Modern Physics Letters B )

Vol. 38, No. 25 (2024) 2450226 (11 pages) \\ & World Scientific
© World Scientific Publishing Company www.worldscientific.com
DOI: 10.1142/S0217984924502269

Conductivity in the half-filled disordered Hubbard model:
A typical medium dynamical mean-field study

Anh-Tuan Hoang* and Thi-Hai-Yen Nguyen'

Institute of Physics, Vietnam Academy of Science and Technology,
Vietnam Graduate University of Science and Technology,
Vietnam Academy of Science and Technology, Vietnam
*hatuan@iop.vast.vn
fnhyen@iop.vast.vn

Duc-Anh Le

Faculty of Physics, Hanoi National University of Education,
Xuan Thuy 136, Cau Giay, Hanoi 10000, Vietnam
anhld@hnue.edu.vn

Received 1 March 2023
Revised 14 December 2023
Accepted 23 December 2023
Published 28 February 2024

The conductivity for half-filled disordered Hubbard model in different interaction regimes is
studied using a typical medium dynamical mean-field theory. The Kubo formula with the
geometrically averaged Green function is used to calculate the optical and dc conductivity of the
system. The dependence of the conductivities in the model on the random potential and tem-
perature in the weak and intermediate interaction regimes is investigated numerically. It is
shown that in the weak interaction regime at a fixed temperature the optical conductivity at low
frequencies as well as the dc conductivity get decreased as disorder strength increases. Whereas
in the intermediate interaction regime, the results show a reentrant effect of the insulating
phases. Our dc conductivity of a non-interacting disordered system is consistent with those
known in the literature and our other results are in agreement with the phase diagram obtained
by using typical medium theory with different impurity solvers.
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1. Introduction

The properties of many materials are greatly influenced by the Coulomb interaction
between the electrons and lattice disorder. Namely, these two effects are main
sources leading to a metal-insulator transitions (MITs): Mott or the correlation-
driven MIT and Anderson or disorder-driven MIT. The interplay between
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interaction and disorder also can lead to complicated many-body effects that have
received much attention.'™

One of the most successful methods for investigating the strongly correlated electron
system and Mott MIT is the dynamical mean-field theory (DMFT)." However, if the
effect of local disorder is taken into account through the arithmetical average of the local
density of states (LDOS) it is difficult to distinguish between extended and localized
states. Therefore such a theory (the combination of coherent potential approximation
with DMFT: CPA-DMFT) cannot accurately capture Anderson localization. Never-
theless, a typical medium theory (TMT), in which the typical density of states is defined
as the geometric averaged LDOS, is well suited to describe Anderson localization.” "
In Addition, the TMT was successfully employed to study the MIT in the Anderson-
Falicov-Kimball (AFK) model and Anderson-Hubbard model (AHM).%'* The TMT
also used to construct the nonmagnetic phase diagram in mass imbalanced AHM at half-
filling as well as in AHM with site-dependent interactions.'!:*?

Most of the previous studies on the influence of correlation and disorder in the
half-filled Hubbard model were carried out at zero temperature. In this report, we
compute the conductivity in the weak and intermediate interaction regimes of the
half-filled Hubbard model with disorder as a function of temperature, which is an
important probe of the system. Indeed, the conductivity in the disordered Hubbard
model has been studied in Refs. 13—17. However, in Refs. 13, 14 the calculations have
been performed away from half-filling in order to avoid the physics of a Mott insu-
lator. In Ref. 15 the conductivity has been investigated on a square lattice by the
mean field Monte Carlo (MFMC) technique, where the lattice size is limited while in
Refs. 16, 17 a half-filled Hubbard model with disorder in an infinite dimension has
been studied with the arithmetically averaged Green function, i.e. the effect of
Anderson localization has been not considered. To solve these problems, we use the
equation of motion method (EOM) to find the Green function for the effective
Anderson impurity model. Like the iterated perturbation theory (ITP), one of the
important advantages of EOM is that it can be used directly on the real frequency
axis.'®!” We note that at zero temperature the phase diagram found from TMT-
DMFT with the EOM is in good agreement with those obtained by the statistical
DMFT?" as well as the TMT-DMFT using the numerical renormalization group® and
the four boson technique as an impurity solver.’

