
Higgs sector phenomenology in the 3-3-1 model with an axionlike particle

V. H. Binh ,1,2,† D. T. Binh,3,4,‡ A. E. Cárcamo Hernández ,5,6,7,§ D. T. Huong ,2,∥
D. V. Soa,8,¶ and H. N. Long 9,10,*

1Graduate University of Science and Technology, Vietnam Academy of Science and Technology,
18 Hoang Quoc Viet, Cau Giay, Hanoi 10000, Vietnam

2Institute of Physics, Vietnam Academy of Science and Technology,
10 Dao Tan, Ba Dinh, Hanoi 10000, Vietnam

3Institute of Theoretical and Applied Research, Duy Tan University, Hanoi 10000, Vietnam
4Faculty of Natural Science, Duy Tan University, Da Nang 550000, Vietnam
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The scalar sector of the 3-3-1 model with an axionlike particle is studied in detail. In the model under
consideration, there are two kinds of scalar fields: the bilepton scalars carrying lepton number two and the
ordinary ones without lepton number. We show that there is no mixing among these two kinds of scalar
fields. We analyze in detail the CP-odd scalar sector of the model to find the physical fields of the axionlike
particle and a pseudoscalar with mass in the range 100 GeV to 1 TeV. The results are different from others
which have been published before. The CP-even scalar sector of the model is analyzed as well. The results
of our analysis of the scalar sector allow us to accommodate scalar masses in the 100 GeV–1 TeV region.
Furthermore we analyze the implications of the model in several flavor changing neutral decays of the top
quark as well as in rare top quark decays. Besides that, the leptonic decays of the SM like Higgs boson as
well as the meson oscillations are also analyzed. Our numerical analysis show that the model under
consideration is consistent with the experimental constraints imposed by these processes.
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I. INTRODUCTION

Nowadays, it is well known that the standard model (SM)
has to be extended. Among the extended models of the SM,
the versions based on the SUð3ÞC × SUð3ÞL × Uð1ÞX

gauge group (called 3-3-1 models in short) [1–10] are of
interest with the following intriguing features such as the
explanation on the number of fermion generations, the
electric charge quantization [11,12], source of CP viola-
tion [13,14] as well as the automatic fulfillment [15] of the
Peccei-Quinn symmetry [16,17]. The Peccei-Quinn sym-
metry for the economical 3-3-1 model [18–23] are dis-
cussed in Refs. [24,25]. The models contain self-interacting
dark matter [26,27].
The models are classified by a parameter β appearing in

the electric charge operator

Q ¼ T3 þ βT8 þ X; ð1Þ

where T3 and T8 are SUð3ÞL generators, X is the Uð1ÞX
charge. The 3-3-1 model with arbitrary beta is presented in
Ref. [28] (see also [29]). There are two main versions of
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the 3-3-1 models. The first one is the minimal model with
β ¼ � ffiffiffi

3
p

which requires three SUð3ÞL scalar triplets and
one SUð3ÞL scalar sextet [1–3]. Moreover, this version has
a Landau pole around 5 TeV leading to a loss of
perturbativity around that scale. There exist efforts to solve
this puzzle [30]. In the recent work [31], the Landau pole,
in the minimal version by addition of octet leptoquarks, can
be around 100 TeV. The second one is the model with
β ¼ � 1ffiffi

3
p which just requires three SUð3ÞL scalar triplets to

provide masses for all fermions and bosons [5–9]. This
kind of model is more attractive due to its simpler scalar
content and its lack of Landau pole at the TeV scale.
About two decades ago, the axion have been introduced

in the 3-3-1 models [32–34]. The new nice property of the
3-3-1 model is found in a recent paper [35], where the
cosmological inflation, axionlike particle (ALP) and see-
saw mechanism are simultaneously addressed with a
minimal scalar content. However, the above-mentioned
paper contains some mistakes and does not address
phenomenological aspects related with flavor changing
neutral process such as the t → hu, t → hc, t → uγ,
and t → cγ decays as well as the K0 − K̄0, B0

d − B̄0
d, and

B0
s − B̄0

s meson oscillations whose explanations, analysis,
and discussions are the purpose of this work.

II. BRIEF REVIEW OF THE MODEL

A. Particle content and discrete symmetries

To provide masses for fermions and to account for the
existence of the ALP, the scalar sector of the model requires
three SUð3ÞL scalar triplets η, ρ, χ as well as an electrically
neutral SUð3ÞL scalar singlet ϕ. The scalar content of the
model with their corresponding SUð3ÞC×SUð3ÞL×Uð1ÞX
assignments are given by:

χT ¼ ðχ01; χ−2 ; χ03Þ ∼
�
1; 3;−

1

3

�
;

ηT ¼ ðη01; η−2 ; η03Þ ∼
�
1; 3;−

1

3

�
;

ρT ¼ ðρþ1 ; ρ02; ρþ3 Þ ∼
�
1; 3;

2

3

�
;

ϕ ∼ ð1; 1; 0Þ: ð2Þ

To provide masses for the fermions and gauge bosons, the
above scalar fields have vacuum expectation values (VEVs)
as follows

hχi ¼ 1ffiffiffi
2

p ð0; 0; vχÞT; hηi ¼ 1ffiffiffi
2

p ðvη; 0; 0ÞT

hρi ¼ 1ffiffiffi
2

p ð0; vρ; 0ÞT; hϕi ¼ 1ffiffiffi
2

p vϕ: ð3Þ

where the VEV vχ triggers the spontaneous breaking of
the SUð3ÞL ×Uð1ÞX gauge symmetry down to the SM
electroweak gauge group. The remaining SUð3ÞL scalar
triplets η and ρ break the SM electroweak gauge group.
On the other hand, the fermion spectrum of the model

and their SUð3ÞC × SUð3ÞL × Uð1ÞX assignments are:

ψaL¼ðνa;ea;ðνcRÞaÞTL∼ð1;3;−1=3Þ; eaR∼ð1;1;−1Þ;
NaR∼ð1;1;0Þ; Q3L¼ðu3;d3;UÞTL∼ð3;3;1=3Þ;
QnL¼ðdn;−un;DnÞTL∼ð3;3�;0Þ;

uaR;UR∼ð3;1;2=3Þ; daR;DnR∼ð3;1;−1=3Þ; ð4Þ

where n ¼ 1, 2 and a ¼ fn; 3g are family indices. The U
and D are exotic quarks with ordinary electric charges,
whereas NaR are right-handed Majorana neutrinos.
The typical trouble of the 3-3-1 model with β ¼ � 1ffiffi

3
p is

that there are two triplets η and χ with identical quantum
numbers by SUð3ÞL × Uð1ÞX gauge group leading to the
term μ2ηχη

†χ, which complicates the structure of the square
scalar mass matrices, thus making the analysis of the scalar
sector very tedious. To avoid this kind of terms, one
imposes the Z2 discrete symmetry under which the
SUð3ÞL scalar triplets η and χ have opposite numbers, as
done in Ref. [33]. To provide Dirac and Majorana mass
terms for νL and NR we have the above described particle
content, shown in Table I. The particle assignments under
the SUð3ÞC × SUð3ÞL × Uð1ÞX × Z11 × Z2 group are sum-
marized in Table I. Here we have used a notation
ωk ≡ ei2π

k
11; k ¼ 0;�1 � � � � 5.

TABLE I. SUð3ÞC × SUð3ÞL ×Uð1ÞX × Z11 × Z2 charge assignments of the particle content of the model. Here
a ¼ 1, 2, 3 and α ¼ 1, 2.

QnL Q3L uaR daR U3R DnR ψaL eaR NaR η χ ρ ϕ

SUð3ÞC 3 3 3 3 3 3 1 1 1 1 1 1 1
SUð3ÞL 3̄ 3 1 1 1 1 3 1 1 3 3 3 1
Uð1ÞX 0 1

3
2
3

− 1
3

2
3

− 1
3

− 1
3

−1 0 − 1
3

− 1
3

2
3

0
Z11 ω−1

4
ω0 ω5 ω2 ω3 ω4 ω1 ω3 ω−1

5 ω−1
5 ω−1

3 ω−1
2 ω−1

1

Z2 1 1 −1 −1 1 1 1 −1 −1 −1 1 −1 1
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From Table I, one recognizes that under Z2 symmetry,
the following fields are odd

ðη; ρ; uR; dnR; enR; NRÞ → −ðη; ρ; uR; dnR; enR; NRÞ: ð5Þ

B. Yukawa couplings

With the above specified particle content, the following
Yukawa interactions invariant under the SUð3ÞC ×
SUð3ÞL ×Uð1ÞX × Z11 × Z2 symmetry, arise [35]:

−LY ¼ y1Q̄3LURχ þ
X2
n;m¼1

ðy2Þn;mQ̄nLDmRχ
�

þ
X3
a¼1

ðy3Þ3aQ̄3LuaRηþ
X2
n¼1

X3
a¼1

ðy4ÞnaQ̄nLdaRη�

þ
X3
a¼1

ðy5Þ3aQ̄3LdaRρþ
X2
n¼1

X3
a¼1

ðy6ÞnaQ̄nLuaRρ�

þ
X3
a¼1

X3
b¼1

gabψ̄aLebRρþ
X3
a¼1

X3
b¼1

ðyDν Þabψ̄aLηNbR

þ
X3
a¼1

X3
b¼1

ðyNÞabϕN̄C
aRNbR þ H:c: ð6Þ

Let us note that the above given Yukawa interactions in (6)
are invariant only under the Z2 assignment given above. It
is emphasized that the transformation under the Z2 in this
paper is different from than the one given in Ref. [35] where
χ is odd.
The exotic quarks get masses from vχ , top quark get

mass from vη, charged leptons get masses from vρ, while
new Majorana neutrino NR gets mass through vϕ. The
Dirac neutrino mass term arises from vη, while the
Majorana mass term arises from vϕ [see last two terms
in (6)]. From the last two terms of Eq. (6), it follows that the
tiny masses for the light active neutrinos are generated from
a type I seesaw mechanism mediated by right handed
Majorana neutrinos, thus implying that the resulting light
active neutrino mass matrix has the form:

Mν ¼MD
ν M−1

N ðMD
ν ÞT; MD

ν ¼ yDν
vηffiffiffi
2

p ; MN ¼
ffiffiffi
2

p
yNvϕ:

ð7Þ

C. Gauge bosons

First of all, the model has nine electroweak gauge bosons
arising from the SUð3ÞL ×Uð1ÞX symmetry. Their inter-
actions with the SUð3ÞL scalar triplets are included in the
following kinetic terms:

LHiggs ¼
X

H¼χ;η;ρ;ϕ

ðDμHÞ†DμH; ð8Þ

where the covariant derivative is given by

Dμ ≡ ∂μ − igTaWa
μ − igXXT9Xμ; ð9Þ

where T9 ¼ 1=
ffiffiffi
6

p
I3×3 being I3×3 the 3 × 3 identity matrix

and g, gX are gauge couplings of the two groups SUð3ÞL
andUð1ÞX, respectively. Secondly, the matrixWaTa, where
Ta ¼ λa=2 corresponds to a triplet representation, is written
as follows:

Wa
μTa¼ 1

2

0
BBB@
W3

μþ 1ffiffi
3

p W8
μ

ffiffiffi
2

p
Wþ

μ

ffiffiffi
2

p
Yþ
μffiffiffi

2
p

W−
μ −W3

μþ 1ffiffi
3

p W8
μ

ffiffiffi
2

p
X0
μffiffiffi

2
p

Y−
μ

ffiffiffi
2

p
X0�
μ − 2ffiffi

3
p W8

μ

1
CCCA; ð10Þ

in which we have defined the mass eigenstates of the
charged gauge bosons as

W�
μ ¼ 1ffiffiffi

2
p ðW1

μ ∓ iW2
μÞ; Y�

μ ¼ 1ffiffiffi
2

p ðW4
μ ∓ iW5

μÞ;

X0
μ ¼

1ffiffiffi
2

p ðW6
μ − iW7

μÞ; X0�
μ ¼ 1ffiffiffi

2
p ðW6

μ þ iW7
μÞ: ð11Þ

After spontaneous symmetry breaking, the mass spec-
trum of the gauge bosons arise from the following terms:

Lmass ¼
X

H¼χ;η;ρ

ðDμhHiÞ†ðDμhHiÞ: ð12Þ

The charged and bilepton gauge bosons get masses
given by:

m2
W ¼ g2

4
ðv2η þ v2ρÞ; m2

X0 ¼ g2

4
ðv2χ þ v2ηÞ;

m2
Y ¼ g2

4
ðv2χ þ v2ρÞ: ð13Þ

W is identical to that of the standard model, while ðX; YÞ
form a new, heavy gauge vector doublet with a mass
splitting [36]

jm2
Y −m2

X0 j < m2
W:

From (13), it follows

v2η þ v2ρ ¼ v2ew ¼ 2462 GeV2: ð14Þ

Finally, there is a mixing among the W3;W8; B compo-
nents. In the basis of these elements, the mass matrix is
given by
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M2
neural ¼

g2

4

0
BBB@

v2η þ v2ρ
v2η−v2ρffiffi

3
p − 2t

3
ffiffi
6

p ðv2η þ 2v2ρÞ
v2η−v2ρffiffi

3
p 1

3
ð4v2χ þ v2η þ v2ρÞ

ffiffi
2

p
t

9
ð2v2χ − v2η þ 2v2ρÞ

− 2t
3
ffiffi
6

p ðv2η þ 2v2ρÞ
ffiffi
2

p
t

9
ð2v2χ − v2η þ 2v2ρÞ 2t2

27
ðv2χ þ v2η þ 4v2ρÞ

1
CCCA; ð15Þ

where

t ¼ 3
ffiffiffi
2

p
sWffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 − 4s2W
p : ð16Þ

Diagonalization proceeds through two steps, in the first
step the 3 × 3 matrix reduces to one block diagonalized
which yields a 2 × 2 matrix in the bottom. The eigenstates
are now rewritten as follows

Aμ ¼ sWW3μ þ cW

�
−
tWffiffiffi
3

p W8μ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

t2W
3

r
Bμ

�
;

Zμ ¼ cWW3μ − sW

�
−
tWffiffiffi
3

p W8μ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

t2W
3

r
Bμ

�
;

Z0
μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

t2W
3

r
W8μ þ

tWffiffiffi
3

p Bμ: ð17Þ

From the analysis of the gauge sector, we found one
massless gauge boson, which corresponds to the photon A.
Furthermore, besides the bilepton gauge bosons, the neutral
gauge boson spectrum contains two massive neutral gauge
bosons Z and Z0. The elements of the neutral squared gauge
boson mass matrix in the ðZ; Z0Þ basis is given by

m2
Z ¼ g2

4c2W
ðv2ρ þ v2ηÞ; ð18Þ

m2
ZZ0 ¼ g2½ðt2W − 1Þv2ρ þ ðt2W þ 1Þv2η�

4
ffiffiffi
3

p
cW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

3
t2W

q ; ð19Þ

m2
Z0 ¼ g2½4v2χ þ ðt2W − 1Þ2v2ρ þ ðt2W þ 1Þ2v2η�

4ð3 − t2WÞ
: ð20Þ

Finally, this matrix is diagonalized by the following field
transformations

Z1
μ ¼ cθZZμ − sθZZ

0
μ;

Z2
μ ¼ sθZZμ þ cθZZ

0
μ ð21Þ

where [37]

t2θZ ¼
sθZ
cθZ

¼ 2m2
ZZ0

m2
Z0 −m2

Z

≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − t2WÞ

p
½ðt2W − 1Þv2ρ þ ðt2W þ 1Þv2η�

2v2χcW
; ð22Þ

m2
Z1
¼ 1

2

h
m2

Zþm2
Z0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

Z −m2
Z0 Þ2þ4m4

ZZ0

q i
≃m2

Z −
m4

ZZ0

m2
Z0

≃
g2

4c2W

�
v2ρþv2η −

½ðt2W −1Þv2ρþðt2W þ1Þv2η�2
4v2χ

�
≈
m2

W

c2W
;

m2
Z2
¼ 1

2

h
m2

Zþm2
Z0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

Z−m2
Z0 Þ2þ4m4

ZZ0

q i
≃m2

Z0

≈
g2c2W

ð3−4s2WÞ
v2χ : ð23Þ

Note that exotic quarks U and Dα as well as gauge
bosons X0; Y� carry lepton number two [38–40]. The
gauge boson couplings of this model are the same in
Refs. [41,42]. Due to quark family discrimination, there are
flavor changing neutral currents mediated by Z0 at the tree
level [43–46].

III. HIGGS POTENTIAL

The model scalar potential has the form:

V ¼ μ2ϕϕ
�ϕþ μ2χχ

†χ þ μ2ρρ
†ρþ μ2ηη

†ηþ λ1ðχ†χÞ2 þ λ2ðη†ηÞ2 þ λ3ðρ†ρÞ2 þ λ4ðχ†χÞðη†ηÞ þ λ5ðχ†χÞðρ†ρÞ
þ λ6ðη†ηÞðρ†ρÞ þ λ7ðχ†ηÞðη†χÞ þ λ8ðχ†ρÞðρ†χÞ þ λ9ðη†ρÞðρ†ηÞ þ λ10ðϕ�ϕÞ2 þ λ11ðϕ�ϕÞðχ†χÞ
þ λ12ðϕ�ϕÞðρ†ρÞ þ λ13ðϕ�ϕÞðη†ηÞ þ ðλϕϵijkηiρjχkϕþ H:c:Þ ð24Þ

The VEV vϕ is responsible for the PQ symmetry
breaking resulting in the existence of invisible ALP due
to very high scale around 1010–1011 GeV. Then SUð3ÞL ×
Uð1ÞX breaks to the SM group by vχ and two others vρ, vη

are needed for the usual Uð1ÞQ symmetry. Hence
vϕ ≫ vχ ≫ vρ; vη. The constraint conditions of such
scalar potential were analyzed in Ref. [33]. From (24), it
is reasonable to assume: λ2 ≈ λ3, λ4 ≈ λ5, λ7 ≈ λ8,
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λ12 ≈ λ13. According Ref. [47], vχ ≥ 10357 GeV for
MZ0 ≥ 4.1 TeV.
Let us expand these scalar fields around their VEVs.

ρ02 ¼
1ffiffiffi
2

p ðvρþRρþ iIρÞ; η01¼
1ffiffiffi
2

p ðvηþR1
ηþ iI1ηÞ;

χ03 ¼
1ffiffiffi
2

p ðvχ þR3
χ þ iI3χÞ; ϕ¼ 1ffiffiffi

2
p ðvϕþRϕþ iIϕÞ: ð25Þ

Substitution of (25) into (24) leads to the following
constraints at the tree level as follows

μ2ρ þ λ3v2ρ þ
λ5
2
v2χ þ

λ6
2
v2η þ

λ12
2

v2ϕ þ
A
2v2ρ

¼ 0;

μ2η þ λ2v2η þ
λ4
2
v2χ þ

λ6
2
v2ρ þ

λ13
2

v2ϕ þ
A
2v2η

¼ 0;

μ2χ þ λ1v2χ þ
λ4
2
v2η þ

λ5
2
v2ρ þ

λ11
2

v2ϕ þ
A
2v2χ

¼ 0;

μ2ϕ þ λ10v2ϕ þ
λ11
2

v2χ þ
λ12
2

v2ρ þ
λ13
2

v2η þ
A
2v2ϕ

¼ 0; ð26Þ

where A≡ λϕvϕvχvηvρ.

A. Charged scalar sector

There are four charged scalar fields: η−2 ; ρ
−
1 ; ρ

−
3 , and χ−2 .

(i) In the basis (η−2 ; ρ
−
1 ), the corresponding squared mass

matrix is given by:

Mc ¼

0
B@

λ9v2ρ
2

− A
2v2η

λ9vρvη
2

− A
2vρvη

λ9vρvη
2

− A
2vρvη

λ9v2η
2

− A
2v2ρ

1
CA

¼ −
ðA − λ9v2ρv2ηÞ

2

 1
v2η

1
vηvρ

1
vηvρ

1
v2ρ

!
: ð27Þ

From this matrix, we get the massless G�
1 states and two

massive ones, i.e., H�
1 with mass equal to

m2
H�

1

¼ −
ðA − λ9v2ρv2ηÞ

2
:
ðv2ρ þ v2ηÞ
v2ρv2η

ð28Þ

Let us note that the G�
1 massless charged scalar fields

correspond to the SM charged Goldstone bosons associated
with the longitudinal components of theW� gauge bosons.
The physical fields are given by

�
G�

1

H�
1

�
¼
�
cos α − sin α

sin α cos α

��
ρ�1
η�

�
; ð29Þ

where

tan α ¼ vη
vρ

: ð30Þ

From (28) it follows

λ9 > λϕ
vϕvχ
vρvη

¼ A
v2ρv2η

¼ A
ðv2ew − v2ηÞv2η

: ð31Þ

From (31), one gets the condition for the perturbative
coupling as follows

jAj
ðv2ew − v2ηÞv2η

< 1: ð32Þ

Then, the constraint for the important coupling λϕ is
given by

jAj < ðv2ew − v2ηÞv2η ⇒ jλϕj <
ðv2ew − v2ηÞ tan α

vϕvχ
: ð33Þ

For simplicity, let us assume vη¼vρ¼vew=
ffiffiffi
2

p
≃174GeV,

vϕ ¼ 1010 GeV, and vχ ¼ 105 GeV, then jλϕj < 10−11. It
is interesting to note that such tiny couplings (Yukawa
couplings responsible for proton instability) arise also in
the supersymmetric 3-3-1 model [48].
(ii) For the charged scalars, in the basis (χ−2 ; ρ

−
3 ), the

corresponding squared scalar mass matrix has the form:

Mc2 ¼

0
B@

λ8v2ρ
2

− A
2v2χ

λ8vρvχ
2

− A
2vρvχ

λ8vρvχ
2

− A
2vρvχ

λ8v2χ
2

− A
2v2ρ

1
CA

¼ −
ðA − λ8v2ρv2χÞ

2

 1
v2χ

1
vχvρ

1
vχvρ

1
v2ρ

!
: ð34Þ

This matrix has the massless scalar states G�
2 and the

massive one H�
2 with mass equal to

m2
H�

2

¼ −
ðA − λ8v2ρv2χÞ

2
:
ðv2ρ þ v2χÞ
v2ρv2χ

ð35Þ

The physical fields are given as

�
G�

2

H�
2

�
¼
�
cos θ1 − sin θ1
sin θ1 cos θ1

��
χ�2
ρ�3

�
; ð36Þ

where

tan θ1 ¼
vρ
vχ

: ð37Þ
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It is worth mentioning that the bilepton massless G�
2

correspond to the Goldstone boson associated with the
longitudinal component of the Y� bilepton gauge boson.
From (35) it follows

λ8 > λϕ
vϕvη
vχvρ

: ð38Þ

B. Complex neutral scalar sector

There are two neutral scalars: one χ01 with mass

m2
χ0
1

¼ ðλ7v2ηv2χ − AÞ ðv
2
η þ v2χÞ
v2ηv2χ

: ð39Þ

and one massless η03 which is identified with Goldstone
boson eaten by massive X0. Hence

η03 ≡GX0 : ð40Þ

From (39), it follows

λ7v2ηv2χ > A: ð41Þ

It is to be noted that in the framework of 3-3-1 model with
right-handed neutrinos, χ01 is bilepton scalar which can play
a role of DM [49].

C. CP-odd scalar sector

There are fourCP-odd scalars with VEVs: ðIϕ; I3χ ; I2ρ; I1ηÞ.
In the following we describe the corrections to Ref. [35].
(1) The squared mass matrix for the electrically neutral

CP odd scalars in the basis ðIϕ; I3χ ; Iρ; I1ηÞ has the
form:

M2
odd ¼ −

A
2

0
BBBBBB@

1
v2ϕ

1
vϕvχ

1
vϕvρ

1
vϕvη

1
v2χ

1
vχvρ

1
vχvη

1
v2ρ

1
vηvρ

1
v2η

1
CCCCCCA
: ð42Þ

As seen from Eq. (42), there are nontrivial
mixings among the CP odd scalars ðIϕ; I3χ ; Iρ; I1ηÞ
in the interaction basis. Note that an element at the
first row and third columns in (42) have to be 1

vρvϕ
,

instead of 1
vρvη

reported in Eq. (16) of Ref. [35].

