I.  What to recall about motion in a central potential
II. Example and solution of the radial equation for a particle trapped within radius “a”
III. The spherical square well

(Re-)Read Chapter 12 Section 12.3 and 12.4



1. What to recall about motion in a

central potential

V=V 171 - Fz l) between masses m, and m

Recall the time-independent Schrodinger Equation:

H VY =FEY¥Y
—
d
2 2
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To convert this into a separable PDE, define
1 1 1

M m m,

M =m, +m,
R:mlﬁ+m2}_;2
M
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Then you get
p>  p’
H = M+2—+V(IFI)
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Focus on this “H“”

Ignore center of mass motion

—
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< m,
h
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H, = p—+V(r)
24

u
~h*V?

21
In spherical coordinates:

2
1 d 1 o d 1 0
V? :—(rz—)+ (sin@ j+
U o) 126ing 00 0) 24ing 8q)2

+V(r)

r

Vo

1 [ -1?
2 2
r h the angular momentum operator

Plug this V* into H p
Write out H, I'V) = E1'Y)
Project into (r,0,¢l space:
2 2
{_2;; Liz%(rz %) — hfrz }+ V(r)}(r,@,q) |¥) = E{(r,0,p|¥)
Guess that (r,0,0 | ¥Y) = R(r) f(6,0)
Separate the equation, the constant of separation turns out to be /(/+1).

f(0,¢) turns out to be Y,"(0,9)
Then the R equation is:

li(,ﬂ dR)_ 2ur’

Rd y 7 [V(r)-E]=((t+1) "Form 1" of the radial equation
r r




You can get an alternative completely equivalent form of this equation if you derive

U =1R
Then you get
12 42 (0 +1
—L; +|V+ (—2) u=FEu "Form 2" of the radial equation
2u dr 2ur

*Choose either Form 1 or Form 2 depending upon what V is--

pick whichever gives and easier equation to solve

*Remember the boundary conditions on R:

TRr—> «)—>0 BCl

rRr—0)—>0 BC2

Procedure for finding the total W (7,t) for a system in a central potential:
(i) Get V(1)

(11) Plug it into the radial equation (either Form 1 or Form 2),

solve for R and the energies E,

t

—iE;t —iE,
(iii) Multiply that R by Y,"(8,¢) and e 2 to get W(r,t)=RYe 7"



II. Example-Solution of the radial equation for a particle trapped within radius "a"
Vz{ 0 forr<a
oo forr>a

This is also called a "spherical box"
Recall the radial equation in Form 1 (without the substitution u=rR):

2
in(,,zi)ﬂ_ﬁzl E-viy-"EED R g
r-dr dr h 2ur

Since V=co for r > a, the wave function cannot have any portion beyond r > a.
So just solve the equation forr < a.
Plugin V=0 (r<a)

{ii(rz d)+2,uE_E(€+1)}R:O

r? dr E h r?
expand this: s call this "k2"




1
Define p = kr,so —=

Then —=——=k—
dr dr dp dp
& _df,d) dpd [, d)_ ..
\7 dr*> dr\ dp) drdp\ dp dp’
Plug this in:
B 2 2 2
k* Clz+&i+k2—£(£+l)k—2 R=0
. dp p dp p
& 24 00+ 1)
dp? ;%"'(1_ 0 ﬂRZO Normalization not yet specified

The solution of this equation is R(p) 3 Cj,(p) + Spherical Neuman function,
Irregular @ =0, so get D=0

1/2
o=l
Jz(P)=£2p] J“;(p)

g

"spherical Bessel function" "ordinary Bessel function
l of half-odd integer order"

sin p

examples: j,(p) =

sinp cosp

J1(p) = 5
P




[.  Particle in 3-D spherical well (continued)
II.  Energies of a particle in a finite spherical well

Read Chapter 13



Now apply the BC: the wave function R must=0 @ r=a
\ J
|

J,(ka)=0

whenever a Bessel function = 0 its argument (here: (ka)) is called

a "zero" of the spherical Bessel function

and these columns are labelled by n

n=1 n=2 n=3 etc.

(5§ j_, forka= 3.14 628 9.42
In spectroscopy P j,_, forka= 449 7.73
the rows are
labelled by: \ D j,_, forka= 5.76 9.10
Foj,
kEE'[C.
Summarize:

time-independent __ Lym

central potential

spherical harmonic

where R=C- j,

Because each j, has zeros at several n's,
we have to specify n too,
soR=R,,



2UE
‘u2 , the boundary condition that j,(ka) = 0 gives the allowed energies.

Because k* =

Recipe to find an allowed energy:

(1) Pick the n, ¢ levels that you want. (Example: pick n=2, ¢ =0)

=2
(i1) Find the zero of that Bessel function (ka[ 7 _0 ] = 6.28]
, =

(111) Plug into j,(ka) =0

n=>2
uf 72 oo

2UE
l use k? = %
k*a
2‘LLEn 2 ¢
= 2 2
i 2 2 (628)
(628
EZ=02 = ?
Ua




I. Energies of a particle in a finite spherical square well



III. Energies of a particle in a finite spherical square well

Consider

V() = -V, forr<a V(1)
0 forr>a

This actuall looks very much like the potential between 2 nucleons in the nucleus
Solve this analogously to 1-D square well procedure
(1) Define regions I and IT

(i1) Plug in V into radial equation in each region

Pick Form 2, so solve for u=rR
(i11) Apply BC @ r=0, a, >
This leads to quantized E
(we'll stop here)

(iv) Normalize if you want the exact form of ¥

Carry out this procedure, first for ¢ = 0 only, then for general /:



Case I: Find allowed energies of a particle in an ¢ = 0 state of a finite spherical square well

»

V(r)4

(1) define regions I and II

Notice that the particle in the well will have E < 0O just because of the way we defined the potential
*This is just a convention (i.e. a choice of the origin for the V scale), but since it is common we will use it.

Notice this is a different convention that the one we used for the 1-D square well

That was: +V,

but the forms of the solution inside and outside of the well (sinkx or e ™) are unaffected by the choice of origin.



Because E is intrinsically negative, we can write:
E =-I[El when we wish

Recall Form 2 of the radial equation:

—n* d’u .\ [W R0+ 1)}

20 dr’ 2ur’

when /7 = 0 this is:

i @ +Vu=Eu

2u dr
This is exactly the same form as for the 1-D square well,
so the wavefunctions "in" will have the same form as
the "¥''s" for the 1-D square well

(i1) Plug in V:

Make a table as we did in Chapter 4:

Region |
V=-V,

32 d2
General time-independent Radial equation: { 5 d—L; +V, }u =Eu
u dr

Solve Radial equation to get: "allowed region solution:"

u, = Asink,r + Bcoskr

where: /2#(‘/0 +E)
k, = Er—
J2uV,—1El)

h

Region II
V=0

—h* d*u

"forbidden region solution:"

u, =Ce™ + De™™’

L = N2U(-E)
2 h
3 J2UIE|

B h



(iii) Apply BC's:

BCl: rR(r—>o)—>0
ur—>0)—0 So B=0
BC2: tRr —> )—0
ur - o)—0 So C=0
BC3: u,(r=a)=uy(r=a)