In Sec. 2, we present our model and theoretical formulation. In Sec. 3, the optical
and dc conductivity in the weak and intermediate interaction regimes are calculated
and discussed. Finally, Sec. 4 concludes.

2. Theoretical Formulation

The Hamiltonian of the disordered Hubbard model is given by

H=~tY) (aja,+hc) +Z ~ He)ig T Uit &)

(i,5).0
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where the local energies ¢€; are random variables with a uniform probability distri-
bution P(g;) = ©(A/2 — |g;])/A, where O being the step function and A being the
disorder strength. U is the on-site Coulomb interaction, ¢ and p are the nearest-
neighbor hopping amplitude and the chemical potential, a;,(a;) annihilates
(creates) an electron with spin o at site i, n;, = ala,,.

In the TMT-DMFT, the Hamiltonian model in Eq. (1) is mapped onto an en-
semble of effective single impurity Anderson model (STAM) with different local en-
ergies ¢;. In this work, we consider the paramagnetic case at half-filling, for which
(ny) = (n;) = (n;)/2 and p=U/2. The impurity Green function derived from
decoupling the equations of motion at the second order takes the following form'®?*

<m>/
w—g+U/2-n(w )+UH1(w€)[w —U/2 = n(w) - s(w,&)]
<m>/2
w=—g = U/2=nw) - U &)w - &+ U/2 = n(w) - My(w, ;)]

(2)

G(wa 6?7) =

where the “self-energies” II; are defined by

I (w, &;) /+Ocdzf(z)< ! + ! >E(z) (3)

. w—2z w—2¢+2

Here, Fy(2) = f(z), Fao(2) =1 — f(2), F3(z) =1, with f(z) = (exp(%) + 1)~* being
the Fermi-Dirac function; I'(z) = —2Qn(z +i0") and (n;) = —2 [dz f(2) SG(z,¢;).
n(z) is the hybridization function of a bath surrounding the impurities, which must
be determined self-consistently. From Eqs. (2) and (3) the local density of states
(LDOS) p(w,&;) = —SG(w, ;) /7 is calculated. Then we obtain the geometrically
averaged LDOS p,(w) = exp[(ln p(w, e and the arithmetically averaged LDOS
Pa(w) = (p(w, g;)), where ( = [de;P(¢;)O(g;) is an arithmetic mean of O(e;).
The Hilbert transformatlon y1elds the lattlce Green function:

Golo) = [ a2, (4)

0 w—uw

where « stands for either “g” or “a”, respectively, TMT-DMFT or CPA-DMFT
approach. We note that G, depends on the temperature through n; and through the
“self-energy” II; and II,. We use the semielliptic non-interacting density of states
(DOS), py(2) = 44/1 — 4(2/W)? /xW, for which the self-consistent condition for the
TMT-DMFT scheme is given by n(w) = W2G, (w)/16.

From the DMFT self-consistent condition one finds

Glw,e) = 1 - pol2)dz , (5)

o WHp—g —2z—X(w,¢g)
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with the self-energy 3(w, ¢;) defined through the local Dyson equation

1

E(w75i):w+ﬂ_5i_n(w)_m' (6)

For the disordered system, performing the average over the distribution of ¢; from
Egs. (4) and (5) yields the lattice Green function®"*

+o0

po(2)dz
o Gilw) (W) =2

Galw) = (7)

Here the two kinds of averages, arithmetic and geometric, can be made. Therefore we
obtain two corresponding spectral functions:

Agler) =~ S{Ga@) + () — <" 0

With the knowledge of the spectral function A(e,w), the optical conductivity can be

determined by using the standard Kubo formula'"?*
+0oo +00
o(w) = o / depy(e) / du/ Ae, o) A(e, o +w)F (W, w), 9)

with oy = 4we?/h, F(W,w) = [f(«) — f(W +w)]/w. As noted in Ref. 3 that the
typical local density of states (TDOS) directly determines the conductivity of elec-
trons, so in Eq. (9) A,(¢,w) which takes into account only extended states is chosen.”
However, to clearly study the effect of Anderson localization, we compare some
results obtained using TMT-DMFT, A (e,w), with those of CPA-DMFT A,(e,w).

