_ basis,

the eigenspinors of S_ are . = [ (1) j and y° = [ 0 )

! P

eigenfunctions in S_ basis in S_ basis

while the eigenspinors of operator S represented in the S_ basis are

1 1
X = \E and y’ = le

& i
Recall that in the S_ basis, the S, operator looks like

0 —-ib
S =| V2 = it is not diagonal
y _ih_ O
V2

There must be some basis in which Sy 1s diagonal (i.e., we coudl diagonalize Sy)

Before we do that let's call that basis in which S, would be diagonalized, "the S, basis"



In the Sy basis, Sy would look like

Sy:+> ‘Sy:->
A
v Sy:+> 0 %

And in the S basis, the eigenspinors of S ' would look like

) (s

in Sy basis n Sy basis

We need a translation U which simultaneously guarantees

Name of eigen spinor Representation in S basis = U- Representation in S_ basis

X, [(1)] = U-

1
ly (Oj ) U' E
_ 1 i

The U that satisfies both is

S &l

AND

—i

N

V2

The recipe to make a U that translates from some arbitrary basis to an operator's "home" basis is this:

U:

S

here SZ here Sy



1) Because the operator is diagonal in its home basis (that is the definition of a home basis), its

eigenvectors in that basis will always look like

1 0 0

(.) 1 ...... 0 etc.
: 0

0 : 1

2) Find its eigenvectors in the basis that you want to translate out of

Suppose they are
a, b, €
and : and
an b" Cn
where this has this has the this has
the lowest next lowest the highest
eigenvalue

eigenvalue

3) Take the ‘Hermitian conjugatelof each
|
HC=transpose complex conjugate
N a:) (b b, ... b:) (c, ¢ ... c:)

2

.
(a, a

4) arrange the HC eigenvectors in rows in order of decreasing eigenvalues




So to summarize:

S S
S~ Sl

we could have done a similar calculation for

S, S,

Sl S
Sl sl

save these for later



I. The Transformation Matrix is unitary
II. Why we diagonalize matrices in QM

III. Writing the Hamiltonian operator as a matrix



II. The Transformation Matrix U is unitary
U has the important feature that U™ = U’
To see this:
Recall that the inverse M~ of any matrix M must have the property that M~ M=1.
For any matrix M,

1
det M

-1

C \/ transpose of the matrix of cofactors of M
Example: Suppose
M=| @ b
c d
Then detM=ad-bc
C, = (=1)"" - det(submatrix obtained by deleting row i and column j from M)

c{ d (- ]

)b a

(1
—C a

SoM'=— 1| d b
(ad—bc)\ —c a

Also recall M = a* C*
b d
Plug in the specific transformation matrix U _ o for M:

y



Sl s
sk s
)

i N
B A B RN

-1 1 i =i

2 2 Z 2
Also

;;* 1

z 2 %z V2
SoU'=U"

What is the physical importance of being unitary?
1) Recall that applying U to each element of a basis ‘(x> projects it onto another basis ‘ﬂ>

For any element of basis ‘ [3):
[B)=1:{8)
Insert 1=2‘a><0¢‘

- 3[a){a]s)
(Blor) =U,



)=l
Take the complex conjugate of this equation:

(8- S0,

Now consider some arbitrary state “P>
Project it onto the new basis < B ‘

It will have components in that basis given by

v, =)

= Z<ﬂ‘ 05> <0€ ‘P> these are the components of ¥ in the "old" basis o« - ¥
= ZU pa‘P V\/

o

These subscripts concern individual components of the state. Generalize to the full state
Y =UY¥Y

Recall that changing basis is like changing coordinate systems. The length of a vector ¥ should not depend

on which coordinate system is is measured in.



So we expect
length of W’ = length of ¥

v v

(%) (¥|¥)

< \L‘ > But |[¥)=U|¥)
v v

(ol ()

~_

These can only be equal if U'U =1
But U'U = 1 by definition of U™
So these can only be equal if UT=U""

Fortunately U' does=U""

So unitarity transformation preserves state vector lengths

( J
|

normalization

v

*probabilities™

under change of basis.

This is important because probabilities are what is actually measured, and they cannot depend on choice of basis.



[II. Why do we diagonalize matrices in QM

Suppose we are working in some basis (Ex: the S_ basis)
We have an operator that is not diagonalized in this basis
(Ex: the S, basis)

We find U, _ . that relates the form of the eigeinvectors of the operator

! \
|

Example: y; and y’

in the arbitrary basis to these in the home basis
\ J ( )
|

S, basis Sy basis

Thus far we have considered only the effect of U on the y's.

Now consider the effect of U on the operator itself:

1 =i i 4L L
US U—]= \/E \/E O Th \/5 2 — % O
v i —in i i -n
R G O 0 3

*Applying U, U™ to the non-diagonal operator diagonalizes it.

Who cares?



The goal of many QM calculations is to answer "What are the possible results (=eigenvalues)

I could get if Imake a particular measurement?"

(1) When an operator is in non-diagonalized form, every vector that it operates on gets changed into

a different vector. So you learn from this what changes this operator (Ex L) can cause in nature.

(11) If you want to find what are the stationary states of an operator, the states of definite energy, the
states that can appear as possible results of measurements, then you need the eigenvectors and

eigenvalues of the operator.

(1i1) A diagonal form of the operator is the only form that leads to an eigenvalue equation. The U

matrix converts an aperator into a diagonal form.

(iv) As a bonus, the U gives the amplitude for observation of every possible physical state which

can be found by that measurement (Ex: Sy) given the initial prepared state.