(2) The CP odd squared mass matrix M2
odd in (42) can

be exactly diagonalized by the Euler diagonalization
method. The CP odd scalar fields in the physical and
interaction basis are related through the following
transformation:

0
BBB@

a

GZ0

GZ

A5

1
CCCA ¼

0
BBB@

cos θϕ − sin θ3 sin θϕ − sin α cos θ3 sin θϕ − cos α cos θ3 sin θϕ
0 cos θ3 − sin α sin θ3 − cos α sin θ3
0 0 cos α − sin α

sin θϕ sin θ3 cos θϕ sin α cos θ3 cos θϕ cos α cos θ3 cos θϕ

1
CCCA
0
BBB@

Iϕ

I3χ
Iρ

I1η

1
CCCA; ð43Þ

where the mixing angles in the CP odd scalar sector
take the forms:

tan α ¼ vη
vρ

; tan θ3 ¼
vη

vχ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2η

v2ρ

r ≈
vη
vχ

;

tan θϕ ¼ vχ

vϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2χð 1v2ρ þ

1
v2η
Þ

q ≈
vχ
vϕ

: ð44Þ

Note that the matrix in (42) depends on four
VEVs namely, vρ, vη, vχ and vϕ. The derived mixing
matrix in (43) has three angles α; θ3; θϕ given in (44)
and one parameter is ð 1

v2ϕ
þ 1

v2χ
þ 1

v2ρ
þ 1

v2η
Þ which is

entered to the expression of A5 mass in (46). It is
worth mentioning that the rotation matrix that
diagonalizes the CP odd squared mass matrix has
three mixing angles instead of four because of the
VEV hierarchy vρ; vη ≪ vχ ≪ vϕ.

It is worth mentioning that our result is com-
pletely different from the ones given in Ref. [33],
where the mixing matrix is not unitary.
Here the ALP is massless and is given by the

following combination of four CP odd neutral scalar
fields Iϕ, I3χ , Iρ, and I1η:

a¼ Iϕ cosθϕ − I3χ sinθϕ sinθ3 − Iρ cosθ3 sinα sinθϕ

− I1η cosα cosθ3 sinθϕ; ð45Þ

which cannot be the same expression for an a given
in Refs. [33,35].1 It is worth mentioning that due to
vχ ≪ vϕ, it follows that tan θϕ → 0 as well as sin θϕ
then cos θϕ ⋍ 1. This leads to a ⋍ Iϕ.

1It is possible to get the mixing matrix in which ALP contains
only two components as in Refs. [33,35], but in this case both
Goldstone bosons GZ and GZ0 contain a component along Iϕ.
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Furthermore, the mass of new massive field CP
odd scalar field A5 is given by

m2
A5

¼ −
A
2

�
1

v2ϕ
þ 1

v2χ
þ 1

v2ρ
þ 1

v2η

�

≈ −
1

2
λϕvϕvχðtan αþ cot αÞ

¼ −
λϕvϕvχ
sin 2α

: ð46Þ

From (46), we can see that the value of λϕ should be
negative. It is emphasized that the squared mass
matrix in Eq. (42) as well as mass of the A5 are only
available due to the last term in (24) which just

appears because of specific discrete symmetry in this
paper (for discussion on this, the reader is referred
to Ref. [33]).

Summary: in the CP-odd sector we have 6 fields: two
Goldstone bosons for Z and Z0, one axion like particle a,
one massless field G1 being eaten by one component of the
massive X0 and one massive pseudoscalar A5.

D. CP-even scalar sector

Assameas theCP-odd scalar sector, there are four fields in
the CP-even scalar sector with VEVs: ðRϕ; R3

χ ; R2
ρ and R1

η).
In basis ðR1

η; Rρ; R3
χ ; RϕÞ, the squared mass matrix of

CP-even has form as below:

M2
R ¼ 2

0
BBBBBBBB@

λ2v2η − A
4v2η

1
2

�
λ6vηvρ þ λϕvχvϕ

2

�
1
2

�
λ4vηvχ þ λϕvρvϕ

2

�
1
2

�
λ13vηvϕ þ λϕvρvχ

2

�
1
2

�
λ6vηvρ þ λϕvχvϕ

2

�
λ3v2ρ − A

4v2ρ
1
2

�
λϕvηvϕ

2
þ λ5vρvχ

�
1
2

�
λϕvηvχ

2
þ λ12vρvϕ

�
1
2

�
λ4vηvχ þ λϕvρvϕ

2

�
1
2

�
λϕvηvϕ

2
þ λ5vρvχ

�
λ1v2χ − A

4v2χ
1
2

�
λϕvηvρ

2
þ λ11vχvϕ

�
1
2

�
λ13vηvϕ þ λϕvρvχ

2

�
1
2

�
λϕvηvχ

2
þ λ12vρvϕ

�
1
2

�
λϕvηvρ

2
þ λ11vχvϕ

�
λ10v2ϕ −

A
4v2ϕ

1
CCCCCCCCA
: ð47Þ

Comparing with a similar matrix in Ref. [35], we see that
the first three elements in the fourth column of CP even

mass matrix in Ref. [33] have the extra terms:
λ11vϕvχ0

2
; λ13vϕvη

2

and λ12vϕvρ
2

, respectively. To recognize the existence of these
terms, let us write them explicitly

λ11ðϕ†ϕÞðχ†χÞ ⊃ vϕvχ0RϕRχ0 ;

λ12ðϕ†ϕÞðρ†ρÞ ⊃ vϕvρRϕRρ;

λ13ðϕ†ϕÞðη†ηÞ ⊃ vϕvηRϕRη:

The matrix which is used to diagonalize M2
R is

UR ¼

0
BBB@

− cos α2 − sin α2 cos α3 − sin α2 sin α3 cos αϕ sin α2 sin α3 sin αϕ
sin α2 − cos α2 cos α3 − cos α2 sin α3 cos αϕ cos α2 sin α3 sin αϕ
0 sin α3 − cos α3 cos αϕ cos α3 sin αϕ
0 0 sin αϕ cos αϕ

1
CCCA ð48Þ

in which, the mixing angles in the CP even scalar sector are defined as below:

tan 2α2 ¼
4 cos α3vηvρðAþ λ6v2ηv2ρÞ

A cos2 α3v2η − Av2ρ þ 4v2ηv2ρðλ2v2η − λ3 cos2 α3v2ρÞ
ð49Þ

tan 2α3 ¼
4vχðAþ 2λ5v2ρv2χÞ
cos αϕðA − 4λ1v4χÞ2

; ð50Þ

tan 2αϕ ¼ λ11vχ
λ10vϕ

: ð51Þ

Changing the signs of h, h5, and Hχ , the physical fields are given by:

0
BBB@

h5
h

Hχ

Φ

1
CCCA ¼

0
BBB@

cos α2 sin α2 cos α3 sin α2 sin α3 cos αϕ − sin α2 sin α3 sin αϕ
− sin α2 cos α2 cos α3 cos α2 sin α3 cos αϕ − cos α2 sin α3 sin αϕ

0 − sin α3 cos α3 cos αϕ − cos α3 sin αϕ
0 0 sin αϕ cos αϕ

1
CCCA
0
BBB@

R1
η

Rρ

R3
χ

Rϕ

1
CCCA: ð52Þ
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In the limit vϕ ≫ vχ ≫ vρ; vη it follows

h5 ≈ R1
η cos α2 þ Rρ sin α2; ð53Þ

h ≈ −R1
η sin α2 þ Rρ cos α2; ð54Þ

Hχ ≈ R3
χ cos αϕ; ð55Þ

Φ ≈ Rϕ cos αϕ; ð56Þ

and their respective masses are shown in Appendix B.
Note that comparing to the 4 × 4 matrix of CP-odd

sector containing only four parameters with three massless
solution, the matrix in (47) having 10 parameters is not
exactly diagonalized. To solve this problem we have used
the Hartree-Fock method where some conditions such as
vϕ ≫ vχ ≫ vρ; vη, λϕ ≪ 1 and sin α3 ≈ 0. As a conse-
quence of the aforementioned VEV hierarchy, the derived
matrix contains three angles α2, α3 and αϕ and three
parameters associated with masses of new fields Φ; Hχ

and h5.
In the limit vϕ ≫ vχ ≫ vρ ≫ vη, one has

χ≃

0
B@

χ01
GY−

1ffiffi
2

p ðvχ þHχ þ iGZ0 Þ

1
CA; η≃

0
B@

1ffiffi
2

p ðuþh5þ iA5Þ
H−

1

GX0

1
CA;

ρ≃

0
B@

GWþ

1ffiffi
2

p ðvþhþ iGZÞ
Hþ

2

1
CA; ϕ≃

1ffiffiffi
2

p ðvϕþΦþ iaÞ: ð57Þ

In the CP-even scalar sector, there are six fields. One
massless field is part of GX0 , another massive in TeV scale
is associated to χ01. One heavy field with mass in the range
of 1011 GeV and associated with singlet ϕ is identified to
inflaton Φ. One SM-like Higgs boson h with mass
∼125 GeV. Two remain fields include one heavy with
mass at TeV scale (Hχ) and another with mass at EW
scale (h5).
Combination of Table I and (57) leads to some interest-

ing consequences
(1) SM-like Higgs boson h has Yukawa couplings with

only SM fermions.
(2) ALP a can have Yukawa couplings with only exotic

quarks.
(3) The pseudoscalar A5 and Hχ can have Yukawa

couplings with not only exotic quarks but also
SM quarks and leptons.

IV. NUMERICAL ANALYSIS OF THE
SCALAR SECTOR

To find particle content in CP-even sector namely the
SM-like Higgs boson, and another one close to it H5 is the
aim in this section.
(1) In order to successfully reproduce the W gauge

boson mass, the VEVs of the SUð3ÞL scalar triplets η
and ρ should obey the following constraint:

vη ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − v2ρ

q
: ð58Þ

where v ¼ 246 GeV is the electroweak symmetry
breaking scale.

(2) Charged sector
(a) From Eq. (28), it follows that positive squared

scalar masses are obtained provided that the
following relation is fulfilled:

λ9v2ρv2η > A ð59Þ

(b) From Eq. (35), it follows that

λ8v2ρv2χ > A ð60Þ

(3) CP-odd sector
(i) From Eq. (39) it follows that the requirement of

obtaining positive squared mass for the massive
complex scalar φ0 implies:

λ7v2ηv2χ > A: ð61Þ

(ii) From Eq. (46), it follows

m2
A5

¼ −
A
2

�
1

v2ϕ
þ 1

v2χ
þ 1

v2ρ
þ 1

v2η

�
≃ −

λϕvϕvχ
sin 2α

:

ð62Þ

If vη ¼ vρ in EW scale, then we may have
ðm2

A5
Þmin ¼ −λϕvϕvχ , which implies λϕ < 0.