Asink,a = De™®" "equation 1"
du du

BC4: —L(r=a)= —L(r=a
o (r=a) o (r=a)

k,Acosk,a = -k,De™ "equation 2"

... equation 1 )
Divide Aquation 2"

k,cotk,a=-k, This has the same form (variation in some factors or 2)

as the Class 2 (or odd) solutions to the 1-D square well.
Multiply both side by a:
k,acotk,a=-k,a

k,a
-cotk,a =—2—

k,a



2uV,a’

h2

Define A =

a2u(V,— 1 E )

h

Definey = ka=

Notice that

e a2Ul E| _@Quv,a®)—=[2uV,— I E ha’]
a= =
h

.
v iy

Plot both sides versus y.
Intersection points are solution to the equation:

T
(use the identity that -cotx = +tan(5+x))

v
<

0 w2\ = 3n/2 2n Sn/2 3n Tn/2 4n

LHS(-cot)



How the value of A affects the plot:

Y for large A
y

VA=Y

~—~ forsmall A
y

0 n2 = 3n/2 2n Swn/2 3n Tn/2 4n

*Notice if A is very small there may be NO interactions
proportional to V,a’

well depth (well width)®

To find E:
Locate graphically, or computationally, the y-coordinates of the points where:

JA-y?

y

-coty=

Call these y, Example:

v

el |

Then plug in the definition of y: | |

y, = 20, TE D oo

Plug in these values of a, u, V,, 7, to solve for E,

Y3



Alternatively if you measure the E; (for example the bound state energies of a deuteron),

you can work backwards to find V,a’.

Recall Case 1 was for / =0 only. Now,

Case 2: Find the allowed energies for finite spherical square well for a particle in an arbitrary /¢ state.

V(r) A
0 > T
| 11
-V, "
0
(1) Regions I II

(11) In this case Form 1 of the Radial equation is easier to solve:

L2 )2 v LD e
r°dr dr h 2

T A

expand the derivative and write E = -El

o2 Bl

P rdr 2

wur

Make Table:



Region I Region II

V=-V, V=0
) 2 1 ) 2UIE] 1
General time-independent Radial equation: d—2 + 24 + —Ij(VO— |E |- g(g:- )j R=0 d—2 + 24 _2u — - g(g:- ) R=0
dr rdr h r dr= rdr h r
J2uV,—1ET) o

: = u E|l
To solve this define: ki h ky = -
and p; =kyr (Just like p.6 in notes) py = ik,r

2
Then the radial equation becomes: { d _+ 24d + [1 _ K 42' DﬂR =0
dp;  prdp b

The solution is: ) )
Ri(p)=A,j,(p)+B,j,(p)




I.  Energies of a particle in a finite spherical square well, continued
II. The Hydrogen Atom



If p, = ikyr

Then 1 = lk—H
' Pr
d dp, d d

= — =ik, ——
dr dr dp, dpy

& d d )\ dp, d d d’ d’
- = ikH = pn ikn = ikIIikII a2 _kIZI 2
dr dr d PH dr dp I dp II dp 11 de

Plug these in: then the Radial Equation becomes

& 2k, . d 00+ 1Dk
[—kﬁ 2k 4 e MDA Z)H}Rzo
de pH de pH

Multiply through by (-1):

2
[d L2 .d +1_£(f+1)}R=O

dpy Py dpy Jo

Again the solution is R} (p,) = C,j,(p,)+ D,n,(p,)

Since Region II does not include r=0, we do no thave to discard the Neumann for n, .

Since we have not yet fixed C and D, we can rewrite R} as a different form of linear combination of j, and n, .



In particular we could define
h"=j,+in, and

h'* = j, —in, "The spherical Hankel functions"

Then
R?(pn) = thhtgl)(pn) + szhf)(pn)

(i11) Now apply the boundary conditions:
BC1: R(r — 0) — 0 This is satisfied by R, = Aj,(p,) = Aj, (k)

BC2: 1R(r > ) — 0
Examine the h,(r — oo):

(0 + 1)7T:|

: 1
921> Lol -
o, 2

b
n, = (—l)“l[%j J_ N

1 . [ ¢+ 1)7Z':|
T—Sln p—

P D 7
Plug these in:

(p)




[.  Energies of a particle in a finite spherical square well (continued)
II. The Hydrogen Atom



1 1 1
h" (py)—=— _Lcos[ikur _tbr } +i- sin[iknr _ )n}
ik,r 2 ik,r 2

1 ’+1 ’+1
=— cos[iknr—( " )n}+isin[iknr—( i )n}
ikr 2 2

Ignore the phases for now

Recall e® = cos8 +isinf

Here "0" is ikyr

_ 1 {ei(iknr)}

ik,r

1
~ T{e"‘“r} This — 0 as r — oo so it satisfies the BC
ikyr

1 041 1 (41
W (py)———— 7cos[ikur—( 2)”}—1', sin{ikur—( 2)”}

ik, r ik, r
1 ) : .
~ ?{e”‘“r} This blows up as r — o so we must set its coefficient D’=0
ik, r

BC3:R'(r=a)=R"(r=a)
Aj,(ka)=C’h" (ksa)

oR' (rea)= oR"
o or

d d
A—i(ka)=C Ehél)(kna)

BC4: (r=a)




BC4
Divide B23 to eliminate the normal Bat. coefficients:

d . d
Ejg(kla) B drh%kna)

jka)  hk,a)

For a specific V,, a, u, and 7, one can solve this for the bound states E,

I. The Hydrogen Atom
What this means is "the eigen functions and eigen energies
possible for the electron in a one-electron atom" energy levels

This is just the central potential problem again, now for

PR
Ve Ze '\ # protons in nucleus

r
Charge of electron

So we know that ¥ will have the form ¥ ~ R(r)Y,"

~)

because of this (¢, m), also subscript the "'V}’

electron

So the most general ¥ must be a linear combination of all possible W')'s, so

Y=Y =Y R 6,0
l,m l,m



The Y,"'s are standard functions so we can ignore them for now. We will find R and then just multiply by Y;" later.
To find R, recall the Radial Equation (Form 2):

32 g2 2 1
ety ],

where u = R
2u dr’ 2ur’ ( )

Consider bound states, so se E=-|El

\_Y_)

Y~ — Defined as E<0
_ 2
Plug in V=
r
—n*d*u WU+ Zet
L2t+ ( 2)— e+|E|u=Eu
2u dr 2ur r

hz‘u and define

To simplify the form of the equation, multiply through by

i_d_pi_(smmjé d
dr dr dp



& _d (SM'EIJE
dr* dr n’ dp
dp d (8H|E|)5i
dr dp / dp
_(8u|E|j5 &’
U on dp’
Plug these in:
(SulElj 4 _z(z+1)(8u|E|j+2_uZe2(8u|E|j5_2u|E|
h2 dp2 p2 h2 h2 p h2 h2

8uIE|
divide through by( “h2 ):
2uZze’
&I+ o TR
by e 1
dp p SUIEI|p 4
h2

Ze*

h

u

21E1|

\__/ call this "A"

)

Aol

p 4

d* I(+])

dp2 p2

0

e

},:o



Procedure to solve: this is similar to the one for the analytic (non-a*a) solution of the harmonic oscillator.
Recall the 2 radial BC's: BC1: u(r = o) — 0; BC2: u(r - 0) - 0.