——

inS

z



I. Writing the Hamiltonian operator as a matrix

Recall the time-dependent Schrodinger Equation:
0

ih—¥Y=HY
ot
Consider situation where
(1) ¥ 1s not just a scalar but is an object that can be axpanded in a basis. So
¥ —|¥)
(1) We are interested only in the time-development of '¥'. So
o d
—_— % —_—
v Jat  dt
ih 4 Y =HY
dt
Recall it is difficult to work on “I’) as a Hilbert space object, so project
l into some (unspecified) basis < j ‘

(J]in )= (51| )

/ Y~ similarly this is ¢,

call this C. the amplitude Hj[’ element of the H matrix

that ¥ is in state j



Reunite:
d
1hzcj = ZHJ"C"

This equation is true for a “P> with any number of components

\ }
!

1.e any number of possible states what a measurement could find it to be in.

Consider a “P> which can only ever be in 2 states
then 1:(1,2)
v j:(1,2)

So this represents 2 equations

When j= the equation reads:
. d
1 17*2501 =H c+H,c,
. d
2 1}%502 =H,c+H,c,

\ J
I

an alternative form of this is:

d Cl Hl 1 Hl 2 ¢
dt ¢ HZ 1 H22 c



I. The meaning of diagonal and non-diagonal matrices

II. The ammonia molecule

Read handout on NMR



II. The meaning of diagonal and non-diagonal matrices

Consider a potential in which 2 states are theoretically possible

[o o]

call this + 4 call this

Y could be here or here but because the barrier is =, ¥ can never tunnel from one state to the other.
Recall we showed in Section 6.4 that when the Hamiltonian acts on a state, it evolves the state forward in time.

If the particle can never tunnel from ‘1> - ‘2> or ‘2) - ‘1>
Then H ‘ 1> = [possibly some constant]‘ 1>

and H[2)= [ ]|2)

but H|1) =0-|2)

and H|2) =0-[1)

Another way to express this is



initial states — ‘1> ‘2>
final states 4

Now recall from Chapter 3 that HY'=EY, so the [possible some constant] = E |

Since the ‘1> and ‘2> are both in regions where V=0, expect both to have same energy, so

E 0

0

0 E,

Now suppose that the barrier is not infinitely high, so there is some probability that as time passes that a state
. . \ J
1n‘1>%‘2> orastatem‘2>%‘1> Y

as the H acts

Suppose that after a certain length of time, the probability that ‘1> - ‘2> is A

Let the amplitude = \/; =—A
Similarly for ‘2> — ‘1>
Now

. E -4
| -4 E

0



II. The Ammonia molecule

0

An example of a physical case where 2 states are related by is the 2 physical states

of the NH, molecule.

The 3 H's make a triangle which has repulsive potential

Coulomb repulsion up

/ \@/@ )
v

and down

If the N 1s above it sees a coulombic barrier that prevents it from moving below.
If it is below, it is barricaded from moving up.

So there are 2 states

N
call this |1) Q ond Q@ call this |2)

N

But the Coulomb potential is not oo so there is some amplitude for the N to tunnel from above to below.

l_Y_J

Compare: call it -A



effect of a diagonal H
E 0

1

0 E

Time-dependent Schrodinger Equation:
d| ¢ E 0 c

ih— = 1
dt| c 0 E, c

2 2

d
ihEcl =Ec, and ih;c2 =Ec,

_iEt —iEqt
¢, = Ae % ¢, = Be %

Notice about this:
We can write “P> as an expansion (or linear combination)
in the basis:

¥)=[{[¥)+[2)(2]¥)

= ‘1)01 +‘2>c2

= AeiiE% 1> + BeiiE%

2)

So ‘1> is a stationary state with energy E, and
‘2> energy E,
and ¢, and c, are the amplitude for finding “P> n

"stationary state" means a measurement of the energy
and state of this system will always find one or the

other, but no combination or other option.

effect of a non-diagonal H:

o B4
-4 E,

To find the stationary states we have

to diagonalize this

E,~A -4

ll =E0+AE"EI"
2’H = Eo - A= "EII "



We need to find the eigenvectors (basis vectors)

‘I> that goes with 4,
‘II) that goes with A,

To visualize them, let us write ‘I> ‘II) as linear combinations of ‘1> and ‘2)

1.e. we want N above H's N below H's

1)=2[)0

but <I‘1> and <I‘ 2> are matrix elements of the transformation matrix

that transforms H from non-diagonalized form to diagonal form
| J | J
| |

which has eigenvectors which has eigenvectors

- 12) 1), )

So we need to find U



To find U,

E, -4
Recall H=
-4 E,

*Every 2x2 matrix can be written as a linear combination of the Pauli matrices and the identity matrix:

£, 104 OV cE1-40
0 1 1o

So to diagonalize H we just need to diagonalize o
Buto = 2§,
So to diagonalize H we just need to diagonalize S_

The U that diagonalizes S is U _  (see notes from last lecture)

< eigenvector corresponds to S_ eigenvalue = +2 (or o eigenvalue +1)
X 2 X

Sl Sl
s &l

< eigenvector corresponds to S_ eigenvalue = -£ (or o eigenvalue -1)
X 2 X

(Remember to arrange eigenvectors in order of decreasing eigenvalue)

E0+A

Now the eigenvalues of H are
E —A4

Now the eigenvalues of 1 are { 1

+1

Now the eigenvalues of o are { .

So to create the U that diagonalizes H, order the eigenvectors from
Row I high eigenvalue E +4 E (1)+ A(-1) eigenvector of 0 corresponds to -1

\! — _

Row 2 low eigenvalue E ,—4 E(1)— A(-1) eigenvector of o corresponds to +1




I. The ammonia molecule (continued)

II. Ammonia oscillation frequency

Reach Chapter 18
Feynman pages 8-10 to 9-5



So

We could do a similar calculation to find that

)= 5 (1) +[2))

Interim conclusion #1: If H is expanded in the basis ‘1>, ‘2> it is not diagonal. But if it is expanded

in the basis ‘I>, ‘II) it is diagonal.