From Eq. (62), we get λϕ ¼ −
m2

A5
sin 2α

vϕvχ
. With

mA5
∼ 103 GeV, vϕ ∼ 1010 GeV, and vχ ¼

105 GeV, then we get jλϕj < 10−9. Moreover,
from the condition for λ9 and assuming
vη ¼ vρ ≃ 174 GeV, vϕ ¼ 1010 GeV, and vχ ¼
105 GeV, then we get jλϕj < 10−10. The tiny
value of the quartic scalar coupling λϕ can be
qualitatively understood from the requirement
of having a physical pseudoscalar A5 with a
mass at the TeV or subTeV scale. It is worth
mentioning that the Z11 symmetry is sponta-
neously broken at a very large scale ∼1010 GeV
by the VEVof the singlet scalar field ϕ, which
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also generates the mass for the physical pseu-
doscalar A5. Another more formal way to justify
the smallness of λϕ is by considering an
accidental Peccei-Quinn symmetry Uð1ÞPQ
under which ϕ has charge equal to −2, whereas
the right handed Majorana neutrinos, the
SUð3ÞL leptonic triplets and the right handed
leptons will have charges equal to 1. Under that
assignment the quartic scalar interaction involv-
ing λϕ will be forbidden at tree level, however
the mass of the pseudoscalar A5 can be radi-
atively generated from a box diagram involving
the one loop level exchange of the neutral
components of the SUð3ÞL scalar triplets as
well as the exchange of the scalar singlet ϕ.
That loop suppression together with the large
mass scale of the CP even component of ϕ can
be interpreted as dynamical sources for the tiny
values of the λϕ coupling. Besides that, it is
worth mentioning that low energy effective
theory below the scale of breaking of the
SUð3ÞL × Uð1ÞX gauge symmetry corresponds

to a two Higgs doublet model, where the con-
sistencywithallowedexperimental rangesfor the
oblique T, S andU parameters, requires that the
masses of the non SM scalars should not differ
significantly [50]. In view of the above, it is
required that the pseudoscalarA5 should acquire
amassat thesubTeVorTeVscale,not far fromthe
masses of the physical scalar states arising from
the η and ρ scalar triplets.

(4) CP-even sector
(i) Mass of inflaton

mΦ ¼
ffiffiffiffiffiffiffiffiffi
2λ10

p
vϕ ≈ 1011 GeV

⇒ λ10 ≈ 1 if vϕ ≈ 1010 GeV: ð63Þ
(ii) Mass of heavy scalar: The Eq. (B20) yields

m2
Hχ
≈2λ1v2χ þ

λ25
2λ1

v2ρ: ð64Þ

(iii) Two light scalars: From the Eq. (B29) and use
the approximation λ2 ≃ λ3 ≃ λ6 we have:

m2
h;h5 ≈ λ3v2 þ

m2
A5

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m4

A5
þ λ23ðv4 − 3v2ηv2ρÞ −

λ3m2
A5
ðv4 − 2v2ηv2ρÞ
v2

s
: ð65Þ

In case vη ¼ vρ ¼ vffiffi
2

p , the model predicts

m2
h;h5 ≃ λ3v2 þ

m2
A5

2
� λ3v2 −m2

A5

2
: ð66Þ

Then we have:

m2
h ≃

3

2
λ3v2; ð67Þ

m2
h5
≃
λ3v2

2
þm2

A5
ð68Þ

One scalar is the SM like Higgs boson h with mass of
125 GeV. One another scalar is a new one h5 with mass
takes the values of 150 GeV [51–57] or 96 GeV [58–61],
respectively. The mass value of h5 depends on some
parameters such as λ2; λ3; λϕ and the VEVs of the scalar
fields in this model. From (67) and (68), we have the
correlation between A5; h, and h5 as below:

jm2
h5
−m2

A5
j ¼ Oðm2

hÞ: ð69Þ

From Eq. (69), it follows that in the case vη ¼ vρ, the
splitting by masses of h5 and A5 is about few hun-
dreds GeV.

V. YUKAWA COUPLINGS AND TOP
QUARK FCNC DECAYS

In the quark sector, there are two parts: exotic quarks
without mass mixing and ordinary quarks with mass
mixing. Because of having no mass mixing, the mass
eigenstates of exotic quarks are their original states. Then,
we just consider on the mass mixing of ordinary quarks.
The mass matrices of ordinary quarks are

Mu ¼

0
BB@

ðy6Þ11 vρ
vη

ðy6Þ12 vρ
vη

ðy6Þ13 vρ
vη

ðy6Þ21 vρ
vη

ðy6Þ22 vρ
vη

ðy6Þ23 vρ
vη

ðy3Þ31 ðy3Þ32 ðy3Þ33

1
CCA vηffiffiffi

2
p

¼ VuLM̃uV
†
uR; ð70Þ

with

M̃u ¼ diagðmu;mc;mtÞ ð71Þ
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and

Md ¼

0
BB@

ðy4Þ11 vη
vρ

ðy4Þ12 vη
vρ

ðy4Þ13 vη
vρ

ðy4Þ21 vη
vρ

ðy4Þ22 vη
vρ

ðy4Þ23 vη
vρ

ðy5Þ31 ðy5Þ32 ðy5Þ33

1
CCA vρffiffiffi

2
p

¼ VdLM̃dV
†
dR; ð72Þ

with

M̃d ¼ diagðmd;ms;mbÞ: ð73Þ

K ¼ V†
uLVdL: ð74Þ

In these matrices above, all Yukawa couplings of the
form ðyiÞab a, b ¼ 1, 2, 3; i ¼ 3, 4, 5, 6 are real and
positive. With α ¼ 1, 2 and a ¼ α; 3, these couplings can
be defined by the following equations:

ðy6Þna ¼
ffiffiffi
2

p

vρ
ðVuLM̃uV

†
uRÞna;

ðy3Þ3a ¼
ffiffiffi
2

p

vη
ðVuLM̃uV

†
uRÞ3a ð75Þ

ðy4Þna ¼
ffiffiffi
2

p

vη
ðVdLM̃dV

†
dRÞna;

ðy5Þ3a ¼
ffiffiffi
2

p

vρ
ðVdLM̃dV

†
dRÞ3a: ð76Þ

From (70) and (72), the diagonalized mass matrix of
ordinary quarks are defined as below:

M̃u;d ¼ ðVðu;dÞ
L Þ†Mu;dV

ðu;dÞ
R : ð77Þ

In general, we get:

M̃f ¼ ðMfÞdiag ¼ V†
fLMfVfR;

fðL;RÞ ¼ VfðL;RÞf̃ðL;RÞ;

f̄aLðMfÞabfbR ¼ ¯̃fkLðV†
fLÞkaðMfÞabðVfRÞblf̃lR

¼ ¯̃fkLðV†
fLMfVfRÞklf̃lR ¼ ¯̃fkLðM̃fÞklf̃lR

¼ mfk
¯̃fkLf̃kR; k ¼ 1; 2; 3: ð78Þ

Here, f̃kðL;RÞ and fkðL;RÞ (k ¼ 1, 2, 3) are the SM fermionic
fields in the mass and interaction bases, respectively.
Hence, the SM up and down type quark Yukawa inter-
actions are given by:

−LðuÞ
Y ¼

X2
n¼1

X3
a¼1

ðy6ÞnaūnL
vρ þ Rρ − iIρffiffiffi

2
p uaR þ

X3
a¼1

ðy3Þ3aū3L
vη þ R1

η þ iI1ηffiffiffi
2

p ubR þ h:c

¼
X2
n¼1

X3
a¼1

X3
b¼1

X3
c¼1

ðy6Þna ¯̃ucLððVðuÞ
L Þ†Þcn

vρ þ Rρ − iIρffiffiffi
2

p ðVðuÞ
R ÞabũbR

þ
X3
a¼1

X3
b¼1

X3
c¼1

ðy3Þ3a ¯̃ucLððVðuÞ
L Þ†Þc3

vη þ R1
η þ iI1ηffiffiffi
2

p ðVðuÞ
R ÞabũbR þ h:c

¼
X2
n¼1

X3
a¼1

X3
b¼1

X3
c¼1

ffiffiffi
2

p

vρ
ðVuLM̃uV

†
uRÞna ¯̃ucLððVðuÞ

L Þ†Þcn
vρ þ Rρ − iIρffiffiffi

2
p ðVðuÞ

R ÞabũbR

þ
X3
a¼1

ffiffiffi
2

p

vη
ðVuLM̃uV

†
uRÞ3a ¯̃ucLððVðuÞ

L Þ†Þc3
vη þ R1

η þ iI1ηffiffiffi
2

p ðVðuÞ
R ÞabũbR þ H:c: ð79Þ

−LðdÞ
Y ¼

X2
n¼1

X3
a¼1

ðy4Þnad̄nL
vη þ R1

η − iI1ηffiffiffi
2

p daR þ
X3
a¼1

ðy5Þ3ad̄3L
vρ þ Rρ þ iIρffiffiffi

2
p dbR þ h:c

¼
X2
n¼1

X3
a¼1

X3
b¼1

X3
c¼1

ðy4Þna ¯̃dcLððVðdÞ
L Þ†Þcn

vη þ R1
η − iI1ηffiffiffi
2

p ðVðdÞ
R Þabd̃bR

þ
X3
a¼1

X3
b¼1

X3
c¼1

ðy5Þ3a ¯̃dcLððVðdÞ
L Þ†Þc3

vρ þ Rρ þ iIρffiffiffi
2

p ðVðdÞ
R Þabd̃bR þ h:c

¼
X2
n¼1

X3
a¼1

X3
b¼1

X3
c¼1

ffiffiffi
2

p

vη
ðVdLM̃dV

†
dRÞna ¯̃dcLððVðdÞ

L Þ†Þcn
vη þ R1

η − iI1ηffiffiffi
2

p ðVðdÞ
R Þabd̃bR

þ
X3
a¼1

X3
b¼1

X3
c¼1

ffiffiffi
2

p

vρ
ðVdLM̃dV

†
dRÞ3a ¯̃dcLððVðdÞ

L Þ†Þc3
vρ þ Rρ þ iIρffiffiffi

2
p ðVðdÞ

R Þabd̃bR þ H:c: ð80Þ
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Replacing Eqs. (43) and (52) in (79) and (80), we found
that the Yukawa couplings of h, h5, and A5 with up and
down -type SM quarks are given by:

ðΓh
uÞij ¼

cos α2
vρ

X2
n¼1

X3
a¼1

ððVðuÞ
L Þ†ÞinðVuLM̃uV

†
uRÞnaðVðuÞ

R Þaj

−
sin α2
vη

X3
a¼1

ððVðuÞ
L Þ†Þi3ðVuLM̃uV

†
uRÞ3aðVðuÞ

R Þaj

ð81Þ

ðΓh5
u Þij ¼

sin α2
vρ

X2
n¼1

X3
a¼1

ððVðuÞ
L Þ†ÞinðVuLM̃uV

†
uRÞnaðVðuÞ

R Þaj

þ cos α2
vη

X3
a¼1

ððVðuÞ
L Þ†Þi3ðVuLM̃uV

†
uRÞ3aðVðuÞ

R Þaj

ð82Þ

ðΓA5
u Þij ¼−i

sinα
vρ

X2
n¼1

X3
a¼1

ððVðuÞ
L Þ†ÞinðVuLM̃uV

†
uRÞnaðVðuÞ

R Þaj

þ i
cosα
vη

X3
a¼1

ððVðuÞ
L Þ†Þi3ðVuLM̃uV

†
uRÞ3aðVðuÞ

R Þaj

ð83Þ

ðΓh
dÞij ¼ −

sinα2
vη

X2
n¼1

X3
a¼1

ððVðdÞ
L Þ†ÞinðVdLM̃dV

†
dRÞnaðVðdÞ

R Þaj

þ cosα2
vρ

X3
a¼1

ððVðdÞ
L Þ†Þi3ðVdLM̃dV

†
dRÞ3aðVðdÞ

R Þaj

ð84Þ

ðΓh5
d Þij ¼

cos α2
vη

X2
n¼1

X3
a¼1

ððVðdÞ
L Þ†ÞinðVdLM̃dV

†
dRÞnaðVðdÞ

R Þaj

þ sin α2
vρ

X3
a¼1

ððVðdÞ
L Þ†Þi3ðVdLM̃dV

†
dRÞ3aðVðdÞ

R Þaj

ð85Þ

ðΓA5

d Þij¼−i
cosα
vη

X2
n¼1

X3
a¼1

ððVðdÞ
L Þ†ÞinðVdLM̃dV

†
dRÞnaðVðdÞ

R Þaj

þ i
sinα
vρ

X3
a¼1

ððVðdÞ
L Þ†Þi3ðVdLM̃dV

†
dRÞ3aðVðdÞ

R Þaj

ð86Þ

Rewriting the couplings (81) and (84) in another form,
one gets:

ðΓh
u;dÞij ¼

cos α2
vρ

ðM̃u;dÞij

−
cos α2
vη

ðtan αþ tan α2ÞðΓ0ðu;dÞ
h Þij: ð87Þ

The first term in (87) is a flavor conserving. The second
term in (87) is a flavor changing. In order to have flavor
conservation for SM-Higgs interactions, the second
term should be vanished. Then, one gets the condition
below:

tan α ¼ − tan α2 ð88Þ

The Eq. (88) gives the condition among vρ and
vϕ; vχ ; λϕ; λ2; λ3; λ6 which guarantees the flavor conserva-
tion of SM-Higgs at tree level. In the SM, the resulting top
quark FCNCs are strongly suppressed. But in this model,
the FCNCs of top quark appear and can be used to look
for new physics. The Yukawa couplings of up-type
quarks Γh;h5

ut;ct allow some decays at tree-level such as:
t → hu or t → hc. These processes get the branching ratios
limited by ATLAS [62]: at 95% C.L. upper limits on the
Brðt → hcÞ ¼ 1.1 × 10−3ð8.3 × 10−4Þ and Brðt → huÞ ¼
1.2 × 10−3ð8.3 × 10−4Þ, respectively. The corresponding
combined observed (expected) upper limits on the
couplings jΓh

tcj ¼ 0.064ð0.055Þ and jΓh
tuj ¼ 0.066ð0.055Þ,

respectively.
Considering the process t → hc, its branching ratio is

given by:

Brðt → hcÞ ¼
g2thc
4π

ðm2
t−m2

hÞ2
2mtmh

Γt
; ð89Þ

with Γt ¼ 1.32 GeV is the decay width for top quark
(mt ¼ 172.5 GeV) predicted by SM. And gthc is the
coupling defined by [63]:

g2thc ¼
�
cos α2
vρ

ððVðuÞ
L Þ†Þ23ðVuLM̃uV

†
uRÞ32ðVðuÞ

R Þ23

−
sin α2
vη

ððVðuÞ
L Þ†Þ23ðVuLM̃uV

†
uRÞ32ðVðuÞ

R Þ23
�

2

þ
�
cos α2
vρ

ððVðuÞ
L Þ†Þ32ðVuLM̃uV

†
uRÞ23ðVðuÞ

R Þ32

−
sin α2
vη

ððVðuÞ
L Þ†Þ32ðVuLM̃uV

†
uRÞ23ðVðuÞ

R Þ32
�

2

ð90Þ

We can also get the branching ratio for the process t → hu
as follows:

Brðt → huÞ ¼
g2thu
4π

ðm2
t−m2

hÞ2
2mtmh

Γt
; ð91Þ
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with gthu is the coupling that is similarly defined by:

g2thu ¼
�
cos α2
vρ

ððVðuÞ
L Þ†Þ13ðVuLM̃uV

†
uRÞ31ðVðuÞ

R Þ13

−
sin α2
vη

ððVðuÞ
L Þ†Þ13ðVuLM̃uV

†
uRÞ31ðVðuÞ

R Þ13
�

2

þ
�
cos α2
vρ

ððVðuÞ
L Þ†Þ31ðVuLM̃uV

†
uRÞ13ðVðuÞ

R Þ31

−
sin α2
vη

ððVðuÞ
L Þ†Þ31ðVuLM̃uV

†
uRÞ13ðVðuÞ

R Þ31
�

2

ð92Þ

With mh ¼ 125 GeV, mt ¼ 172.9 GeV and the branching
ratios limited by ATLAS that we mentioned above, we plot
the correlation between the mixing angle in range ð− π

2
;− π

4
Þ

and the branching ratios of t → hq decay with q ¼ u, c.
Moreover, in this model, we have a light non SM CP even
scalar field such as h5 then the decays t → qh5 (q ¼ c, u)
can be under the consideration as well as the decays
t → hq. The couplings of the decays t → qh5 (q ¼ c, u)
are defined by:

g2th5qi ¼
�
−sinα2

vρ
ððVðuÞ

L Þ†Þi3ðVuLM̃uV
†
uRÞ3iðVðuÞ

R Þi3

−
cosα2
vη

ððVðuÞ
L Þ†Þi3ðVuLM̃uV

†
uRÞ3iðVðuÞ

R Þi3
�

2

þ
�
−sinα2

vρ
ððVðuÞ

L Þ†Þ3iðVuLM̃uV
†
uRÞi3ðVðuÞ

R Þ3i

−
cosα2
vη

ððVðuÞ
L Þ†Þ3iðVuLM̃uV

†
uRÞi3ðVðuÞ

R Þ3i
�

2

; ð93Þ

with q1 ¼ u; q2 ¼ c; i ¼ 1, 2. Hence, the branching ratios
of t → qh5 (q ¼ c, u) are

Brðt → h5uÞ ¼
g2th5u
4π

ðm2
t−m2

h5
Þ2

2mtmh5

Γt
;

Brðt → h5cÞ ¼
g2th5c
4π

ðm2
t−m2

h5
Þ2

2mtmh5

Γt
: ð94Þ

Considering a benchmark scenario where the h5 non-SM
scalar has a mass around 150 GeV, we have numerically
checked that the branching ratios for the t → h5q decays
(with q ¼ u, c) can acquire values of the order of 10−3,
which are within of the future experimental sensitivities.
In this section, we discuss the implications of the

model in meson oscillations, in the h → b̄b, h → l̄l decays
as well as in the rare top decays t → cγ and t → uγ.
Furthermore, we also determine the couplings of the ALP a
and pseudoscalar A5 and we provide the corresponding
discussion.

A. SM-like Higgs decays

1. SM-like Higgs decays into two down-type
quarks h → b̄b

Use (C10), the decay rate of the process h → b̄b is

Γðh → b̄bÞ ¼
Z

dΓ ¼ g2hbb
8π

mh

�
1 −

4m2
b

m2
h

�3
2 ð95Þ

with

ghbb̄ ¼
cos α2
vρ

ððVðdÞ
L Þ†Þ33ðVdLM̃dV

†
dRÞ33ðVðdÞ

R Þ33

−
sin α2
vη

ððVðdÞ
L Þ†Þ33ðVdLM̃dV

†
dRÞ33ðVðdÞ

R Þ33

¼
�
cos α2
vρ

−
sin α2
vη

�
mb ¼

�
cos α2
cos α

−
sin α2
sin α

�
mb

v

¼ cos α2
sin α

ðtan α − tan α2Þ
mb

v
¼ 2 cos α2

cos α
mb

v
¼ ahb̄bg

SM
hbb̄

: ð96Þ

where ahbb̄ is the deviation factor from the SM Higgs
bottom quark coupling (in the SM this factor is unity).
The experimental data constraint on the ahb̄b parameter is
given by:

aexp
hbb̄

¼ 0.91þ0.17
−0.16 ; ð97Þ

2. SM-like Higgs decays into two charged
leptons h → l̄l

Concerning the lepton sector, the Yukawa interaction for
charged leptons are given by:

−LðlÞ
Y ¼

X3
a¼1

X3
b¼1

gabl̄aL
vρ þ Rρ þ iIρffiffiffi

2
p lbR þ H:c: ð98Þ

Replacing Eqs. (43) and (52) in Eq. (98), we get the
Yukawa couplings of h with leptons as below:

−LðlÞ
Y ⊃

X3
a¼1

X3
b¼1

gab cos α2ffiffiffi
2

p l̄aLhlbR

⊃
X3
a¼1

ðMlÞaa cos α2
vρ

l̄aLhlaR

⊃
X3
a¼1

v cos α2
vρ

ðMlÞaa
v

l̄aLhlaR: ð99Þ

ghl̄l ¼
X3
a¼1

v cos α2
vρ

ðMlÞaa
v

¼ ahl̄lg
SM
hl̄l

: ð100Þ
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where ahl̄l is the deviation of the hl̄l coupling with respect
to the SM prediction (in the SM this factor is unity).
Using (C10), the decay rate of the process h → μμ and

h → ττ are

Γðh → μμÞ ¼
Z

dΓ ¼
g2ðh;μ;μÞ
8π

mh

�
1 −

4m2
μ

m2
h

�3
2

¼
�
v cos α2

vρ

�
2m2

μ

v2
mh

8π

�
1 −

4m2
μ

m2
h

�3
2

¼
�
cos α2
cos α

�
2m2

μ

v2
mh

8π

�
1 −

4m2
μ

m2
h

�3
2 ð101Þ

Γðh → ττÞ ¼
Z

dΓ ¼
g2ðh;τ;τÞ
8π

mh

�
1 −

4m2
τ

m2
h

�3
2

¼
�
v cos α2

vρ

�
2 m2

τ

v2
mh

8π

�
1 −

4m2
τ

m2
h

�3
2

¼
�
cos α2
cos α

�
2m2

τ

v2
mh

8π

�
1 −

4m2
τ

m2
h

�3
2 ð102Þ

From (101) and (102), one can get the constraints of the
mixing angle α2 in this model. Using the following
experimental allowed values of the parameters [64]:

aexphμμ ¼ 0.72þ0.50
−0.72 ; aexphττ ¼ 0.93þ0.13

−0.13 ; ð103Þ

we can obtain plots where the allowed range of the mixing
angle in the CP even scalar sector is shown. Furthermore,
we have found the our obtained values for the ahμμ;ττ
parameters range from about 0.6 up to about 1.2, which is
consistent with their current experimental bounds. This is
shown in Fig. 1, which displays a linear correlation
between the ahττ and ahμμ parameters.

Requiring the consistency of the rates for the h → μ̄μ,
h → τ̄τ and h → b̄b decays with their corresponding
experimentally allowed ranges, we display in Fig. 2 the
correlation between the mixing angles α and α2.
From the Fig. 2, with α in range 38o ≤ α ≤ 70o, we get

the following constraints for the mixing angle α2:

0o ≤ α2 ≤ 75o; or 280o ≤ α2 ≤ 360o: ð104Þ

We will use this constraint to analyze the meson
oscillations of this model in the subsection below.

B. Meson oscillations

In this section, we analyze the consequences of the
model under consideration in the K0 − K̄0, B0

d − B̄0
d and

B0
s − B̄0

s meson oscillations. These meson oscillations are
caused by flavor violating scalar and Z0 interactions in
the down type quark sector. The K0 − K̄0, B0

d − B̄0
d and

B0
s − B̄0

s meson mixings are described by the following
effective Hamiltonians:

HðK0−K̄0Þ
eff ¼G2

Fm
2
W

16π2
X3
i¼1

CðK0−K̄0Þ
i ðμÞOðK0−K̄0Þ

i ðμÞ

þ 4
ffiffiffi
2

p
GFc4Wm

2
Z

ð3 − 4s2WÞm2
Z0
jðV�

DLÞ32ðVDLÞ31j2OðK0−K̄0Þ
4 ;

ð105Þ

H
ðB0

d−B̄
0
dÞ

eff ¼G2
Fm

2
W

16π2
X3
i¼1

C
ðB0

d−B̄
0
dÞ

i ðμÞOðB0
d−B̄

0
dÞ

i ðμÞ

þ 4
ffiffiffi
2

p
GFc4Wm

2
Z

ð3 − 4s2WÞm2
Z0
jðV�

DLÞ31ðVDLÞ33j2OðB0
d−B̄

0
dÞ

4 ;

ð106Þ

FIG. 1. Correlation between the ahττ and ahμμ parameters.