The temperature-dependent dc conductivity is obtained from Eq. (9) in the limit
w—20

_ %

or = 7+Oodapo(8) /+mdw[A(va)]2f(w)[1 — f(w)]- (10)

3. Numerical Results and Discussion

Before performing the conductivity calculations we solve numerically the DMFT
equations and build the phase diagram. The TMT-DMFT phase diagram of the
AHM at half-filling and at zero temperature T' = 0 is shown in Fig. 1. In this paper
we take the non-interacting bandwidth W = 1 as the energy unit. Here as in Ref. 12
the ground state is classified from the obtained values of p, and p, as follows
(through this work, the Fermi level is chosen as the origin of the energy axis): (1)
pa(0) # 0 and p,(0) # 0 specify a metallic phase; (2) p,(0) =0 and [ p,(w)dw # 0
give a Mott insulating phase; (3) [ p,(w)dw = 0 indicates an Anderson localized
phase. We note that in contrast to Refs. 10-12, where for simplicity we have made
the following approximations: I (w,&;) = Ily(w, ;) = U3(w, €;)/2 = n(w). This ap-
proximation is exact at the non-disordered limit and become worse as the disorder
strength increases. In order to take into account the missing effect of the disorder due
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]

Fig. 1. (Color online) TMT-DMFT (U, A) phase diagram for the half-filled disordered Hubbard model at
T = 0: A comparison between EOM with the “self-energies” II; numerically calculated from Eq. (3) (solid
line with squares) and the approximations: II (w, &;) = Iy (w, ¢;) = II3(w, €;)/2 = n(w) made in Ref. 12
(solid line with dots). M, MI and Al stand for metal, Mott insulator and Anderson insulator, respectively.
Energy scale: W = 1.

to this approximation in this work the “self-energies” II; are numerically calculated
from Eq. (3). As aresult, the metallic region changes significantly compared to that of
Ref. 12, especially for large A. From the phase diagram one can distinguish three
different interaction regimes regarding the metallic and insulating phase boundaries:
(1) weak interaction regime corresponds to U < U,(A = 0),i.e.0 < U < v/3/2 ~ 0.87:
in this regime for a fixed U only a phase transition from a metallic to an Anderson
insulating phases with increasing A; (2) intermediate interaction regime for
0.87 < U < U,, =~ 1.85, where U,, corresponds to the maximum interaction value of
the metallic region: in this regimes for varying A two MIT's occurs, i.e. reentrant effect
of insulating phase appears; and (3) strong interaction regime for U > 1.85, where
metallic phase does not exist, only Mott or Anderson insulating phases. Our obtained
phase diagram is qualitatively consistent with those known in the literature at 7' = 0%
aswell as T’ # 0.2 However, the phase diagram obtained from TMT-DMFT using the
equation of motion method or slave boson technique as an impurity solver’ does not
include the metal-insulator coexistence region.

Now we present some results concerning conductivity in the weak and interme-
diate interaction regimes. We start by checking formula (10) for the case T' = 0 and
U =0, i.e. for the Anderson model. In Fig. 2, we show the dc conductivity as a
function of the disorder strength A. It can be seen that while the dc conductivity
calculated from (10) within TMT-DMFT vanishes at the Anderson MIT, i.e. for
A > A, =~ 1.36, this quantity within CPA-DMFT still has a finite value, that does
not agree with the phase diagram in Fig. 1. Our calculated o within TMT-DMFT
has a similar shape of the dc conductivity curves for a simple cubic lattice obtained in
Refs. 24-26.
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Fig. 2. TMT-DMFT and CPA-DMFT dc conductivity in the Anderson model (U = 0) at zero temper-
ature as a function of the disorder strength A. Solid (dash) lines are calculated from (10) by using the
geometrically (arithmetically) averaged Green functions. Also shown, the geometrically and arithmetically
averaged LDOS at the band center (w = 0).