(1) consider the case where p — oo

C e 1 1
This eliminates the —, — terms:

p p
Then the equation is approximately:

d’u u
——=0 for u(p — ) onl
i 4 (for u(p ) only)

l solution

—P *p
u~Ae? +Be?

Apply BCl:
Recall a physically acceptable ¥

(oru) must — 0 forr — oo, p — oo

so B must = 0.

(11) Consider the case where p — 0

1 ) 1 1 .. .
Then the — term dominates the — and the — terms, so the equation is approximately:

p p
d*  I(L+1)
2 2 u=0
dp> p

l' solution

(+1

u=Cp '+ Dp



[.  The Hydrogen Atom (continued)
II. Facts about the principal quantum number n
III. The wavefunction of an e~ in hydrogen



Apply BC2: u(p — 0) = 0, so
C=0

(iii) Now insist that the exact solution of the equation have a form which will join up with these asymptotic cases smoothly.

1
Assume u(all p) = e[ 2 )pmH (p)

[ H(p)=2.a,p

H # a hamiltonian here

Plug this into the full equation:

2 -p
|:d _g(g'l‘l)_l_[&_%l}e(2Jp/+1H(p):O

dp* p p

i{e(;){P”“d—HMH)P”H}le(;Jp MH(p)}
dp 2

dp
A | F) a3, oy F a H
dp{e 2 p“dp+e 2U+1)p'H—-e 2/ p™ 5

:e(‘!’){pm%Hgﬂ)pf%}_%e(‘zﬁpm%
+(0+ l)e(;p] {EpHH +p' d—H} — le(_zpj(é +D)p'H
dp | 2

- %e[;) {(f +1)p'H+p"™! Z—z} + %e( 2 )pmH



&)

and divide out e

2
[+ldlj+(£+1)p//d_H_l Z+ld_H
dp

p % 2" 0

+(C+ 1) H +(0+ 1)pf‘jl—H— %(u Dp'H
p

1 1 ,,dH 1 1
— —(l+D)p'H—=p""'—+—=p""H—t(t+D)p"'H+Ap'H-—p""'H] =0
2( P P ip 2P (L+Dp P 2P ]

Collect terms:
2

md H l: oo b o1 z+1:|dH
——+|(U+Dp' —=p+(L+Dp —=p"" |
P g ( )P 2P ( )P 2P

dp

+[(£+ Hp'™ - %(u Hp' —%(£+ Dp' +%p“l —((l+Dp" + 2Ap' —ip“l}H =0

Collect terms:

d°H dH
/+1 + 2 £+1 (_ /+1 il
0 [200+1)p = p™'] ™

+H—(t+Dp" +2p" [H =0

Divide through by p" :

2

dH dH
+|20+2—-p|——[(+1-A|H =0

*Notice that for a given value of /, this is an eigenvalue equation for H with eigenvalue = A.

Recall H here is part of a wavefunction and not a hamiltonian



Plug in H=Z ap'
dH .
dp —ZZaiP

d°H
dp*

Y i(i—Dap'™

pYii—Dap > +Q2l+2-p)Yiap ™ —(L+1-2)D ap =0
Yi(i—Dap ™ +@20+2)Y iap™ =Y (L+1-A+iap =0
Yi(i—1+2042)ap ™ =Y (L+1-A+iap =0
Yi+20+Dap™ =Y ((+1-A+iap =0

Set coefficients of each power of p separately = 0:



Set coefficients of each power of p separately = 0:

O 1Q0+2)a, — (L +1—A+0)a, =0
2020+2)a, — (L + 1= A+1)a, =

2 3Qe+4)a,—(L+1-A+2)a, =0
P 4Q0+5)a, —(L+1-A+3)a, =0
t5Q046)a, —(L+1—-A+4)a, =0

T D T ™

p' (m+D)2l+n+2)a,, , —(L+1-A+n)a, =0

n+1

~ [(¢+1+n)- /l]
(n+1)(2€+n+2)

n+l —

Recursive realtion for the a,

This relationship between the a, is like the one for an exponential function.
To see this compare:

The "H(p)" series "The e” series", e” = Z%, SO a; = %
1
a,, {+1+n-2 4y _ (n+ D! _ n! 1
a,  (n+1)20+n+2) a, T (a+1)! n+l
n!
when n — large when n — large
n 1 1

n-n n n



So if H(p) 1s not truncated, what we have so far is

up)=e?p'H(p)
£ 0+1_+p

=e’p e

L {+1

—_—n 2
=¢°p oo

To force u to be a physically acceptable wavefunction, truncate the series H

Pick some 1 whose a; is the highest non-zero a,

K_Y_)

calliti_

Recall a,,, = [£+1+i-A] a
(+D20+i+2)
wheni=i_

a, =a;

1 max

a =

V i+1

O=/+1+i_ —A

A=l+1+i

Since i and / and 1 are all integers,
A must be an integer.

Rename it "n"



I.  Facts about the principal quantum number n (continued)
II. The wavefunction of an e~ in hydrogen
III. Probability current for an e in hydrogen



Facts about A=n
1. "n" is called the Principal Quantum Number
2. Recall the definition

7. 2
n=A= € 'u R
n\N21E,|
-7 u
E =-I1E | = e > These are the allowed bound state energies of the Coulomb potential.

3.n=/41_, +1,s0
n=/+1 (,, =0,..)
¢<n-l,or/l__=n-1

4. Notice no matter how large n is, its E, will always be slightly < 0, so at lease weakly bound.
2

So this potential V= has an infinite number of bound energy states (unlike the square well).

,
5. Energy degeneracies:

(1) due to £ = The energy depends only on n, but for each n, there are n possible values of ¢

!
(=0,1,..,n-1

v

(i1) due to m — Foreach /, m can be -/, -(+1, ..., 0, ..., -1,/

(1i1) total due to m and / is then

n—1
2(26 +1)=n’ (this ignores spin for now)
(=0

T

number m values



6. A (2/+1)-fold degeneracy of m-values is characteristic of a spherically symmertric potential.

II. The wavefunction of an e~ in hydrogen

Recall we found that

time-independent m
hydrogen

to solve the R equation we used Form 2,

SUlE| 2UIE |
SO we definedp=\/ ‘uhz r:2\/ o r=2kr

hZ

and u=rR

R=lu — l|:ezpp€+1H(p

’&/ $

These turn out to be famous functions



. . P
the associated Lguerre Polynomials, L (p)

H(p)=-L2} (p)

P

Lym=jpgu>
X
\_Y_}

q
L (x)=¢e y(xqe_x)

Example of L 's and L's:
L,(x)=1 L/(x)=—1
L(x)=1-x Li(x)=—4+2x

L,(x)=2-4x+x> Lj(x)=2

Summary:

R(p)=Ce * p' (L2 (p)

Normalization not determined yet

Normalize:

1=[1¥ Pav,L= |1y P dQ[IRP ¥ dr
L J L J

/ |
automatically=1
because the Y's

are normalized



1RGP 17 dr

l recall p=2kr, so r’dr = p’dp

2k’

C2 J' 20+1 2 5 0

L (p) ] erp*pldp
3 I: n+/{

(2k) \ |

1
2n[(n+ 0]
(n—10—1)!