FIG. 2. Correlation between the mixing angles α and α2
consistent with the experimental values of the h → μ̄μ, h → τ̄τ
and h → b̄b decay rates.
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HðB0
s−B̄0

sÞ
eff ¼G2

Fm
2
W

16π2
X3
i¼1

CðB0
s−B̄0

sÞ
i ðμÞOðB0

s−B̄0
sÞ

i ðμÞ

þ 4
ffiffiffi
2

p
GFc4Wm

2
Z

ð3 − 4s2WÞm2
Z0
jðV�

DLÞ32ðVDLÞ33j2OðB0
s−B̄0

sÞ
4 ;

ð107Þ

where VDL is the rotation matrix that diagonalizes MDM
†
D

according to V†
DLMDM

†
DVDL ¼ diagðm2

d; m
2
s ; m2

bÞ being
MD the SM down type quark mass matrix. Furthermore,
the operators appearing in Eqs. (105), (106), and (107) are
given by:

OðK0−K̄0Þ
1 ¼ ðs̄PLdÞðs̄PLdÞ;

OðK0−K̄0Þ
2 ¼ ðs̄PRdÞðs̄PRdÞ; ð108Þ

OðK0−K̄0Þ
3 ¼ ðs̄PLdÞðs̄PRdÞ;

OðK0−K̄0Þ
4 ¼ ðs̄γμPLdÞðs̄γμPLdÞ; ð109Þ

O
ðB0

d−B̄
0
dÞ

1 ¼ ðd̄PLbÞðd̄PLbÞ;
O

ðB0
d−B̄

0
dÞ

2 ¼ ðd̄PRbÞðd̄PRbÞ; ð110Þ

O
ðB0

d−B̄
0
dÞ

3 ¼ ðd̄PLbÞðd̄PRbÞ;
O

ðB0
d−B̄

0
dÞ

4 ¼ ðd̄γμPLbÞðd̄γμPLbÞ; ð111Þ

OðB0
s−B̄0

sÞ
1 ¼ ðs̄PLbÞðs̄PLbÞ;

OðB0
s−B̄0

sÞ
2 ¼ ðs̄PRbÞðs̄PRbÞ; ð112Þ

OðB0
s−B̄0

sÞ
3 ¼ ðs̄PLbÞðs̄PLbÞ;

OðB0
s−B̄0

sÞ
4 ¼ ðs̄γμPLbÞðs̄γμPLbÞ; ð113Þ

and the Wilson coefficients read:

CðK0−K̄0Þ
1 ¼ 16π2

G2
Fm

2
W

�
g2hs̄RdL
m2

h

þ g2h5 s̄RdL
m2

h5

−
g2A5s̄RdL

m2
A5

�
; ð114Þ

CðK0−K̄0Þ
2 ¼ 16π2

G2
Fm

2
W

�
g2hs̄LdR
m2

h

þ g2h5 s̄LdR
m2

h5

−
g2A5s̄LdR

m2
A5

�
; ð115Þ

CðK0−K̄0Þ
3 ¼ 16π2

G2
Fm

2
W

�
ghs̄RdLghs̄LdR

m2
h

þ gh5 s̄RdLgh5 s̄LdR
m2

h5

−
gA5 s̄RdLgA5 s̄LdR

m2
A5

�
; ð116Þ

C
ðB0

d−B̄
0
dÞ

1 ¼ 16π2

G2
Fm

2
W

�g2
hd̄RbL

m2
h

þ
g2
h5d̄RbL

m2
h5

−
g2
A5d̄RbL

m2
A5

�
; ð117Þ

C
ðB0

d−B̄
0
dÞ

2 ¼ 16π2

G2
Fm

2
W

�g2
hd̄LbR

m2
h

þ
g2
h5d̄LbR

m2
h5

− g2
A5d̄LbR

m2
A5

�
; ð118Þ

C
ðB0

d−B̄
0
dÞ

3 ¼ 16π2

G2
Fm

2
W

�
ghd̄RbLghd̄LbR

m2
h

þ gh5d̄RbLgh5d̄LbR
m2

h5

−
gA5d̄RbLgA5d̄LbR

m2
A5

�
; ð119Þ

CðB0
s−B̄0

sÞ
1 ¼ 16π2

G2
Fm

2
W

�
g2hs̄RbL
m2

h

þ g2h5 s̄RbL
m2

h5

−
g2A5 s̄RbL

m2
A5

�
; ð120Þ

CðB0
s−B̄0

sÞ
2 ¼ 16π2

G2
Fm

2
W

�
g2hs̄LbR
m2

h

þ g2h5 s̄LbR
m2

h5

−
g2A5 s̄LbR

m2
A5

�
; ð121Þ

CðB0
s−B̄0

sÞ
3 ¼ 16π2

G2
Fm

2
W

�
ghs̄RbLghs̄LbR

m2
h

þ gh5 s̄RbLgh5 s̄LbR
m2

h5

−
gA5 s̄RbLgA5 s̄LbR

m2
A5

�
; ð122Þ

with gabc are the couplings between the scalar a ¼ h; h5; A5

and down-type quarks b ¼ d̄iL;R, c ¼ djL;R, i, j ¼ 1, 2, 3,
i ≠ j. On the other hand, the K − K̄, B0

d − B̄0
d and B0

s − B̄0
s

mass splittings are given by:

ΔmK ¼ ðΔmKÞSM þ ΔmðNPÞ
K ;

ΔmBd
¼ ðΔmBd

ÞSM þ ΔmðNPÞ
Bd

;

ΔmBs
¼ ðΔmBs

ÞSM þ ΔmðNPÞ
Bs

; ð123Þ

where ðΔmKÞSM, ðΔmBd
ÞSM and ðΔmBs

ÞSM are the SM

contributions, whereas ΔmðNPÞ
K , ΔmðNPÞ

Bd
and ðΔmBs

ÞSM are
new physics contributions.
In the model under consideration, the new physics

contributions to the meson differences are given by:

ΔmðNPÞ
K ¼ 4

ffiffiffi
2

p
GFc4Wm

2
Z

ð3 − 4s2WÞm2
Z0
jðV�

DLÞ32ðVDLÞ31j2f2KBKηKmK

þG2
Fm

2
W

6π2
mKf2KηKBK½PðK0−K̄0Þ

2 CðK0−K̄0Þ
3

þ PðK0−K̄0Þ
1 ðCðK0−K̄0Þ

1 þ CðK0−K̄0Þ
2 Þ�;

ΔmðNPÞ
Bd

¼ 4
ffiffiffi
2

p
GFc4Wm

2
Z

ð3 − 4s2WÞm2
Z0
jðV�

DLÞ31ðVDLÞ33j2f2Bd
BBd

ηBd
mBd

þ G2
Fm

2
W

6π2
mBd

f2Bd
ηBd

BBd
½PðB0

d−B̄
0
dÞ

2 C
ðB0

d−B̄
0
dÞ

3

þ P
ðB0

d−B̄
0
dÞ

1 ðCðB0
d−B̄

0
dÞ

1 þ C
ðB0

d−B̄
0
dÞ

2 Þ�;
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ΔmðNPÞ
Bs

¼ 4
ffiffiffi
2

p
GFc4Wm

2
Z

ð3 − 4s2WÞm2
Z0
jðV�

DLÞ32ðVDLÞ33j2f2Bs
BBs

ηBs
mBs

þ G2
Fm

2
W

6π2
mBs

f2Bs
ηBs

BBs
½PðB0

s−B̄0
sÞ

2 CðB0
s−B̄0

sÞ
3

þ PðB0
s−B̄0

sÞ
1 ðCðB0

s−B̄0
sÞ

1 þ CðB0
s−B̄0

sÞ
2 Þ�

Using the following parameters [65]:

ðΔmKÞexp ¼ ð3.484� 0.006Þ × 10−12 MeV;

ðΔmKÞSM ¼ 3.483 × 10−12 MeV

fK ¼ 155.7 MeV; BK ¼ 0.85; ηK ¼ 0.57;

PðK0−K̄0Þ
1 ¼ −9.3; PðK0−K̄0Þ

2 ¼ 30.6;

mK ¼ ð497.611� 0.013Þ MeV; ð124Þ

ðΔmBd
Þexp ¼ ð3.334� 0.013Þ × 10−10 MeV;

ðΔmBd
ÞSM ¼ ð3.653� 0.037� 0.019Þ × 10−10 MeV;

fBd
¼ 188 MeV; BBd

¼ 1.26; ηBd
¼ 0.55;

P
ðB0

d−B̄
0
dÞ

1 ¼ −0.52; P
ðB0

d−B̄
0
dÞ

2 ¼ 0.88;

mBd
¼ ð5279.65� 0.12Þ MeV; ð125Þ

ðΔmBs
Þexp ¼ ð1.1683� 0.0013Þ × 10−8 MeV;

ðΔmBs
ÞSM ¼ ð1.1577� 0.022� 0.051Þ × 10−8 MeV;

fBs
¼ 225 MeV; BBs

¼ 1.33; ηBs
¼ 0.55;

PðB0
s−B̄0

sÞ
1 ¼ −0.52; PðB0

s−B̄0
sÞ

2 ¼ 0.88;

mBs
¼ ð5366.9� 0.12Þ MeV; ð126Þ

We plot in Fig. 3 the correlation between of the ΔmK
meson mass splitting with the non-SMCP even scalar mass
mh5 , whereas in Fig. 5 we display the allowed region in the
mA5

−mh5 plane consistent with the constraints on ΔmK ,
ΔmBd

and ΔmBs
meson mass splittings, whose obtained

values are within the experimentally allowed range. As seen
from Figs. 3 and 5, if one keeps the other parameters fixed,
an increase of the non-SM CP even scalar mass mh5 yields
a decrease of theΔmK meson mass difference. Besides that,
Fig. 3 indicates that the number of solutions consistent with
the meson oscillation constraints is increased when the
mass mh5 of the non SM CP even scalar h5 acquires larger
values close to the TeV scale. This is due to the fact that the
scalar contributions to the meson mass splittings are
inversely proportional to the square of the scalar and
pseudoscalar masses mh5 and mA5

, then making easier to
find more solutions consistent with the meson oscillation
constraints in the large mass region than in the low mass

region of the non SM scalars. Here the CP even and CP
odd scalar masses have been varied in the ranges
200 GeV ≤ mh5 ≤ 1 TeV and 100 GeV ≤ mA5

≤ 1 TeV,
respectively. In our numerical analysis we have varied the
mixing angles α, α2 in a range of values consistent with the
experimental constraints of the hττ̄, hμμ̄, and hbb̄ cou-
plings (being h is the 126 SM like Higgs boson) as well as
with the meson oscillation constraints. Besides that, the
VEV vη of the neutral component of the SUð3ÞL scalar
triplet have been varied in window around 200 GeV, which
is consistent with the experimental constraints on meson
mass splittings. Moreover, we have considered a simplified
benchmark scenario of real down type quark sector
parameters so that the CP violation in the quark sector
entirely arises from the up type quark sector. Furthermore,
we have set the Z0 mass to be equal to 6 TeV, which is

FIG. 3. Correlation of the ΔmK meson mass splitting with the
heavy CP even scalar mass mh5 .

FIG. 4. Correlation between ΔmBd
and ΔmBs

meson mass
splittings.
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consistent with the constraints arising from collider
searches [66,67]. Moreover, a linear correlation between
ΔmBd

and ΔmBs
meson mass splittings is displayed in

Fig. 4. As seen from Figs. 3 and 5, the model under
consideration successfully fulfills the constraints arising
from the meson oscillation experimental data and the
obtained meson mass differences K − K̄, B0

d − B̄0
d, and

B0
s − B̄0

s reach values within the reach of experimental
sensitivity. Given that we are considering the case of
real down type quark sector parameters, the constraints
that are usually imposed on any possible new contributions
to the K0 − K̄0, B0

d − B̄0
d, and B0

s − B̄0
s meson oscillations

arising from CP-violating processes are not relevant for
our case.