So we can write:



n - [m
L ) [ E,+4 0
1) 0 E, -4
Now we have the basis in which H is diagonal.

Now solve the Schrodinger Equation in this basis.

Recall in general the Schrodinger Equation can be written as

ihi“P>=H‘P
dt
v apply (/|
d Lol A/
in— (%) = (i #[w) = X H )] ¥)
¢, H, c
lh%CJ:ZHJC

For 2-D, this is:

d 0
lhgcl = Hllcl + 2408,

In the ‘I>, ‘II> basis, H , =H, =0 and
H =E+4
H,=E -4



Since we are in the ‘I>, ‘II> basis, call
C,—>¢ = <I“P>
¢, = ¢, =(II|¥)

Then we have

ih%cl =(E,+ A, —c,=Cexp| | 1)

ih%cﬂ =(E,- A)c, —c,=Dexp| " ||ir)

“P> can be expanded in any basis that spars its space:
)= 2[i){i]¥)

In particular

=| 1)t )+ | )i )

_ —i(Ey+A)t —i(E,—A)t

_lCexp[ | 4]l>,+l1)exp[ | 4]\112
%) ¥,)

So the stationary states of this system are

“P ]> which has E=E + 4 | *these are the only 2 possible results of a measurement on this system.

‘\{IH> which has E=E, — 4 | You would never measure just E,, or some linear combination of “P 1> + “P H>



I. Ammonia oscillation frequency
II. MRI

Read Chapter 17



I. Ammonia Oscillation Frequency

Recall that physically the ammonia molecule can be in either of 2 states, and can tunnel through a barrier
to get from one to the other. Because it can switch between them, those are NOT the stationary states.
However, they are real physical states.

Calculate the Frequency with which the molecule changes state from ‘1> to ‘2> :

L J
1

v

frequency at which the N tunnels back and forth

This will help clarify the meaning of different basis we have used

Recall the two basis we have worked in for this problem:

Basis ‘1>,

2> Basis ‘1>,

)

correspondes to physical states correspondes to stationary states

N with unchanging energies

‘I > . state with E=E  + 4

N
In this basis,
He E, -4

-4 E

0

‘]I > . state with E=E  — 4

In this basis,
E,+4 0
0 E -4

0

H:



Define time-dependent Schrodinger Equations:

c =<1“I’> and c, :<2“P>

d| ¢ E, -4 ¢,
ih— =
dt| ¢, -4 E, c,

v

d
ih—c, = E,c,— Ac,
dt ..
coupled eq. — transitions

l'hzc2 = —Ac1 - Ec,

We never solved for ¢, ¢,

The basis in which H is nondiagonal gives information

about transitions between states

Because we want to study transitions (i.e. tunnelling
frequency) we will work in this basis.

Soweneed to find ¢, ¢,

To find ¢, c, first

(i) Add Eq 1 and Eq 2

L d
zhz(cl +c,)=(E,— A)c +c,)

“L(E, - At

(¢, tc,)=ae’ "Eq 3"

L—unspeciﬁed normalization

cl=<l“I’> and cH=<II“P>
dl c E,+4 0 c
di| ¢ 0 E-4]| ¢

ihic =(E + A)c

dt 1 0 1
J uncoupled eq. — no transitions
ihEcH =(E,— A),

We solved forc,, ¢, : we get

¢, = Cexp[f"(E"M)t/h}
c,= Dexp[_i(EO_A%}

Notice the basis which makes H diagonal yields
the energies (eigenvalues) which are possible

results of measurements.



(1) subtract Eq 1 - Eq 2
. d
1i'zE(cl —c,)=(E,+ A)c, —c,)

“I(Ey+ A)t

Cl — cz — beh "Eq 4"

t_/unspeciﬁed normalization

(iii) Solve Eq 3 and Eq 4 simultaneously to get

a =g -a b =g +ayn
Cl(t)z—e”( oAy Zpn ot
2 2

a ={E,-Ax b SHE,+ At
c,(f)=—e’ ——e'
2 2

Question: Suppose at t=0 the molecule is in state ‘1> What is the probability
that it will be found in |2} at t=t" ?

Answer:
starting condition:
¢,(0)=(1|¥(=0))=1 AND ¢,(0)=(2|¥(r=0))=0

Y
a=b=1

Plugina,bintoc, c,:



| “L(E, —A)t 1 ZI(E +A)t =L(E )t
c (== g en T o ) cos(%)

2
1 ;i(EO_A)[ 1 i(E0+A)t . ;i(Eo)t . At
c(H=—e’ —-—e’ =1e’ sm(—)
2 2 '

So the probability that the system is in ‘2> at t=t’ is

o] ¥ )

2 2

. HED) . ’ . /
=lie" " sm(AT’) = s1n2(A7’)

e, (1)




II. NMR = MRI

This is another example of a 2-state system
Consider a particle with charge q, mass m, and magnetic moment M in a magnetic field B.
Recall from classical E&M that it develops potential energy E=-M - B
Guess that the QM Hamiltonian for this process looks similar so
H=-M-B
Recall from Chapter 13 that M is related to angular momentum
s

2mc

generalize this from L to S

_ S
N _48

due to spin

when L=0 2 mc

the gyromagnetic ratio g, depends on the particle involved and whether
the angular momentum is due to L or S.
For NMR, the particle is the proton and the angular momentum is S.