SoCo {(2k)3(n— z—z)!}
2n[(n+0)!]

Plug in:

SUIE|

h2

r

R:_{(zk) (n—0—1)!

er 27 (p) where p=2kr=
2n[(n+ 0] } e PP P

. . —h’ .
*It is common to derive a, = —, the Bohr radius.

Ue
f |E|
Then p= S e r can be simplified:
_72% 720
Recall E=—; ¢ ;u,so IEl= 26 ‘LZL
h"2n h"2n

8u Z%e!
pz\’_/j 2 ‘lzlr
h- h°2n

v




I Facts about ¥, ;; hydrogen
II. Probability current for an e in hydrogen

Read 2 handouts
Read Chapter 14



l

_2uZe'r  2Zr

2
h'n a,n

p

Specific R ,(r)'s are listed in Goswami Eq. 13.23
2zY —t-1 | (220 =, (27
In general, an(’”) = (I’l )'3 r e Liiﬁ}l _7'
na, 2n[(n + ﬁ)'] a,n \ayn

Facts about the W

e in hydrogen *

(1) They are totally orthogonal:
J.‘Pn,g,m,‘ljn/gm dVolume= 6,, 0,, 0

m’'m

A A A

due to the ¢’ in the Y}"

due to the orthogonality of Legendre Polynomials P,

recall Y,;"=(Normalization constant)-e™? - P

The Laguerre Polynomials are orthogonal in n

(ii) Recall what a complete set of ¢’ functions is: it can act as a basis for its space

\ }
f

1.e., any possible wavefunction in that space can be written

as a linear combination of the elements of the basis.



The comlete set of eigen functions of the hydrogen atom look like:

4

E>O0 (scattering) states
(we will study these in Chapter 23)

v

E<O0 (bound) states

So the bound states do not form a complete set by themselves

(iii) Notice all the R, ~

So for />0,R ,(r=0)=0
No probability of finding the e at the origin in these states

for (=0,R,,(r =0) = constant

So the ground state e~ has a spherical probability distribution which includes the
origin. So the ground state e~ has finite probability to be found inside the nucleus.

(iv) To calculate the probability of finding the e~ at a specific r, calculate

Probability(r)=r” IR, I

This is similar to P(x)=I¥(x)I*. The r* adjusts to spherical coordinates.



When you calculate r* | RI> you find

A
ls(n=1,4=0)
2p

28

3s

etc.

The n=1 shell
The n=2 shell
The n=3 shell

(v) to calculate the probability of finding the e at a particular 0,
calculate Probability(0)=1Y," (8,¢) I’ sin0d0d

since the ¢ appears in e”? it

will disappear from the probability



You find:

Prob(/=0.m=0) = s-orbital f

L

Prob(/=1) = p-orbital

1&
Prob(/=2) = d-orbital /_i

etc.

v

(vi) Recall Parity Ps the operation that inverts the ¥ through the origin
So P¥(r,0,0)=R()(-1)'Y,"(r — 0,7 + @)

\\

unchanged by P

So | P(¥ )=(=1)'¥

e in hydrogen

v



Review Syllabus
Read Goswami section 13.3 and chapter 14 plus the preceding chapter as necessary for reference



Read Chapter 14

I.  Probability current for an e in hydrogen

II. The effect of an EM field on the eigen functions and eigen values of a charged particle
III. The Hamiltonian for the combined system of a charged particle in a general EM field



I. Probability current for an e” in Hydrogen

Recall the definition of probability current:
= h (S — *
J=— (VY -¥VY')
21
Recall this describes the spatial flow of probability
— NOT necessarily the motion of the point of maximum probability

— definitely not the motion of a particle whose probability of location is related to ¥

Calculate J for the e in Hydrogen:

t

—iE,
Plugin¥,, =R (r)-Y,"(0,0)-¢ "

call this ©(0)-e™?, where O(0) is pure real
= R ~ 1 ~ 1
and Vs herical :l"i+6— a +q) . a

Cgordinates al’ r a 0 r Sln9 aqo
you get:
J= i [(R*O*e_"m"’ei% ) \Y (Reei’""’e_ﬂ% ) —~ (RGe"’""’e_i% ) \Y (R*O*e_i’""’eiElh )}

21
Notice since R" = R
and 6" =0,

that RO'VRO— ROVR'O" =0

so consider only the ¢ part of the equation




So T:gbi (R*B*e_im"’eiE% ) 1 i(RHe’.’”‘”e_”%)— (RHeim"’e_iE%) 1 i(R*O*e_im"’ei% )
2 i rsinf do rsin do

.;ieim(p _ eim(p 1 ie—im(p

rsin@ 0 rsin@ 0

:g’biRZeZ e—im(p
2ui

R0 _ 1 . . 1 |

=@ 9 (e"’"“’ ——ime"™? —e"? — (—im)e_”""’j
2ui rsin@ rsin@

A hR*0*m

Ursin@
WP mh
ursin@

Note this current is

(1) time-independent

(ii) circulating around the z-axis (not () but remaining symmetric about it
(ii1) NOT the same as an orbiting e~

This circulating J is related to the magnetic dipole moment of the e~

To show this recall from EM:



If you have a physical charged current density J, =

@ 7
"

|~

Consider a differentially small piece of it which is located at a distance T from the origin.
This piece forms an element of a current loop which is at least momentarily circulating relative to the origin.

This is physically identical to a magnetic dipole whose magnetic dipole moment m/is given by:

1 -
m=— J. r xJ (r)dVolume

volume
where J,
circulates

we can convert our probability current J into a physical charged current J, by multiplying by the charge:

] :(‘fji

Then the magnetic dipole moment of the e” is given by

m
_ 1 _ (—e)= A
ms=— I 7 X| — (JdVolume J
2volume ¢
Notice since J=IJI, M must be Imlz RxJ -

So we only need (f X j)z =rJsin@




So we want
—e .
m=m, = —JrJ sin@dVolume

RNak
ﬂsinOdVolume

T 2c Uursin@

—emh

j| ¥ I dVolume

by normalization

—eh

SOm, =|——|Mme——
2uc

\/\ This factor is called the Bohr magneton

Magnitude of the z-
component of magnetic
dipole moment of the e

(13 2

quantum number “m

. . . : —e
Since m# is the eigen value of L, m must be the eigen value of some operator "Z—LZ"
uc

call this the z component m, magnetic moment operator M

—e

Then | M=—— L

/‘ Hs \
/ angular momentum operator

magnetic momentum operator




[. The effect of an EM field on the eigen functions and eigen values of a charged particle
II. The Hamiltonian for the combined system of a charged particle in a general EM field
III. The Hamiltonian for a charged particle in a uniform, static B field

Read Chapter 15



The effect of and EM field on the eigen functions and eigen values of a charged particle

General plan:

(1) We know the Hamiltonian of a free particle of momentum, p:
2

_P
24
(ii) Find the H for that same particle with charge q in an EM field (E, B)