(i) Weak interaction regime. Figure 3 (upper panel) shows TMT-DMFT and
CPA-DMFT optical conductivity when U = 0.25 for different values of A =
0.0,0.75,1.0 and 2.1 at T'= 0.01. For A = 0 both approach gives the same result and
indicates a metallic phase of the system. For small values of disorder (A = 0.75,1.0)
the system is in metallic phase with the broad low frequency peak. This peak moves
to higher frequency and its intensity is reduced as disorder increases. However, for
the large disorder (A =2.1) while the low frequency peak within TMT-DMFT

U=0.25T=0.01

A=0
-=--a,A=075

Fig. 3. (Color online) TMT-DMFT and CPA-DMFT optical conductivity (upper panel); TDOS and
arithmetically averaged LDOS (lower panel) in the weak interaction regime (U = 0.25) at T' = 0.01 for
different values of A =0,0.75,1.0 and 2.1; a and g stand for CPA-DMFT and TMT-DMFT approaches,
respectively. The Fermi level is chosen as the origin of the energy axis.
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calculation disappears and the conductivity vanishes, indicating an Anderson insu-
lating phase of the system, the CPA-DMFT conductivity remains finite, specifying a
metallic phase. The TMT-DMFT results agree well with the corresponding TDOS
shown in the lower panel of Fig. 3, where a suppression of TDOS at the Fermi level
increases as the disorder strength increases, and followed along a vertical line at
U =0.25 in the phase diagram in Fig. 1. The density of states and the optical
conductivity within CPA-DMFT, which take into account both extended and lo-
calized states, are bigger than the corresponding quantities within TMT-DMFT,
then for A = 2.1 they do not agree with the TMT-DMFT phase diagram. We note
that within TMT-DMFT the ground state is in the Anderson insulating phase if
J py(w)dw =0, i.e. p,(w) = 0 for all w, this leads to the spectral function A (e, w) = 0
and the optical conductivity vanishes. We have checked the effect of the energy
broadening (07) induced in our calculations. The results showed that in the AI
phase, a decrease in 07 leads to a rapid reduction in conductivity values, approaching
almost zero upon extrapolating 0T to zero at specific points verified on the phase
diagram. At finite temperature, the optical conductivity in the Anderson localized
phase, in our calculation, does not equal zero but very small. In fact, the effect of
finite temperature can be treated by making analytical continuation w — w + 6. The
parameter § is generally expected to be an increasing function of temperature.® This
is a limitation of the TMT-DMFT.?"

In our calculations, the effect of temperature on optical conductivity is relatively
small and mainly occurs at the low frequency region, where it decreases with in-
creasing temperature as shown in Fig. 4 for U = 0.25, A = 0.75. The temperature
effect on the dc conductivity is more clear. In Fig. 5, we show the TMT-DMFT dc
conductivity as a function of temperature in the weak interaction regime (U = 0.25)
for different values of A = 0.0,0.5,0.75,1.0 and 1.5. It is seen that in this interaction
regime at a fixed temperature T the dc conductivity decreases as disorder increases.

U=0.25,A=0.75

0.0 0.1 0.2 0.3 0.4 0.5

Fig. 4. (Color online) Effect of temperature on the optical conductivity for U = 0.25 and A = 0.75.
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Fig. 5. (Color online) TMT-DMFT dc conductivity as a function of temperature in the weak interaction
regime (U = 0.25) for different values of A =0.0,0.5,0.75,1.0 and 1.5.

In addition, for a fixed and weak disorder strengths (A = 0.0,0.5,0.75,1.0) the dc
conductivity decreases with increasing temperature and for large value A(A = 1.5)
near the critical disorder strength the dc conductivity is very small.

(ii) Intermediate interaction regime. Figure 6 (upper panel) displays the be-
havior of the optical conductivity within TMT-DMFT and CPA-DMFT approaches
when U = 1.25 at T = 0.01 for various disorder strengths. For A = 0 both approa-
ches give the same result and indicates a Mott insulating phase of the system. It is
seen that for small values of disorder (A = 0.0, 0.5) the high frequency peak appears
and the optical conductivity has a shape that is typical of a gapped insulator.