In that case, g=g, = 5.6 also g=te and m=m

_ _ —eg S-B
SoH=-M-B= —=>¢
2mpc

Recall the spin operator S is related to the composite vector G made



I. MRI (continued)
II. The medical application of MRI
[II. Time Independent Perturbation Theory

Read Chapter 22, Sections 1,2,6 only



from the Pauli matrices, so
=15
2

ThenH———G 0B +0 B +0 B

mc 2 l_‘_‘\—/; e D TyTy T

- ___—c

If B is purely Bz, then G- B= o_B_ only
=o.|8

:((1) _OI]B

Then H would = —upB[ (1) Ol J

all this H,

5 =)

5 =-)
s = +> -u,B 0
‘SZ = —> 0 +u,B

The diagonal form would mean that the presence of the B would not change the state of the p's spin.
( J
Y

the effect of H on the initial state of p
There are no matrix elements that convert ‘—> - ‘+> or ‘+> - ‘—>
Now suppose we add another component to B
Let B=B £+ B.Z
B_= B coswt \

B1 — (eiwt +e*iwt)/2

still constant, call it B . It has no time dependence.



Then 6-B=0 B +0 B +0B

r SN
Bl( O 4 e—iwt) .

s _.upBl(eiwt " efia)t)
H=-uoc-B= o 2
—U,B, (e’“” +e )
5 +/,LPBO

Now there is a possibility for the proton to flip its spin between ‘+> and ‘—> in response to B.

If we define E| = -1 B
,upBl (eiwt + e—iwt)

and A =
2
E, -4
Then H=
-4 -FE

0

So we could do calculations identical to the ones we did for the ammonia 2-state system, assume that the protons

begin with spin up, then find the probability of finding spin down at t=t’.

For real MRI, the B field is usually a little more complicated.
Still have B. =B,
and B = B coswt « so the B field rotates in the x-y plane

but we also have By = —B1 sinwt




SoH, ., =-uo0-B

=—u, (0B +0 B +0B)

B P B I I B
Al o) L+ioo )7 Lo 1)~

B, (B, coswt + iB, sinwt)
=T H, oy
I (B, coswt — iB sinwr) —B,
want to solve
d| c c
-1h— "l=H :
dt c, c,

Now assume that at t=0 ¢, = <1|‘P> =landc, = <2|‘P> =0

This gives normalization so you get

2
T B ’B? o
c,(t)= h _ . sin h_ﬂ +h e 2!
2 , 5P h 2
B, w| MB
—_ + =
h 2 h
At any time t=t’, the probability that a spin has flipped from + to - is

2
e, ()| =




I. The medical application of MRI
II. Time-Independent Perturbation Theory



p_1 B 2 2B2 2
|C (t)|2: - -sin’ % o) B2 t
2 B 2 2B2 h 2 hz
‘up 0_9 ‘up 1
h 2 K
p 0

when @= , the denominator is minimized so the probability of spin flip is maximal.

This is a magentic resonance.

How to use this for medical imaging

I. The medical purpose of MRI is to distinguish normal from non-normal tissue. How this works:

(1) When B (2) is turned on but B, (xy) is off, then
|SZ = +> is a lower energy state H, = —1,B))

S, = _> (H, = +‘upB0)
So most protons are in the |SZ = +> state. [N = total # protons
# protons in |SZ = +> N, exp(_E/W) - eXP(_(_#pBO%)
# protons in |SZ = —> - N, eXP(_E% ) exp(_(w”B”%)




(i) Turn on B, — most spins flip from ‘+> to ‘—>
(ii1) Turn off B,
the spins in normal tissue relax to ‘+> at a different rate than do the spins in abnormal tissue.

Measure relaxation rate by placing a coil near the tissue (but outside the body) and measure 2 M l.

by the current induced in the coil.



I. Intro to addition of angular momentum

II. Example method for Clebsch-Gordan coefficient construction

Read Chapter 8 Section 2 (WKB approximation)



I. Intro to Addition of Angular Momentum

A) Why total angular momentum is important in QM:
« Most physical systems actually have > angular momentum contributor
Example: ¢~ in Hydrogen has L and S

multi-atom system has multiple J s
« only the total J for the system is conserved (ie <‘P ‘ J ‘ ‘P> # 1) 1s called a "constant of motion"

(responds only to external forces)

commutes with the Hamiltonian H

has stationary states with definite eigenvalues

« Those eigenvalues occur as measurements (eg reflected in spectroscopy of allowed energy levels of a system)
Example: In particular relativistic corrections introduced into the hydrogen atom Hamiltonian a

term ~L - S so need to describe the probabilites for different composite J values correctly

B) What we typically have:

math expressions for eigenfunctions, eigenvalues in terms of:



J? m J?

1 1 2

| | T

total angular momentum eigenvalue of J_ total angular momentum
(of particle) 1 (of particle) 1 (of particle) 2

Call these eigenfunctions ‘Jl,ml> and ‘Jz,m2>
Then characteristic that

2| jimy= j,(j, + DA| j,m,)

12| jyomy) =,y + DR fym,)
le‘jl,ml>=mlh‘jl,m]>
Jzz‘jz’m2>:mzh‘jz’m2>

. . . . . 2
C) What we typically want is eigenvalues , eigenfunctions for I' , m_ .
Call them Jjom)= j(j +Dh’

So we need a transformation matrix

Jom)

j,m> such that J°

tot

j,m> andJ_ j,m)zmh j,m>

from ‘jl,ml>‘j2,m2>—>

i.e. Need this
j’m> = 2 ‘jl’ml’jz’m2><j1’m1’j2’m2

ml +n12:m

Jom)

m,

T

eigenvalue of J_

(of particle) 2



They are called the Clebsch-Gordan coefficients. They tell how much of each old | j,,m,, jz,m2> eigenket

contribute to each new

7, m> eigenket.