2

we will find that H ~ 2& + [stuff] - B+[stuff’|B?
u

0

we will study each kind separately

H

II. The Hamiltonian for the combined system of a charged particle in a general EM field
Procede to find H:

3
(i) Recall that classically, H = 2 pX, =L

i=1

x, = canonical coordinates
where the )
p, = canonical momenta

(11) Firﬁ. Recall that equations of motion must be obtainable from it via

oL _d(aL)_
ox, dr\ ox, )



[.  The Hamiltonian for a charged particle in an EM field
II. The Hamiltonian for a charged particle in a uniform, static B field
[I. The normal Zeeman effect



(iii) Plug in L to get H, then convert everything possible to operators

Carry this out:
To find L, recall that usually
L=T-V
1
Here T=§ uv’ (use u for mass everywhere)

What is v? Recall the EM field has 2 kinds of potential:
scalar potential ¢ and vector potential A

How to combine them? (we can't just say "V=p+A")
1 o
It turns out the £=5,uv2 —qQ+ 95.v
c

To demonstrate this, we will show that

oL d[aL

o, di| 3,

=0 (Lagrange's equation)
ox, dt

successfully producgs the known Lorentz Force Law F:qE+ﬂ X B
c

To plug into this, we need:
oL dp gq_ 0A

___q—+—Vo
ox, ox, ¢ ox

1

oL
To find FE notice we can expand:
X.

1



£=%‘uzxi2 —qQ + ngixi
C

So % = ux + gAl. [Note this 1s the definition of the canonical momentum p, ]
X, c
L
Then 4l = UX, +giAl.
dt\ ox, c dt
0A dx; A
—_ + _—
Jot T ot ox,
0A -
—+V-VA
ot l
Plug all this into Lagrange's Equation:
Jdp v 0A q(aA. _ _)
- +q——=UuX,+—| —+V-VA
qax, qcax, R o ’
Reorder
A, A -
i, = QL 994 VA 45 g

This equation concerns component i (i=1, 2, or 3)

of a vector equation. Generalize to the full vector equation.

B, 1 04 _ A
,uﬁ(=F)=q(—V(p - ——) +1[V(\7 A)=(F-V)A ]
c ot c |
\ J Y
|

B To understand this recall:




Uve. A)-(v.
SOC[V(V A)-(v-V)A]

ux(yxz)=y(u-z)-z(u-y)
Plugin vV A
=V(F-A)-(v-V)A

q
E[V X (V x A)J

So we have quEJrﬂ vxB
c

So we know we have the right Lagrangian
Now find sz px —L

1
:2[uxi+%/li 'i—(gﬂz?&f—q(l)"'%zflixj
=Zﬁxf+qq) <

canonical momentum

(i)
=> e T

Now use again the definition of canonical momenta

q

p, = HX,+—4,
C




aY
(p_q j
c
H=~— 7

2 +q9
By convention, if the particle is: then we use:
ane (negative) qg=-¢c
e’ (positive) q=te

I1. The Hamiltonian for a charged particle in a uniform static B field

2u

we want to simplify this
Recall:

[f(x),p]=17 al (see next page)
ox

Generalize to 3D: [f(F),p]=iiV - f

Plug in A, then:

[A,p]=ikV - 4

now recall that for a static B field, V-4=0
Show this:

Recall in general B can be produced by (i) a uniform current and (ii) a %—t

Consider the static case, so A=f(I) only



Recall if a current I flows along a segment d¢” of path C, then the vector potential A at distance R from C is

My (Vi
4w R

&Cﬁld?’
47rC R

A(x)=

Adue to (X):

total C

I

wl

v

R

Hy
4r

\%

.g:v[

9

5

4

this is permiability, not mass

V = — etc. not
X

ox’
_drv
PV

c

Recall V.*ﬂq\: V-Vu+u(v : 17)
L ar
R

Recall Stoke's Theorem:
for any vector v,

%Svd?z |

surface enclosed
by C

(? X V)dArea




I. The Hamiltonian for an ™ in a uniform, static B field (continued)
II. The normal Zeeman effect

I1I. Response to the e~ to the B* term

IV. Summary of €~ response to static uniform Bz

V. The discovery of spin



but the curl of a divergence always = 0
So, V- 4 =0 for static B

Return to [ 4,p |=ihV- 4
A
0

So A and p commute.
So (A -pt+p-A)=2A -p

1 _ 2
Then HeinstaticB:_|: 2_22A13+q_2A2:|+q(0
2u c c

Now further restrict this static (no time dependence) B field to be also uniform:
call it B=|B|2

constant, 1 directional, no position dependence
In general for any B,
B=Vx 4

A

A
L (o4 04|, (04 o4 ). (94, 94 |,
Bx+By+Bz=| ——— |x++| ——— |y+| ———— |2

* 7 : dy oz dz  ox ox dy
When B=[B|2, this reduces to:

04, 94
0+0+Bz=0+0+| ———= |2
ox dy



There is more than 1 solution to this. One is:

This can be written precisely as:

- 1=
=—BXr
2
Plug this into A - p:

L5

H(Bx7) D

X
Recall the vector identity:
u-(y-z)=(@-y)-z

N

B-( xp)
\_Y_}

\ L= angular momentum

N | —

Now we have:

1
HeinstaticB = Z|:p2 - + q(p

Plug in A’ =| —
: {2



Recall B x =Brsin6 and B - =Brcos0

So
= =)\ 2.2 2 2.2 2 22 (B =\?
(BXr) =Brsin@=Br(1-cos"0)=8B —(B-r)
So

1 _
A= —[Bzrz —(B-f)2:|

4
Plug this into H

e in uniform static B

L . : . :
K» note Zq— is the magnetic moment M of the particle
uc

Since we choose the coordinate system so that B=BZ,

B-L=BL

and 1’ B” — (7 - E)2 = (X’ + Y’ +2)B (B +y’B + 2B = (X’ + ) B
Then

2 2
_b q q 2
£ _ 4 pr + L _(B(x*+)H))+
e in uniform static B~ 2/,L 2‘LLC z 8‘[LC ( ( y )) qq)
For an electron, g=-¢, so
2 2 p2
p eBLZ e B
¢ in uniform static B~ 2 (x2 + yz) - eq)
2u  2uc 8 uc

t\ "u" 1s the reduced mass of the system

*If you want the answer in mks units, set c=1



I. The normal Zeeman effect
II. Response to the e~ to the B* term
[I. Summary of e~ response to static uniform BZ

IV. The discovery of spin



We will study the effect of each term separately upon the e's wavefunction and energy.

II. The Normal Zeeman Effect

2 eLB 2B2 2+ 2
Recall H p+ = +e (x y)_

¢ in uniform static Bin2 ﬂ e 811° ep
- "Ho "+"H1 " "Hz ! €0
compare relative sizes of H and H,
B (x* +y%)
H, 8uc’ _eB(x*+y?)
H el B del,
2uc

Plugine=1.6x10" C
B =1 tesla= 10" gauss
(x* +3*) ~(5x10™"")> m* (Bohr radius)’
¢ = 1 (unitless) to convert Gaussian — MKS units

L ~mh~hnh= 1x107** Joule-seconds

Then,
H, _(16x10™")(1 tesla)(5x107")'m* .
H, 4(1)(1x107*J — sec)

SoH, < H, forB<10’-10°T

magnetic field at earth's surface is ~0.5x10™* T
superconducting magnets ~ 10 T
So, in a normal situation:



p2 eLZB

= —a ——
2u  2uc @

¢ in uniform static B in Z

ze
Suppose p=—, so
r

2

_e¢:

r

Then the e is in the Coulomb Field of its own nucleus

\ J
!