U=125T=0.01

T T IA:O T

041" ---aA=05 —=—g A=05-

- a,A=15 —e—g,A=15
—-=-a,A=25 —A—g,A=25
=== a,A=30 —»—g,A=3.0 |

0.0

Fig. 6. (Color online) TMT-DMFT and CPA-DMFT optical conductivity (upper panel); TDOS and
arithmetically averaged LDOS (lower panel) in the intermediate interaction regime (U = 1.25) at T' = 0.01
for different values of A =0.0,0.5,1.5,2.5 and 3.0; a and g stand for CPA-DMFT and TMT-DMFT
approaches, respectively.
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Fig. 7. (Color online) Effect of temperature on the optical conductivity for U = 1.25, A = 0.5 and 2.0.

This high frequency peak is decreased as disorder increases and for the intermediate
disorder (A = 1.5,2.5) a low frequency peak appears, indicating the system is a metal.
This low frequency peak then decreases in intensity as disorder grows, and finally dis-
appears at the critical disorder strength (A =2 3.0), signaling a phase transition from the
metal to the Anderson insulator. Again, TMT-DMFT results agree well with the cor-
responding TDOS shown in the lower panel of Fig. 6 and followed along a vertical line at
U = 1.25 in the phase diagram in Fig. 1, while that CPA-DMF'T for A = 3.0 does not
agree with him. In Fig. 7, we show the influence of temperature on optical conductivity.
Similar to the weak interaction regime, the temperature effect mainly occurs in the low
frequency region. However, there are two different cases: with a small disorder (A = 0.5)
corresponding to the Mott insulating phase, the optical conductivity increases with
temperature, while with a large disorder (A = 2.0) corresponds to the metallic phase,
the optical conductivity decreases with increasing temperature.

U=125
T T T
< A=0 --—-a=15
03F '\, ---A=025 a=20 403
AN A=1.0  -eeee- A=27
’\.\‘ —=—A=30
N,
~.
~.
~.
o 0.2t Ssl 402
~ T~
o | TN /
0.1F o H0.1
0.0 = L - 0.0
0.00 0.05 0.10 0.15 0.20
T

Fig. 8. (Color online) TMT-DMFT dc conductivity as a function of temperature in the intermediate
interaction regime (U = 1.25) for different values of A = 0.0,0.25,1.0,1.5,2.0,2.7 and 3.0.
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Figure 8 presents the evolution in the intermediate interaction regime of the TMT
dc conductivity as a function of temperature with disorder when U = 1.25. One can
see that the activated conductivity occurs in the Mott state at low disorder
(A =0.0,0.25), then it changes to a metallic behavior with increasing disorder
(A =1.0,1.5,2.0,2.7). Finally, the dc conductivity reduces and vanishes in the
Anderson localization regime at high disorder intensity (A = 3.0). Our results on
TMT dc conductivity in Fig. 8 are consistent with those on optical one in Fig. 6.
They all provide evidence for the metal-insulator transitions in the system as the
strength of the disorder is varied. The similar picture has been observed in the AFK
model at half-filling.”

4. Conclusion

In summary, we for the first time studied the conductivity of the half-filled disordered
Hubbard model by using a typical medium dynamical mean field theory with
equation of motion method as an impurity solver. We found that our TMT dc
conductivity for U = 0 is consistent with those known in the literature®*° and the
calculated optical and dc conductivity for different cases are in agreement with the
corresponding TDOS and the obtained phase diagram. In the weak interaction
regime at a fixed temperature the optical conductivity in low frequencies and the dc
conductivity decrease as disorder strength increases, while in the intermediate in-
teraction regime, the results show reentrant effect of the insulating phase, i.e. the
disorder can make the system more metallic, that in agreement with the experiments
on disordered correlated systems.'® In addition, in both interaction regimes the dc
conductivity near Anderson MIT is very small.

The advantages of EOM are fast computational time and spectral functions di-
rectly on the real frequency axis. However this method is more reasonable at high
temperatures, therefore more exact impurity solvers within TMT-DMFT as well as
more sophisticated approaches beyond him need to be applied to find more accurate
results on this topic.
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