Note: the ‘ J-m, jz,m2> form a basis
the | j,m) form a different basis >
members in each basis are orthoganol

Show that the eigenfunctions of a mermitian operator (for example J) are orthogoanl; as this is important in

constructing the C-G coefficients
Let hermitian operator be A=A

Let eigenfunctions be ¥, and ¥, so

AY =aV¥ Eql
and
AY =a\¥, Complex conjugate this:

*

[AY,] =a)¥,
[AY.] =a,¥, Eq2

. o . . *
but Herimitian operators have real eigenvalues so a, = a,. Then



Take [dx¥ - Eql = [dx¥V 4%, = [dx¥a ¥,
and [ dx-Eq2- ¥, = [ax{a¥,]'¥Y, = [dxa, V¥,

Eq3— Eq4:
[ax ¥ ap - [ AV,]¥, = (a,—a,) [ dx¥)¥P,

LHS:
[ax ¥ ap - [ax[4¥,]P = [axP AV - [dx¥,4"P,
= [dx¥y(4- 4N, =0

RHS:

Ifa, #a,, [d¥¥ =0

ie. V¥, and ¥, are orthogonal

II. Examples of Clebsch Gordan Coefficient construction

Eq 3
Eq 4

for hermitian A

The C-G are available in tables--example of how some are constructed:



Let j, = j, = 1. There are 9 possible combined states | j,,m,, jz,m2>:
1111

1110

111-1

1101

1100

110-1

11-11

11-10

11-1-1

For fixed j =1, j, =1, call these states ‘ml,m2> to simplify notation.
There are 9 possible ‘ jm> states to which they contribute.

How to see this:

m=m_ +m, (sum of z-components)
Bothe m, and m, can separately be 1, 0, -1
So m can be {2,1,0,-1,-2}

But m is the eigenvalue of J _



J|<v
SoJcanbe O, 1, or 2.
The 9 possible ‘ jm> states are

22
21
20
2-1
2-2
11
10
1-1
00

For notation, use prime to indicate | 7, m>

ie. |1,1>, = |j: I,m= 1>

Use unprimed to indicate |m1 , m2>

ie. |1,1> = |m1 =1,m, = 1>

Notice |2,2) =|1,1)

as both refer to state where m = m, =1 and m and m, are parallel

Similarly [-2,-2) =|-1,-1)



So we can find all the states for j=2 either by apply J to ‘2,2> or]J to ‘2,—2>

Do this:
22 -
but] = J, +J,)
J|2.2) =g, +3,)L1)

l recall forany J : J_‘j,m>: h\/j(j+1)—m(m—1)‘j,m>

(onj =1, m =1) (onj, =1, m, =1)

m22+1)-2(2-1) \2,1)’ = 711+ 1) = 1(1-1)|0,1) + Ay/1(1+ 1) = 1(1 - 1) [1,0)

n-2]2,1) = m2]0,1)+ 12 1,0)

2.4 == (Jo.1)#]1.0)

2

\_Y_)

C-G Coefficient

Now repeat. Apply J  to both sides



L. Constructing C-G coefficients for the j = j, =1 system (continued)

II. Symmetric and antisymmetric multi-particle states

1. Example application of C-G coefficients



J |2y = %(Jl_ +J,)(|0,1)+]1,0)

2

22 +1)-1(1-1)[2,0) =
(Ol’lj1 = l,ml = 0) (Ol’lj2 = 1,7’}’12 = 1) (0nj2 = l,nfl1 = 1) (OIlj2 = l’mz — 0)

%h{\/l(H 1) = 0(0 = D)=L, 1) +y/1(1+ 1) = 1(1=0)[0,0) + /1(1+ 1) = 1(1 - 0)] 0,0) +/1(1 + 1) — 0(0 - 1)\1,—1>}

J6[2,0) = %{\E‘—I,Q+\/5‘0,0>+\/5‘0,0>+\/5‘1,—1>}

[2,0) = {%\—1,1%%\0,0%%\1,@}

Similarly,

71
2t) = {Jo-1)+-10)
and

2,21) =|-11)

Note all 9 ‘ml,m2> kets needed to form the five ‘ j= 2,m> kets.
S S

"old kets" "new kets"



In general call "new kets" with a particular m values are linear combinations of old kets for whichm +m, = m

So we foresee that

m m,m, m;,m,

I11) = alo,1) + 2|1,0)

But we also know that ‘1,1> must be orthogonal to ‘2,1> so specifically

1) =—=(|o)-|10))

Again apply J to both sides to get:

10) -

(1)~ -1
i) =—(fo1)-|-10)

-

[U—

Now foresee that

\0,0>' = a\l,—l) + b\0,0> + c\—1,1>



and must be orthogonal to both ‘2,0>, and ‘1,0>,

Require

(2,0[ 0,0y =0

{%@,—1‘ + %(o,o\ + %(1,—1\} {a|1.-1)+5[0,0)+ c|-11)} =0

1 2 1
—a(1,-1|1,-1)+ ==5(0,0[0,0) + —=c(1,~1|1,-1)+ all cross terms like (1,-1/0,0)=0
\/g \_'_J \/g\ J \/g L Y J \ Y J
1 1 1 0
at+t2b+c=0 "Eql"

Also require

(1,0 0,0 =0

{%(1,—1\ - %(—1,1\} {a|1.-1)+5[0,0)+ c|-11)} =0

La<1,—1\1,—1> + %c<—1,1‘—1,1> + all cross terms like (~1,10,0)=0

S S L ' J
1 1 0

oy




Solve Eql and Eq2 simultaneously:

Eq2: c=a
Then Eql is:
a+2b+a=0
b=-a

So |0,0) = a|1,~1)— a[0,0)+ a|-1,1)

1
normalize — a=T
3

00) -

{I-1)=o.0)+|-L1)}

&~

Facts about C-G coefficients

1) Handout for values of low j systems
2) <j1m1j2m2 ‘]m> = (_l)j]+j2_j <j2m2j1m1 ‘]m>
3) (Gmjym, | jm) = (<085 (Gomm. jpo=m | jm)

2j+1
2/, +1

4) <j1m1j2m2‘jm>:(_1)jl%[ ] <j1’m1’j’_m‘j2’_m2>
2



II. Symmetric and antisymmetric multiparticle states

Consider 2 identical spin 1/2 particles. Each can be independently spin up or spin down so there are 4 possible

combined states.

B
B

+
N |~
N |—

+
N |—

|
RO — = o=
L+

S

0 |—

Find form of combined state

s, ms>
Analogous to converting |m1m2> - | jm>

Note m =m_+m_ can be

2

1

(e}
—_—
+ T+
RO [= D= =
N—
I
N |~
N —
o
)—g
—
|
|—
N —
—
+
N =
N —

1
[y
—_
|
~—
|
N =

)



Since ‘SZ‘ S‘S‘
if m| =1, thenS =1 soScanbe0orl.

Then allowed ‘S,ms >, are

1 1
1 0

~ | o =
S =

Begin with ‘1 1 ‘ > (both spin up) Apply S to both:

S_‘1,1> (S +S, )‘1 1> (analogous to J's)

10) = {4 +15.2)

Note ‘0 O> has m_= 0 so must be built of kets with m, +m, =0, i.e. also ‘ > and ‘ >

But also ‘0,0> must be orthogonal to ‘1,0> SO it 18

0.0) = (12:4) 1)




—

1,—1> = “71,‘71> (both particles spin down)

Lastly by inspection

Rewrite the 4 coupled states

’ =11
1’1> - ‘ 2? 2>
’ 1 ITs B "
1,0> _ ( —71’%>+‘l __1>) >_Set of 3 "Triplet States
all are symmetric under interchange m_ <> m_

—_—

¢ 1 "Singlet State"
0.0) =—=(=-5)-[33))
’ H\1272 272 is anti-symmetric under interchange m_ <> m_

Where Pauli Principle demands

Fermions: total wavefunction antisymmetric

\ J
I

(spatial) - (spin)
\P nlm ' Z

W are hydrogenic wavefunctions
ntm




[. Example application of coupled basis
II. Intro to WKB



I. Example application of couples basis

Goswami problem 17-7

Consider a 2-particle Hamiltonian for a spin system
H=A+BS, -§,
Calculate the eigenvalues and eigenstates for 2 identical spin 1/2 particles

(1) using uncoupled representation ‘ms N >
1 2

(i1) using coupled representation s,ms>

Solution:
(1)) H=A+B(S.S,, +5,,5,, +5..5,.)
Recall S, =S + iSy andS =S5 - iSy, SO

S +S S —-S
S =—— andSyz =

2i

Then H=A+B(S,,S,, +5,,5, +5,.5,.) =

1z7 2z

A+B Sl+ + Sl— Sz+ + Sz— n Sl+ B Sl— Sz+ B Sz— +S S
2 2 2i 20 lzaz




B
— A+ Z[S”S“ +S,8S, +S,S, +S,8, =SS, S8, +8,8, +8,8, |+BS,.S,.

1+ 72+

B B
= A+ E[SHSZ_ :| + E[S1—S2+ ] +BS.S,.

A‘m M >:A‘m ,Mm >
S 5 S 5

BSIZSZZ

2
m_,m >—— Bhm m
S1 SZ Sl S2

m. ,m >
Sl SZ

§S1+S2— = ghz %(% + 1) -m, (msl + 1)\/%(% + 1) -m, (mS2 - 1) m + L,m - 1>

gSl_S2+ =§h2 %(%+1)—m§1 (msl _1)\/%(%"'1)_”%2 (ms2 —I—l)‘ms1 —Lm, +1>

[14) 4+ Bf 0 0 0
BR’ Bh’
‘%’_71> O A_ 4 2 0
Bh* Bh*

1> s BR’




2 eigenvectors are given by diagonals:

Bi’
1,1} has E=A+ ;

|2,3) has E=A+ sz

2

To find others, diagonalize 2x2 submatrix to get:

! . BI?
ﬁ[ L) +[31)] with B=At+=—
%B%)-\%»%ﬂ with E=A- 22"

(i1) In the coupled basis:

Recall H=A+BS, - S,
If we let S=S + S, then
S?=(S,+8,)’ =S +S7+2S S,

2 SZ SZ
Then S S, =S———1——2
2 2
S’ S,ms> = h’s(s +1) s,ms>
812 S,ms> = hzsl(s1 +1) S,ms>
Si S,ms> = hzsz(s2 +1) s,ms>




Eigenvalues:
when S=1,S =7,S, =7

‘S:LmS=1>

3 ‘Szl,mS:O>

‘S=1,mS=—l>
E:A*ghz[l(”1)—%<%+1)—§(§+1)]=A+th

When $=0,S,=-,8, =7 {‘S:O’ms:0>
_3Bh2

B
E:A+5h2[0(0+1)—§(%+1)_%(%+1)]:A




I. Time-independent perturbation theory



I. Time-independent perturbation Theory
For every kind of interaction in the world there is a Hamiltonian H
S
force measurement etc.
In general one wants to predict the results that could be
.
eigenvalues, eigenvectors = possible
stationary states and their energies
obtained by studying that interaction.
So one wants to diagonalize the H to get
H|‘Pn> =E |‘Pn> for all states n.