_ 2 4
p, -
" 2h'm

This gives it

plus the extra B field

Recall each energy level "n" is degenerate,
all of its / and m levels have the same energy

How does this H  affect the €'s energy levels?

LB B
-y S| Ly
Zuc ntm 2”0 z nem

RS
/ b quantum number "m" NOT mass

HY

17 nlm

call this collection

"
L M

the Larmor frequency

of constants "w



-> 1]

So the presence of H, means that the different "m" levels are no longer degenerate;

each has its own energy given by:

_ —puz'e’
Em = YERE + a)Lmh
So without B with B
2 4
2’;% oy m=+1
n
_‘uzze4 ~
2h%n? m=0
—/.12264
E of all levels YEm —m,h m=-1
n
with same n m=-
etc.

The fact that a magnetic field can cause the levels designated by "m" change energy causes "m" to be

called "The magnetic quantum number"

I1. Response of the e- to the ~B* term

2 eBL ZBZ 2+ 2
RecallH=p—+ Z+e (x y)_

el
2u 2uc 8uc’ 4
2 BL 2 + 2 sz 2 + 2
P L Z+p" py+e (xzy)—ego
2u 2uc \ 2u 8uc | \_d
| ignore for now (let — 0)
this is identical to the Harmonic Oscillator:
2 2 22
| 1 B
W P, +i+—k1x2+— % wherek1=k2=e .
Ho  2H 20 2 2 4uc



From Chapter 9 (2-D systems)
H, Y=(n + n,+ 1§) 10> 4

HO

w_\/Ez eB 1 _ eB —w
u 20\/;\/; 2C,u Larmor

[II. Summary of e response to static uniform B2

So far we found that
2

= + + + ; -
2u 2uc . 2u Suc” |

|| Hop 1o Set = 0 for now

ep

Recall: a particular ¥ is simultaneously an e function of 2 operators Y and Z only if [Y,Z]=0.

Notice [p_,L ]=0 since L = xp, = yp,

[P, H,p, 1=0
HO

[L,H, 1=0
HO

So all the terms of H have thel same € function}
|

call it "‘ank "

Plug it in:



I. The Discovery of Spin
II. Filtering particles with a Stern-Gerlach apparatus

1. Experiments with filtered atoms



P’ eBL
H\ank - _Zanmk + - \ank + HZD\IJnmk
2u 2uc HO

Recall: p ¥ = nk¥

L ¥ =mn¥
H, Y= +n +Dho¥
HO g

nmk nmk

272
_ o +mha)L+(nx+ny+l)h(oL}‘P

J
|
But in general HY = EY, so this must be "E"
Wk

E :2 +(m+nx+ny+1)h(oL

nmk

III. The discovery of spin

Suppose you wanted to measure the total angular momentum of a particle

\ J
1

call it J as in Ch. 11 (Note: this J is not a current)

We showed in Chapter 13 that angular momentum o magnetic moment

N/

—eL Y
2uc

Now call this "J" to be general, i.e. to allow for more than just orbital angular momentum



So J= —2peM

e

So we want to design an apparatus to measure M
Recall from E&M that if a magnetic dipole M is in a magnetic field B it feels a force on it

which depends on the relative orientation of M and B:

F=V(M -B) (stored energy €=M - B then F=Ve)

Expand 1\7I=Mx)2 + Myj/ + Mz
Thean?[M B +M B +M BJ
X x yoy zoz

Design and apparatus in which B=B_ is in the Z direction only

Then F=V[M_B_]

Since M is a fundamental property of a particle, it has no dependence on z

To get V[MZBZ] # 0, must have B_ = f(z)

Then F=M a—B
0z

Now if a particle with moment M _ is in the apparatus, it will feel a force o« M _.

If the particle is moving through the apparatus, the force will deflect its path from a straight line

and its deflection will measure M _ apparatus
) . L b deflection = M,
4 4

J I Fe M
particle



An apparatus like this is called a Stern-Gerlach Experiment
Notice that if you pass 1 particle through the SG, you find out its specific M _.

If you accumulate a large number of identical particles, you can find out what

are all the possible M _ values that they can have.
Recall m can take only quantized values. But are there any restrictions on M _?

o< the apparent orientation of the object
M_ =mcos6

I
/M\paﬂiclds magnetic dipole

N>

Stern and Gerlach mad a beam of silver atoms.

For each atom e the nucleus has M = 0

. all e~ but the outermost one are paired, so their cumulative M = 0

o the outermost e was in the s-suborbital of its shell

(=0,
m=0
« the atoms were cooled so that it was unlikely the outermost ™ could acquire
higher -/

enough thermal energy to move a .
higher m

} sub-orbital

When the atoms passed through the SG, they all deflected, but each ended up in one of only 2 possible spots:



I. The Discovery of Spin
II. Filtering particles with a Stern-Gerlach apparatus

1. Experiments with filtered atoms

Read handout from Feynman lectures and Chapter 15



spot 1
Bt smear that

N didn't appear

spot 2

What this meant:

1. the M cannot have arbitrary orientation: otherwise instead of 2 spots there would have been a continuous

smear reflecting that all possible M _ states were present

2. each outer €™ had a non-zero M which was not related to its orbital angular momentum

\ }

that had been arranged to have /=m=0

call this "non-orbital angular momentum" = spin. Its quantum number is s
and its "orbital angular momentum" m =m_
3. Recall for orbital angular momentum, the possible values m can take are -/, /+1, ..., 0, ..., £ —1, ¢
so the number of possible values of m is (2/+1)
4. here, experimentally it was found that the number of possible m values is 2
so (2s+1)=2
li
2

S:

*Conclusion: Every particle has, in addition to orbital angular momentum, another property which is mathematically
like angular momentum but which is not due to any kind of rotation.

This new kind of angular momentum is called spin.



Recall that regular angular momentum is quantized in the direction its allowed to have, so that

2 o
L_= (integer m)*7 17
the possible number of orientations is 2/+1
0%
m__ is also quantized, but since s for an e~ is always %, —1h
etc.

the number of possible m  orientations is always only 2:

1 1
+ 5 and - 5
I. Filtering particles with a Stern-Gerlach apparatus quantum # m

if their /=0 this is

Recall if you have a collection of atoms with different m_ M due to their spin z

if you pass them through a Stern-Gerlach device, they will separate into

different beams, one beam for each value.

particles with all

possible m

Notice if you obstruct all but 1 output path, you can produce a beam that is

purely composed of particles with 1 definite m_ value.