2

Recall H= +V

2m
It turns out that most physical V's are so complicated that it is not possible to solve H | ‘I’n> =E |‘I’n> analytically for them.

For some of these H's we can still get an approximate solution IF we can write them in this form:

H=H + H’  where H' is "small" compared to H. We will say what "small" means.
eigenfunctions \
Call this H | Return this H=AH,

* Assume for now that H” # f{t)



I. Time-independent perturbation Theory (continued)



1

(Ho +)“H1)‘\Pn>: En‘\Pn>

So H=H, + AH, and our goal is to solve ( getE and “Pn>)

To solve this we make the following assumption:

1) there exist known solutions "Eio) "and ‘(pn> to the equation

Hle,)=E"le,)
ii) If A — 0, the unknown “Pn> — the known ‘(pn> and
the unknown E — the known E’

1i1) Because the ‘(pn> are eigenvectors, they form a basis, so we can expand “Pn> in terms of them

“I’n>=zk:‘(pk><§0k“{’n>
=0, ¥, ).+ Zle)lo¥,)

the amount this overlaps depends on the value of A.
call this term N(A)

xao o) Zo) %4

l_'_l

T

call this an



In order that “P»W) ‘ (pn>, must have N(A4 = 0)=1

(iv) The ¢ , represent the amount of admixture between “Pn> and the unperturbed states ‘(pk>.

So the ¢ are functions of 7.
Assume they can be written as

— 0 1 2 (2
c (A)=c +Ac) + 1% + ..

we assume that when A=0,

‘Pn> = ‘(pn> (there is no admixture between
“Pn> and “Pnik >), soc (A=0)=0. this means ci?c) =0.

(v) Alsoassume E = E'@ + AE" + A2E® + .

SOE ——— Eflo) naturally

Plug in the expansions:
(H,+4H,)¥,)=E,|¥,)

(HO+/1H1)N(A){‘gon>+2‘gok>cnk}:(E}EO) FAED 4 2PE® +...)N(/l){

k#n

o)+ Zlo.)e.]

k#n

: _ 2.0 2.(2)
plugine = Ac,) +A°c’’ +..




(1, +wl){\%%kzz,c;;g\%p;azc;;>\¢k>+_.}:

(50 g0 5 s o)+ Bl o, + EAe 0 e, v
k#n k#n

Require that this equation be true for arbitrary A, so the coefficients of each power of A on both sides must be equal.

—

A H o ‘ g0n> = Elio) ‘ g0n> presumably all these terms are known
XY o)+ H e, )=E" Y o)+ EPo,)
k#n k#n
2T lo ) 1T lo) ¢ o)< S0+ B Sello )+ £ ]o)
k#n k#n k#n k#n

A,

We will solve for £, ¢, ', N(1)

To find E": Rewrite the A coefficients' equations emphasize E'” :

EP|p,)= HJ%%ZCEXHOM?-E,ichi?\cvk)
k#n k#n
plug in

EVlp,)=H |p,)+ X cVE"|p,)-EOYc|o,)
k#n k#n

= o)+ T (£ - EP)elo,) Eql”
k#n

Multiply equation by <go ‘ :

n



Eo,l0,)=(0,|H]0,)+ X(E" - E7)c (0, ]0,)
&

l_'_l
1 — 5,0

T A
the first order = the diagonal element of the matrix of the
correction to the perturbative hamiltonian
energy

the expectation value of A1,

To find ¢! :
Multiply Eql by (o, | (m # n):

£ Coulen)=(oul o)+ (£ - £7)el (.o

\_'_J \_'_J
0 —— 5 —1lonly whenk=m

o-{p.|1 o)+ £ - £

nm

EO _ FO




I. Time-independent perturbation theory (continued)
I1. The Stark Effect
III. Degenerate perturbation theory

Read Chapter 22 Sections 1 and 2 only



@ .

nm °

Facts about the first-order mixing coefficient c

(1) H, will naturally have some off-diagonal elements (if it did not, we would not have had to

define a "AH, ", we could have incorporated it into H ).

Call some non-diagonal H, element "H ". Then we say that "states ‘(0m>‘ q0m> are connected by the
pater bation" i.e., H, causes the system to make transitions between ‘(pm> and ‘gon>

(ii) Recall ¢ . represents the amount of admixture ‘gok> that the perturbation causes to be superposed into

‘cpn>. We see that the magnitude of admixture depends on 2 things:

\ J
!

size of ¢
nk

1) the overlap <%‘H1 ‘(pn> i.e. "how much H, changes ‘(pn> to be like ‘(pk>"

2) the unperturbed energy deifference between the states: E” — E\”
so the closer in energies the unperturbed states ‘(pn> and ‘gok> are, the more of ‘(pk> will be mixed
into ‘(pn> by the perturbation.

3) The size of cEllk) defines whether a perturbation is "small", i.e. whether it was ok to expand everything in

terms of A.



I. Time-independent perturbation theory (continued)
II. Example of T-I-P-T: Stark Effect Energies
III. Degenerate perturbation theory

IV. Example of DPT: Stark Effect wavefunctions

Read Goswami Chapter 22



To find E'*

Recall the A* coefficient's equation:

Hy Y c®lp )+ H Y Do)+ H|p)=E"Y o)+ E" Yo )+ E|0,)
k#n k#n k#n k#n

Rewrite to emphsasize E'* :

Eiz)‘(/)n> (z)H \€0k>+20(”H ‘(Pk> Eio);cii)‘¢k>_E;l)kz{cilk)‘(pk>
#n n

£"]9.)