Example:

it (the output of the SG) is called a "prepared beam"

When a beam is put into a definite state like this,

or a "filtered beam" or a "polarized beam"

Now make a slightly modified SG that can return the polarized beam

/\ > purem =+1

.
.
.
.
.
LI T

to the original axis of travel

=

\this barrier is moveable so we

could select any m_ value

modified SG device



Make up a symbol for the modified SG device:

+1
0 this shows what is blocked
-1

S €— this gives a particular device a name in case more than 1 is in series

Make up symbols for the prepared states:

( J
|

what come out of S

|+>
0>
]_>

Now imagine placing several SG's in series.

Example:
+1 +1 I - *Note S can represent both the device that
beam — 0 0 prepares a particle's state, or the state itself
-1 -1
S S’

If this S is the initial state we are forcing the particles to have (labelled [+ >, etc.) then this S’
is the final state we are checking to see IF they have label final states with bras.
This one is < -1

Other possibilities for this system are <0 | or < +1|




[. Filtering particles with a SG (continued)
II. Experiments with filtered atoms
1. SG 1n series

IV. Basis states and interference



beam —

beam —

beam —

beam —

Examples of some diferent possible results of putting 2 SG's in series:

Configuration:
+1 +1
0 0
-1 -1
S S

+1 +

1
0 0
-1 -1

+1 +1
0 I 0
-1 -1
+1I +1 |
0 0
-1 -1 |}

Result exiting S’

all the pure m_ = +1 exit

nothing exits

all the pure m_ = —1 exit

nothing exits

A symbolic way to represent this:

<

final

initial > = fraction S that pass S

state state

<+1\+1> =1

<—1‘+1> =1
<—1\—1> =1

(of-1y=1

*Notice we draw the S, S” in the order in which the beam reaches them, but we order <ﬁnal ‘ initial> from right to left.

We could summarize all possibilities in a matrix as we have done before:

1nitial state:

final state ‘+ 1>
(+1] 1
(0] 0

(-1 0

1)



All these examples have

articles with
unknown state
V4

S S
prepares 1 "analyzes"

state state

Suppose S could prepare several states with definite fractions, so
|initial) = a|+)+ 5|0) + c|-)
Then the amplitude for having a particular final state exit would be
(final|initial) = a(final|+) + b(final|0) + c(final |- )

= a if final = (+1|

= b if final = (0|

= ¢ if final = (|
Then the probability of observing a particular final state is
(finalinitial)| = |a|", [, or |¢[’
We always assume that ZKﬁnal‘ initial>‘2 =1

final

2 2 2
o] +ld =1

(This 1s normalization.)



II. Experiments with filtered atoms
*The purpose of these examples is to show you how different basis sets could actually be realized in nature.*

Suppose we put 2 SG filters in series, but one is tilted with respect to the other:

N>

beam — - /—)

S call this "T"

>

|[+8) #[+T), so (+T|+8)#1

However, since ‘+S> is not orthogonal to ‘+T >, it is also not true that <+T ‘+S> =0
It turns out that <+T ‘+S> = some amplitude "a" where 0 <a <1 and a=f(«)

There are also specific amplitudes for all of the following possibilities:

(+7|+S) (+7|0S) (+7T|-5)

(or|+s) (or|os) (or|-s)

(rlss) (-ros) (-7]-s)

Note: for normalization, the square of the <1> in each column must sum to 1.

*Keep in mind that the matrix of possibilities does not have to be 3x3. It is in general nxn,

where n is the number of states the beam particles can have.*

<>



III. SG filters in series

The message of this section is,

once a particle goes through a filter it loses all information about the orientation of previous filters it passes through.
That is not the same as saying, "each filter analyzes, or measures the state of the particle, and the measurement
process places the particle in and eigenstate of that measurement"

aligned along one of its basis states of that SG filter

To see this, consider 3 consecutive SG filters:

beam — 2 /L_)

S/

Suppose the not only have relative angles, but also have their blocking pads in different places:

+1 +1 | +1
0 0 0
-1 1 -1

Notice S and S’ represent the same basis (which has 3 states), and T is a different one (which also has 3 states).



I. SG filters in series (continued)
I1. Basis states and interference

[II. Describing a measurement matrix



You might guess that a particle got to here,
S T S

>

it would get to here

>

with 100% probability, because it would "remember" that is had been ‘+S > earlier. It does NOT.
The T filter places it into a ‘OT > state, which does not have 100% overlap with a ‘+S >

Demonstrate that the fraction of particles that pass through T and S” depends only on T and S’ (not S)

Compare:
+1 1 +1 | +1 +1 1 +1 [ +1
0 0 0 0 0 0
1 o BERGR I 11 . 11
S T S’ S T S’

Amplitude to exit S’ is:
(+s7]or){0T|0S) (05’

07){0T|05)

Ratio of amplitudes is:

s _ (+'0r)(0rfos).
s {os(or)(Oriag)
l_Y_}

independent of state of S.




I. Basis states and interference
I1. Describing a measurement with a matrix

[II. Sequential measurements

Read Goswami 11.2



So the presence of S affects the absolute number of particles that get to T (and then have the chance to reach S*),

but once they are at T, having passed through S does not affect their chance to pass through S’.

IV. Basis states and interference

Consider several experiments: o= ‘ <0T‘ + S>‘2 i
T B=|(+s’|or)|
+1 N particles +1 I +1 7’
Experiment 1: 0 e s 3 SECLENG __B=N
-1 I -1 I -1 I
S T N
r=[os or)
+1 +1 +1 et
Experiment 2: 0 S NN 0 —oN 0 —r=N
-1 I -1 -1 I
S T S’
Experiment 3: +1 +1 +1
repeat Exp. 1 but 0 — 0 — 0 ——
remove blocks from T -1 I -1 -1 I
S T S’
Experiment 4: 1 +1 +1 I
repeat Exp. 2 but 0 = 0 — 0 —
remove blocks from T -1 I -1 -1 I



Conclusions:

« Experiment 2 produces more final state particles than Experiment 4:
Inserting blocks in T must eliminate destructive interference (or produce
constructive interference) in this case.

« Experiment 1 produces less than Experiment 3:

Inserting blocks in Tmust produce destructive interference in this case.

This interference of amplitudes is similar to what happens in a double slit experiment with light:

light

|
it

2 slits 1 slit
(like "no blocks" in T) (loss of one slit like adding a block in T)
gives minimum gives maximum

output at 20° output at 20°



Write the amplitudes: Condense the rotation:

Experiment 4:  (08'|+T){+7 |+S) > {08'|+T){+T|+8)=0
all T
+ (0s’|oT){0T|+5)
+ (08’|-T){-T|+S)
0
Experiment 3: <+S"+T><+T‘+S> > (+s’ +T><+T‘+S> =1
all T
+ (+s87|oT){0T|+5)
+ (+8'|-1)(-T|+S)
1
Facts about all of this:
1. Experiment 3 would have the same result if
T is present but all open or T is not present at all
v
> (08| 7)(1|+S) =(08"|+5)
T
= So Z‘ T ><T ‘ =1 If T includes all possible imtermediate states
T 1 J

|

it is a basis, a complete set



2. Experiment 3 would have the same result if T were replaced by some other filter "R" tipped at
an angle other than o, as long as R were also unblocked.

Now

*
beam — »

beam — »

s R 5

= So a choice of basis is not unique.