Multiply on left with <g0 ‘

B(0.]o)=X (Z)E“”<<0 0+ 20 (@, o)~ £ 2cio,|0.) - £ Xe o, |o,)
k#n k#n

\ | k#n l_Y_,
O 0 0



I. Time-independent perturbation theory (continued)
II. Example of T-I-P-T: Stark Effect Energies

I1I. Degenerate perturbation theory

IV. Example of Degenerate Perturbation Theory



Eff)<¢>n|¢n>=kZCi?<¢n|Hl|ka>

o _(2./H]0.)

plug in Cok = "0 o
En _Ek

s oo

St o)

l_‘_l

a—

(pk‘Hl‘(pn>*

ooy
En :% EE:))_EECO)

Notice:
1) To get Eff) for any level n, you have to sum over the connections to all other states

2) when n=0, we are considering the ground state. Then since k # 0 all E, are by definition higher

(0)

energy states, so all the E” — E!

are negative.

To get N(A):
Require (¥, [¥ ) =1

l



= N%l){((pn ¢n>+lzz‘cfl?r <gok|q)k>+..}
- !

1 1

= NZ(),){H Y[ + }

n#k

So to first order in A, N(A)=1

Plug in N and ch? to |‘Pn> :

o)+ 3 010

¥,)= ool
n 0) 0)
n#k En - Ek

0)+..

II. Example use of time-independent Perturbation Theory: Stark Effect Energies
2

Regular hydrogen atom normally experiences v=—% only.
r

Suppose it is embedded in an external electric field E.

How does this effect its energy levels?

So we want to find AE"" = <(p |7LH |(p > and AE'Y = Z‘
L po E(O)

(Now absorb A in E and H1)



Recall the ‘(pn> are the unperturbed eigenfunctions. For the hydrogen atom these are the

lIIn(m = Rn/,YZm = (pn>

To find AH, recall that an E only affects an object's energy if that object has a dipole moment qt. Here q=e
SoH, = eEr

Let E=E2
H =ekz
Then Ele) = <‘Pn€m‘
=eE[ R /R r*dr [ Y}, cos6Y, sin0dfdg
r 6,9

eEz ‘ v [m> where z=rcos0

\ J
I

0

SoE" =0 | forany leveln

To ilustrate how to find Eff), choose a specific set of quantum numbers n=1, /=0, m=0 (ground state)

(CMEE )
Ep=c'E 3
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I. Degenerate Perturbation Theory
I1. Using Degenerate Perturbation theory on the Stark Effect
III. Time-Dependent Perturbation Theory
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this 1s an infinite sum over n.

[II. Degenerate Perturbation Theory
Recall with Perturbation Theory,

szw and B = 2‘%

k 0 0 (0) (0)
" EY-E" o EV-E

So if 2 levels (k and n) have the same UNperturbed energies £ ;{0) and E;O), that will cause a + 0 which will make

these expressions meaningless.

This + 0 is a sign that here is a case where the perturbation expansion is not being done right. Recall the

expansion is only allowed if the ¢!) are small, i.e. if <(pk |H1 | (pn> < (E;O) — E,EO))



I. Degenerate Perturbation Theory (continued)
II. Stark Effect eigenfunctions
III. Time-Dependent Perturbation Theory

Read Goswami Chapter 23



General plan to fix this

(i) diagonalize the part at the H, matrix which connects <(pk‘ and ‘(pn> — then these <(pk ‘ H, ‘ (pn>

will =0

(i1) Recall perturbation theory depends on H being diagonal (must have known eigenvalues and eigenfunctions)
so we do not want to damage that.

(ii1) It is not in general possible to change the basis to one which diagonalizes H, without

"undiagonalizing" H . So to be careful we have to actually diagonalize H, + H, (absorbed A into H,)

So in general:
H=H +H =

diagonalize this (call is "matrix £,")



(iv) A trick: if matrix £ is the whole matrix or if you don't care about the states outside of it, the you

only have to diagonalize H , not H . This is because in the matrix E_, H is not just diagonal but also
proportional to the unit matrix 1. Since H, (and all matrices) commute with 1, in this subspace you can
diagonalize H, without affecting H . This is what we will do. But if one does this it is important afterwards
not to discuss the re-diagonalized E. subspace states and the non-E. subspace states together, the are in

different bases.

(v) Limit focus to the E, subspace. Diagonalize H|
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call it H'
(vi) Get the new E;, c;k , ‘P; associated with HI
(vi1) Apply non-degenerate perturbation theory within this subspace since the E: are all different. If some of

the E: are still degenerate must diagonalize their subspace and iterate (this is called second order Degenerate

Perturbation Theory; we will not do it.)



I. Example of degenerate perturbation theory: the Stark Effect
II. Time-dependent Perturbation Theory



IV. Example of Degenerate Perturbation Theory: The Stark Effect
RecallH,+ H, =

2 2
[P__e_]+egz
2m r

Coulomb field static electric field in z

(1) Recall that the solutions to H, are the ¥ s

Recall their energies are determined only by their "n" quantum number

_-mZ’e*
20N’
‘PZOO
\PZII
So for example - all have the same energy
\P210
\P21—1

Ignore ¥, and ¥, | for now and apply degenerate perturbation theory to W, and ¥,  :
(ii) Recall usually we would have to diagonalize H + H, but if we confine our attention to the degenerate
state only, then we can just diagonalize H for the states that are degenerate.

Do this:
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Calculate the elements of the H, matrix: (use r=zcos0)
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u, o) u,
Then H | =F becomes
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Diagonalize:
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*Conclusion:

The perturbations converts ¥, and ¥, | both with E=

remember this is in the basis
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