3. All of this only works if the states within a basis are orthogonal, for example <Tl ‘Tj> = 5l.j

To see this, go back to

;<OS’ T)T|+S)=(0S|+S)

Note that S” and S are really the same basis,

v so delete the prime

>(08|T)(1|+5)=(05|+S)

T

Rename ‘+S> = ‘¢> generic
<OS ‘ = ‘ ;(> generic
v ‘T><T‘:‘i><i‘ any basis




3 (2l)lo) (2l
Now since ‘¢> 1s generic, it could be a member of the basis set, ‘ j>

2 {xli)il)=1{xlJ)

This can only be true if <i‘j> =0,

y

4. Revising the order of a process (i.e. exchanging the initial and final states) is the same as taking

the complex conjugate of its amplitude.

Show this:

2 columns:

Column 1:

If a particle starts in some state, it must end up in one of the possible final states (i.e. it cannot get lost).
So, for example:

forles)f +ortes)f +f-rlvsf -1

Expand:

(+7|+S) (+T|+8)+(0T|+S) (0T |+S)+(~T|+S) (~T|+S)=1  "Equation A"

Column 2:

Now also recall that if a state (say ‘+S >) is normalized, for example:

(+S]+8)=1

l we can insert 2‘T><T‘:1
T



I. Describing a measurement with a matrix
I1. Sequential measurements
III. Relating matrix notation and Dirac notation

IV. Spinors



Example:

Suppose:

‘+S> = an electron

A = and interaction or measurement

<+R‘= and up quark

Finding <+R‘ A‘+S > tells us the probability that this interaction

converts ¢ — w, which is fundamental information about the interaction.



;<+S‘T><T‘+S> =1
<+S‘+T><+T‘+S> + <+S‘OT> <OT‘+S> + <+S‘—T> <—T‘ +S> =1 "Equation B"

Compare Equation A and Equation B
Both have RHS=1, so their LHS's must be equal.

This can only be true if

(s/1)=(r]s)

V. Describing a measurement by a matrix

Common question in physics:

« A system begins in some initial state, say ‘+S> (The full set of possible states is "S")

« Something happens to it (a measurement--call it "A" or and interaction force)

« What is the probability that it will end up in any particular final state, say <+R‘ (the full set of possible final states is "R")

So we want <+R‘ A‘+S>. (see previous page)
How to calculate this?
Here ‘+S > and <+R‘ are bras and kets in Hilbert space, it is hard to calculate with them without choosing a basis.

But what basis is best for them? What if calculating with each are easier if they are in different basis?

(This could happen, for example, if ‘+S > is a state with rectangular symmetry and <+R‘ is a state with spherical symmetry.)



How to handle this:

We have:

o 1 ][]

S

Inserting an unblocked { T

So
+1
(+R‘A‘+S> = [ 0 }
-1
S
Make a table:
The amplitude for going from
+S—>T
1s given by
(7 +5)

|

anywhere has no effect:




I. Describing a measurement matrix (continued)
II. Sequential measurements

III. Relating matrix notation to Dirac notation



Reordering;
(#R||+5) = Z{+R|T )T | AT )(T]+5)
Rename |+S) =|¢) generic state
(+R|=(x| generic state
7). |T,) =), | /) members of any basis

i,J

What this means:

Suppose that |¢> and | )(> can be written in terms of bases with 3 basis states.
Then i=(1,2,3) and j=(1,2,3)
So there are only 9 possible amplitudes < Jj | A| z'>

For example:

N 1—- + 0
* (ale)  (elalo) (4l
0 Olal+)  {of4]0)  {o]]-)

Clae) - Halo) 4l

(Notice order the columns and rows in descending order of the eigenvalues of the quantum number involved.)



And there are only 3 amplitudes <i‘¢>
And there are only 3 amplitudes < )(‘ j>

So a total of 9+3+3=15 pieces of information are required.

Once they are plugged into the sum of the RHS, you get the LHS, which is a very general peice of
information: "How does the Eeasuremeﬂt A relate the states ‘(b) and < )(‘ "
operator

VI. Sequential measurements

Suppose "measurement A" really involves "first measure B, then C"

Example: to find out the mass of a fundamental particles you could measure first its p, then its v, then

calculate ng

Get p from tracking the curvature of its path in a B field:

B
curvature k o< —
p

Then get v by putting it through a "speed trap": measure its times t, and t, crossing 2 points

separated by length 1, then compute v=

L, -1

So procedurally the measurement would be:

U= = U= =B = {C =1

¢ x ¢ X



Symbolically:

(2l 16) =22l

J

)

B ‘ ¢> notice generator order is right-to-left

since Tj unblocked

each of these is a matrix in which the ket=initial state labels columns

bra= final state, labels rows

The sum over the ‘TJ><TJ ‘ represents the normal procedure for matrix multiplication.

A=B-C
Show this: A

In normal [natrix multiplicatiod the (,¢)th element of matrix A is the sum of the element-by-element

product of the matrix elements in the y-th row of B and the ¢-th row of C:

Example: for y=2, ¢=3



(L) (L2) (1,3) .. (15 (1,3)
2,1) (2,2) (2,3) .. (2,5 2,1) (2,2) (2,3) (2,4) (2,5 (2,3)
: = . (3,3)
: 3,4)
G (52 53) .. (55 (3,5)

matrix A matrix B matrix C

A23 = BZlcl3 + BZZC23 + BZZC33 + B24C43 + B25C53 - ZBZTICTJS
T,

I. Relating matrix notation and Dirac notation

Recall we have

initial state = ‘z>

finale state = < f ‘

operator = A

Then

<f‘A‘i> means:

« something ("A") is close to state ‘z>

« that event changes the state to something else (call is state ‘Al.>)

« we want to know[how ‘A,-> compares to the state < f ‘ ]\ Another way to say this is "what is

« the overlap of them is given by < f ‘ AI_> the probablility that ‘A,-> is identical
() to ‘ f >?”

(/14]7)




Now recall that since the elements ‘(x> of a basis are complete,
2 |){e] =1
This is true for any basis so also true for the basis ‘[3>

Sls)el -1

This allows 1s to write

e

Recall that this symbol means "Hilbert space state ‘l>

projected into the ‘a> basis"

Recall that these are matrices Recall < f‘ p>:< ﬁ‘ f >*

so this is the complex conjugate
of Hilbert space state ‘ f >

projected into the ‘ﬁ> basis.

Example: Suppose that ‘z) and ‘ f > can each take on 3 values. (Ex: +1, 0, -1)
Then

. <f‘A‘z> is a 3x3 matrix

« if the ‘OC>'S span the space in which ‘z> exists there need be only 3 values of ‘(x>

« if the ‘[)’>'s span the space in which ‘ f > exists there need be only 3 values of ‘ﬁ)



I. Spinors

II. The matrices and eigenspinors of S and S,



So the equation looks like

(71408 = 2 {718)p| 4l

3x3

3x3 3-component vector

3-component vector

Normal rules of matrix multiplication state that the vector to the right of the matrix
L J

must be a column vector < ‘ >
ol
and the vector to the left f)f the matrix must be a row vector

\
i)

So translating from Dirac notation to matrix notation gives:

- )

[ R

(lafy 18 By (ol