C. Rare top decays t → cγ and t → uγ with flavor
changing neutral scalar interactions

In this section we discuss about the implications of the
model under consideration in the rare top quark decays
t → uγ and t → cγ. In the SM these decays have very tiny
branching ratios, however in extensions of the SM, like the
331 model considered in this paper, the branching ratios of
these decays can be significantly enhanced with respect to
the SM prediction. This is due to the flavor changing
neutral scalar interactions in the quark sector, which
provide the dominant contributions to the are top quark
decays t → uγ and t → cγ.
The one loop Feynman diagram is with a neutral Higgs

boson in the internal line. This diagram shows the flavor
changing neutral scalar contribution [68]. The rare top
quark decays t → uγ and t → cγ also receive contributions
from electrically charged scalars and down type quarks,
however those contributions are subleading. Thus, the
decay rate for the t → cγ and t → uγ processes have the
form [68]:

Γðt → cγÞ ¼ αGFm3
t jyhctj2

192π4

				
�
f1

�
mh

mt

�
þ f2

�
mh

mt

��
AhBh

þ
�
f1

�
mh5

mt

�
þ f2

�
mh5

mt

��
Ah5Bh5

				2

Γðt → uγÞ ¼ αGFm3
t jyhutj2

192π4

				
�
f1

�
mh

mt

�
þ f2

�
mh

mt

��
AhBh

þ
�
f1

�
mh5

mt

�
þ f2

�
mh5

mt

��
Ah5Bh5

				2 ð127Þ

where:

Ah ¼ −
sinα2
sinβ

; Ah5 ¼
cosα2
sinβ

;

Bh ¼
sinα2
sinβ

þ cosα2
cosβ

; Bh5 ¼ −
cosα2
sinβ

þ sinα2
cosβ

: ð128Þ

and the loop integrals are given by:

f1ðzÞ ¼
Z

1

0

dx
Z

1−x

0

dy
xðxþ y − 1Þ

x2 þ xy − ð2 − z2Þ þ 1
;

f2ðzÞ ¼
Z

1

0

dx
Z

1−x

0

dy
x − 1

x2 þ xy − ð2 − z2Þ þ 1
ð129Þ

It is worth mentioning that, in order to simplify our analysis,
we have considered a simplified benchmark scenario where
the neutral CP odd scalar A5 has a mass close to the TeV
scale, whereas theCP even neutral scalar h5 has amass in the
range 100 GeV ≤ mh5 ≤ 200 GeV. Then, in this scenario,
the leading contributions to the t → uγ and t → cγ decays
will arise from the virtual exchange of the top quark and
neutral CP even scalars h and h5, being h the 126 GeV SM
like Higgs boson. Furthermore, we have varied the flavor
changing top quark Yukawa couplings yhct and yhut in the
range 10−2 GeV ≤ yhct; yhut ≤ 1.2 × 10−2. The branching
ratio for the rare top quark decays t → cγ and t → uγ are
given by:

Brðt→cγÞ¼Γðt→cγÞ
Γtop

; Brðt→uγÞ¼Γðt→uγÞ
Γtop

; ð130Þ

where Γtop ¼ 1.42þ0.19
−0.15 GeV is the total top quark decay

width. We have numerically checked that the branching
ratios for the t → cγ and t → uγ decays acquire values of the
order of 10−10, several orders of magnitude lower than their
corresponding experimental upper bounds of 2.2 × 10−4 and
6.1 × 10−5, respectively. On the other hand, our obtained
values for the t → cγ and t → uγ decaybranching ratios are 4
and 6 orders of magnitude larger than their corresponding
SM values of 4.6 × 10−14 and 3.7 × 10−16, respectively.

FIG. 5. Allowed region in the mA5
−mh5 plane consistent with

the constraints on ΔmK , ΔmBd
, and ΔmBs

meson mass splittings.
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D. Couplings of ALP a and pseudoscalar A5

1. Coupings with exotic quarks

Due to Z2 symmetry, all terms containing the Yukawa
interactions of ordinary quarks with ALP a are forbidden.
The ALP a just interact with exotic quarks. Hence, one has

LY
a ¼

ffiffiffi
2

p
ia sin θϕ sin θ3

�
mU

vχ
Ūγ5U −

X2
α¼1

mDα

vχ
D̄αγ5Dα

�
:

ð131Þ
About the interactions between the pseudoscalar A5 with
quarks in the model, this A5 interacts with not only exotic
quarks but also ordinary quarks. The Yukawa interaction
between A5 with exotic quarks can be defined by the
equation below:

LY
A5
≈

ffiffiffi
2

p
iA5cosθϕsinθ3

�
−
mU

vχ
Ūγ5Uþ

X2
α¼1

mDα

vχ
D̄αγ5Dα

�
:

ð132Þ
So, the ALP interacts only with exotic quarks with tiny
strength (∝ sin θϕ sin θ3). This property is suitable with one
of properties of dark matter. This is the reason why ALP a
can be regarded as a candidate of dark matter. Remember
that sin θ3 is also very small, so the strength of interactions
between the pseudoscalar A5 and exotic quarks are also
tinyð∝ sin θ3Þ. From Eqs. (131) and (132), one gets the
couplings of ALP a and pseudoscalar A5 with exotic quarks
as below:

gQi
a ¼ iγ5

ffiffiffi
2

p
sin θϕ sin θ3

mqi

vχ
; ð133Þ

gQi
A5

¼ iγ5
ffiffiffi
2

p
cos θϕ sin θ3

mqi

vχ
; ð134Þ

with i ¼ α; 3, α ¼ 1, 2, Qα ¼ Dα, Q3 ¼ U. From
Eqs. (133) and (134), we have:

gQi
a ≪ gQi

A5
: ð135Þ

2. Coupings with SM-like Higgs h and new
light Higgs h5

The coupling of h and two ALP a is defined from (C4) as
below:

ghaa ≈
vρvη
2
ffiffiffi
2

p
�

λ6λ12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
236 þ ðλ3v2ρ − λ2v2ηÞV236

q
− λ13

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ3v2ρ − λ2v2η

q �
; ð136Þ

with V236 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2v2η − λ3v2ρÞ2 þ λ26v

2
ηv2ρ

q
.

We also get the coupling of h and two pseudoscalar A5

from (C5):

ghA5A5
≈

1

2
ffiffiffi
2

p
 
vρð2λ3v2ηþλ6v2ρÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236−λ3v2ρþλ2v2η

V236

s

−vηð2λ2v2ρþλ6v2ηÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236þλ3v2ρ−λ2v2η

V236

s !
: ð137Þ

Similarly with the new light Higgs h5, use (C6) and (C7)
one gets:

gh5aa ≈
1

2
ffiffiffi
2

p vρ

�
λ12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ23v

2
ρ − λ2v2η

q

þ λ6λ13v2ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
236 þ V236ðλ23v2ρ − λ2v2ηÞ

q �
ð138Þ

gh5A5A5
≈

v4η
2
ffiffiffi
2

p ðv2ηþv2ρÞðv2ηþ2v2ρÞ2

×

�
vηð2v2ρþλ6v2ηÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236þλ2v2η−λ3v2ρ

V236

s

þvρð2λ3v2ηþλ6v2ρÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236þλ3v2ρ−λ2v2η

V236

s �
: ð139Þ

From Eq. (136) to Eq. (139), we can see that couplings
ghaa; ghA5A5

; gh5aa; gh5A5A5
depend on vρ, vη in EW scale.

VI. CONCLUSIONS

We have analyzed in detail the scalar sector of the 3-3-1
model with ALP. In the model under consideration, there
are two kinds of scalar fields: the bilepton scalars carrying
lepton number two and ordinary ones without lepton
number. We show that there is no mixing among these
two kinds of scalar fields. Moreover, relations among
VEVs are related to the self-interactions of scalar fields.
The physical fields of ALP a and pseudoscalar A5 are
defined exactly to help us show that they just interact with
exotic quarks in this model with very tiny strength. As a
result, ALP is regarded as a candidate of dark matter. Our
numerical analysis of the scalar sector allows to success-
fully accommodate a pseudoscalar A5 with a mass ranging
from 100 GeV to 1 TeV. The results are different from the
others which have been published before. The CP-even
scalar sector of the model was analyzed as well. Its results
allow the existence of a non SM scalar boson with mass in a
similar range as the pseudoscalar field A5. Numerical
analysis has shown the constraints on the couplings
λ2; λ3; λϕ with tan α ¼ vη

vρ
and VEVs of scalar fields

ϕ; χ; η; ρ to raise the new CP even scalar h5 and CP
odd scalar A5 with masses in the TeV or subTeV scale.
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Furthermore, we analyzed the consequences of the model
in several flavor changing top quark decays, in rare top
quark decays, in the leptonic decays of the SM like Higgs
boson as well as in the K0 − K̄0, B0

d − B̄0
d and B0

s − B̄0
s

meson oscillations. We have found that the model under
consideration is consistent with the experimental con-
straints arising from these processes.
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APPENDIX A: DIAGONALIZATION OF CP-ODD
MASS MIXING MATRIX IN BASIS ðIϕ;I3χ ;I1η;IρÞ
Step by step, the matrix M2

odd in (42) can be exactly
diagonalized by the Euler method.
(1) In the basis ðI1η; IρÞ, the squared mass matrix has

form:

M2
Iηρ

¼
 − A

4v2η
− A

4vηvρ

− A
4vηvρ

− A
4v2ρ

!
ðA1Þ

The matrix in (A1) has 2 eigenvalues which are 0

and −Aðv2ηþv2ρÞ
4v2ηv2ρ

. This matrix is diagonalized by the

matrix below:

UIηρ ¼

0
BBBBB@

− vρ

vη

ffiffiffiffiffiffiffi
v2ρ

v2η
þ1

r 1ffiffiffiffiffiffiffi
v2ρ

v2η
þ1

r
vη

vρ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r 1ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r

1
CCCCCA ðA2Þ

Then we receive the 4 × 4 matrix which is used to
diagonalize the matrix M2

odd as following:

U1
I ¼

0
BBBBBBBBBB@

1 0 0 0

0 1 0 0

0 0 − vρ

vη

ffiffiffiffiffiffiffi
v2ρ

v2η
þ1

r 1ffiffiffiffiffiffiffi
v2ρ

v2η
þ1

r
0 0

vη

vρ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r 1ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r

1
CCCCCCCCCCA

ðA3Þ

where the mixing angle α is defined by:

tan α ¼ vη
vρ

: ðA4Þ

Under the effect of the matrix U1 in (A3), the
matrix M2

odd becomes:

M2

Idiagρ
¼U1

I :M
2
odd:ðU1

I ÞT

¼

0
BBBBBBBBBBBBBBB@

− A
4v2ϕ

− A
4vχvϕ

0 −
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvϕ

− A
4vχvϕ

− A
4v2χ

0 −
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvχ

0 0 0 0

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvϕ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvχ

0 −Aðv2ηþv2ρÞ
4v2ηv2ρ

1
CCCCCCCCCCCCCCCA

ðA5Þ

(2) Continuously, we consider the 3 × 3 mixing matrix
in (A5):

M2
I33

¼

0
BBBBBBBBBBBBB@

− A
4v2ϕ

− A
4vχvϕ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvϕ

− A
4vχvϕ

− A
4v2χ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvχ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvϕ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvχ

−Aðv2ηþv2ρÞ
4v2ηv2ρ

1
CCCCCCCCCCCCCA

ðA6Þ

The matrix M2
I33

in (A6) has got 3 eigenvalues:
0; 0; −A

4
ð 1v2η þ

1
v2ρ
þ 1

v2χ
þ 1

v2ϕ
Þ. We use the second eigen-

state that corresponds to the basis A3; I1η.
In the basis A3; I1χ , the squared mass matrix has

the form:

M2
IA3χ

¼

0
BBBBBB@

− A
4v2χ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvχ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
4vηvχ

− Aðv2ηþv2ρÞ
4v2ηv2ρ

1
CCCCCCA

ðA7Þ
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The matrix M2
IA3χ

in (A7) has 2 eigenvalues: 0 and 1
4
Að− 1

v2η
− 1

v2ρ
− 1

v2χ
Þ. This matrix is diagonalized by the matrix

below:

UA3χ ¼

0
BBBBBB@

−
vχ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
vη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χð 1

v2η
þ 1

v2ρ
Þþ1

q 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χð 1

v2η
þ 1

v2ρ
Þþ1

q
vη

vχ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r

1
CCCCCCA

ðA8Þ

As a result, we receive the 4 × 4 matrix which is used to diagonalize M2

Idiagϕ

as follows:

U2
I ¼

0
BBBBBBBBBBBB@

1 0 0 0

0 −
vχ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r
vη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χð 1

v2η
þ 1

v2ρ
Þþ1

q 0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χð 1

v2η
þ 1

v2ρ
Þþ1

q
0 0 1 0

0
vη

vχ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r 0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r

1
CCCCCCCCCCCCA
: ðA9Þ

The mixing angle θ3 is defined by:

tan θ3 ¼
vη

vχ

ffiffiffiffiffiffiffiffiffiffiffiffi
v2η
v2ρ
þ 1

r : ðA10Þ

Under the effect of the matrix U2 in (A9), the matrix M2

Idiagη
changes into:

M2

Idiagηρ
¼ U2

I :M
2

Idiagρ
ðU2

I ÞT ¼

0
BBBBBBBBBBBB@

− A
4v2ϕ

0 0 −
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r
4vηvϕ

0 0 0 0

0 0 0 0

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r
4vηvϕ

0 0 1
4
Að− 1

v2η
− 1

v2ρ
− 1

v2χ
Þ

1
CCCCCCCCCCCCA

ðA11Þ

Next, we consider the matrix 2 × 2 in (A11) corresponding to the basis ðA4; IϕÞ:

MI22 ¼

0
BBBBBB@

− A
4v2ϕ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r
4vηvϕ

−
A

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r
4vηvϕ

−A
4
ð 1v2η þ

1
v2ρ
þ 1

v2χ
Þ

1
CCCCCCA

ðA12Þ
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The matrix in (A12) is a squared mass matrix in basis ðA4; IϕÞ and has got 2 eigenvalues which are 0 and
−A
4
ð 1v2η þ

1
v2ρ
þ 1

v2χ
þ 1

v2ϕ
Þ. The matrix MI22 is diagonalized by the matrix below:

UA4ϕ ¼

0
BBBBBB@

−
vϕ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r
vη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ϕð 1

v2η
þ 1

v2ρ
þ 1

v2χ
Þþ1

q 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ϕð 1

v2η
þ 1

v2ρ
þ 1

v2χ
Þþ1

q
vη

vϕ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρv

2
χ

v2
ϕ
ðv2η ðv2ρþv2χ Þþv2ρv

2
χ Þ
þ1

r 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρv

2
χ

v2
ϕ
ðv2η ðv2ρþv2χ Þþv2ρv

2
χ Þ
þ1

r

1
CCCCCCA

ðA13Þ

Hence, we receive the 4 × 4 matrix which is used to diagonalized M2

Idiagηρ
in the following form:

U3
I ¼

0
BBBBBBBBBB@

−
vϕ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r
vη

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ϕð 1

v2η
þ 1

v2ρ
þ 1

v2χ
Þþ1

q 0 0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ϕð 1

v2η
þ 1

v2ρ
þ 1

v2χ
Þþ1

q
0 1 0 0

0 0 1 0
vη

vϕ

ffiffiffiffiffiffiffi
v2η

v2ρ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρ

v2χ ðv2ηþv2ρÞ
þ1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρv

2
χ

v2
ϕ
ðv2η ðv2ρþv2χ Þþv2ρv

2
χ Þ
þ1

r 0 0 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv

2
ρv

2
χ

v2
ϕ
ðv2η ðv2ρþv2χ Þþv2ρv

2
χ Þ
þ1

r

1
CCCCCCCCCCA
: ðA14Þ

As the mixing angle θϕ is defined as below:

tan θϕ ¼ vη

vϕ

ffiffiffiffiffiffiffiffiffiffiffiffi
v2η
v2ρ
þ 1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηv2ρ

v2χðv2ηþv2ρÞ þ 1

r ¼ vχ

vϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2χð 1v2ρ þ

1
v2η
Þ

q : ðA15Þ

Under the effect of the matrix U3 in (A14), the matrix M2

Idiagηρ
becomes:

M2
Idiag

¼ U3
I :M

2

Idiagηρ
:ðU3

I ÞT ¼

0
BBBBB@

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 A
4
ð− 1

v2η
− 1

v2ρ
− 1

v2χ
− 1

v2ϕ
Þ

1
CCCCCA ðA16Þ

(3) Finally, the matrix which is used to diagonalize the matrix M2
odd is

UI ¼ U3
I :U

2
I :U

1
I ; ðA17Þ

and gets the trigonometric form as below:

UIs ¼

0
BBBBB@

cos θϕ − sin θ3 sin θϕ sin αð− cos θ3Þ sin θϕ − cos α cos θ3 sin θϕ
0 cos θ3 − sin α sin θ3 − cos α sin θ3
0 0 cos α − sin α

− sin θϕ sin θ3ð− cos θϕÞ sin αð− cos θ3Þ cos θϕ − cos α cos θ3 cos θϕ

1
CCCCCA: ðA18Þ
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TheCP odd squared mass matrixM2
odd in (42) can be exactly diagonalized by the Euler diagonalization method. Then the

physical CP odd scalar fields are related with the CP odd scalars in the interaction basis via the following transformation:0
BBB@

a

GZ0

A5

GZ

1
CCCA ¼

0
BBB@

cos θϕ − sin θϕ 0 0

cos θ3 sin θϕ cos θ3 cos θϕ − sin θ3 0

sin θ3 cos θ4 sin θϕ sin θ3 cos θ4 cos θϕ cos θ3 cos θ4 sin θ4
− sin θ3 sin θ4 sin θϕ − sin θ3 sin θ4 cos θϕ − cos θ3 sin θ4 þ cos θ4

1
CCCA
0
BBB@

Iϕ
Iχ0

Iη
Iρ

1
CCCA; ðA19Þ

Note that the mixing matrix has three angles and one parameter which is entered in expression of the pseudoscalar A5

mass given in (46).

APPENDIX B: DIAGONALIZATION OF CP-EVEN MASS MIXING MATRIX IN BASIS ðR1
η;Rρ;R3

χ ;RϕÞ
The matrix M2

R in (47) is diagonalized by the Hartree-Fock method. It is split into two matrices: M2
R0—the main

contribution and M2
Rp—the perturbation. Those are satisfied the below equation:

M2
R ¼ M2

R0 þM2
Rp; ðB1Þ

with

M2
R0 ¼ 2

0
BBBBBB@

0 0 0 A
4vηvϕ

þ 1
2
λ13vηvϕ

0 0 0 A
4vρvϕ

þ 1
2
λ12vρvϕ

0 0 0 A
4vχvϕ

þ 1
2
λ11vχvϕ

A
4vηvϕ

þ 1
2
λ13vηvϕ A

4vρvϕ
þ 1

2
λ12vρvϕ A

4vχvϕ
þ 1

2
λ11vχvϕ λ10v2ϕ − A

4v2ϕ

1
CCCCCCA
; ðB2Þ

and

M2
Rp ¼ 2

0
BBBBB@

λ2v2η − A
4v2η

A
4vηvρ

þ 1
2
λ6vηvρ A

4vηvχ
þ 1

2
λ4vηvχ 0

A
4vηvρ

þ 1
2
λ6vηvρ λ3v2ρ − A

4v2ρ
A

4vρvχ
þ 1

2
λ5vρvχ 0

A
4vηvχ

þ 1
2
λ4vηvχ A

4vρvχ
þ 1

2
λ5vρvχ λ1v2χ − A

4v2χ
0

0 0 0 0

1
CCCCCA: ðB3Þ

In the limits vρ; vη ≪ vχ ≪ vϕ, both of vρ and vη can be considered approximately as zero. This makes the main
contribution (B2) change into the below matrix:

M2
R00

≈

0
BBBBB@

0 0 0 0

0 0 0 0

0 0 0 λ11vχvϕ

0 0 λ11vχvϕ 2λ10v2ϕ

1
CCCCCA ðB4Þ

The matrix (B4) is diagonalized by the matrix:

U44 ¼

0
BBBBBBBBBBBBB@

1 0 0 0

0 1 0 0

0 0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
11
v2χþλ2

10
v2ϕ

p
þλ10vϕ

λ11vχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
11

v2χþλ2
10

v2
ϕ

p
þλ10vϕ

�
2

λ2
11

v2χ
þ1

s 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
11

v2χþλ2
10

v2
ϕ

p
þλ10vϕ

�
2

λ2
11

v2χ
þ1

s

0 0 −
λ10vϕ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
11
v2χþλ2

10
v2ϕ

p
λ11vχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
11

v2χþλ2
10

v2
ϕ

p
−λ10vϕ

�
2

λ2
11

v2χ
þ1

s 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2
11

v2χþλ2
10

v2
ϕ

p
−λ10vϕ

�
2

λ2
11

v2χ
þ1

s

1
CCCCCCCCCCCCCA
; ðB5Þ
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and the diagonalized matrix of main contribution has form as below:

M2
R00

¼ U44:M2
R0:U

T
44 ¼

0
BBBBB@

0 0 0 0

0 0 0 0

0 0 vϕ
�
λ10vϕ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ211v

2
χ þ λ210v

2
ϕ

q �
0

0 0 0 vϕ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ211v
2
χ þ λ210v

2
ϕ

q
þ λ10vϕ

�

1
CCCCCA: ðB6Þ

From (B6), the squared mass of inflaton is defined by:

m2
ϕ ¼ vϕ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ211v

2
χ þ λ210v

2
ϕ

q
þ λ10vϕ

�
≈ 2λ10v2ϕ: ðB7Þ

On the other hand, the matrix U44 in (B5) can be presented by another form such as:

U1
R ¼

0
BBB@

1 0 0 0

0 1 0 0

0 0 − cos αϕ sin αϕ
0 0 sin αϕ cos αϕ

1
CCCA; ðB8Þ

with

tan 2αϕ ¼ λ11vχ
λ10vϕ

: ðB9Þ

The perturbation M2
Rp is effected by the diagonal matrix U1

R in (B8) so that it has form:

M2
Rp44

¼

0
BBBBBBBB@

2λ2v2η − A
2v2η

A
2vηvρ

þ λ6vηvρ − cos αϕ
�

A
2vηvχ

þ λ4vηvχ
�

sin αϕ
�

A
2vηvχ

þ λ4vηvχ
�

A
2vηvρ

þ λ6vηvρ 2λ3v2ρ − A
2v2ρ

− cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

sin αϕ
�

A
2vρvχ

þ λ5vρvχ
�

− cos αϕ
�

A
2vηvχ

þ λ4vηvχ
�

− cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

− cos2αϕðA−4λ1v4χÞ
2v2χ

sin αϕ cosðαϕÞðA−4λ1v4χÞ
2v2χ

sin αϕ
�

A
2vηvχ

þ λ4vηvχ
�

sin αϕ
�

A
2vρvχ

þ λ5vρvχ
�

sin αϕ cosαϕðA−4λ1v4χÞ
2v2χ

− sin2ðαϕÞðA−4λ1v4χÞ
2v2χ

1
CCCCCCCCA

ðB10Þ

Because αϕ is defined by (B9), then sin αϕ → 0when vχ ≪ vϕ and λ10 > 0. This helps the matrixM2
Rp44

reduce an order and
can be rewritten like the form after:

M2
Rp44

¼

0
BBBBBB@

2λ2v2η − A
2v2η

A
2vηvρ

þ λ6vηvρ − cos αϕ
�

A
2vηvχ

þ λ4vηvχ
�

0

A
2vηvρ

þ λ6vηvρ 2λ3v2ρ − A
2v2ρ

− cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

0

− cos αϕ
�

A
2vηvχ

þ λ4vηvχ
�

− cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

− cos2αϕðA−4λ1v4χÞ
2v2χ

0

0 0 0 0

1
CCCCCCA

ðB11Þ

From (B11), one gets a 3 × 3 matrix below:

M2
Rp33

¼ M2
Rp0

33

þM2
Rpp

33

; ðB12Þ

with
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M2
Rp0

33

¼

0
BBBBB@

0 0 − cos αϕ
�

A
2vηvχ

þ λ4vηvχ
�

0 0 − cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

− cos αϕ
�

A
2vηvχ

þ λ4vηvχ
�

− cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

− cos2αϕðA−4λ1v4χÞ
2v2χ

1
CCCCCA ðB13Þ

is considered as the main contribution and

M2
Rpp

33

¼

0
BB@

2λ2v2η − A
2v2η

A
2vηvρ

þ λ6vηvρ 0

A
2vηvρ

þ λ6vηvρ 2λ3v2ρ − A
2v2ρ

0

0 0 0

1
CCA ðB14Þ

is a perturbation of M2
Rp33

.
Consider the main contributionM2

Rp0
33

in the limit vχ ≫ vρ; vη, we get −
cos αϕðAþλ4v2ηv2χÞ

2vηvχ
→ 0 thenM2

Rp0
33

approximately has
form:

M2
Rp00

33

≈

0
BBB@

0 0 0

0 0 − cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

0 − cos αϕ
�

A
2vρvχ

þ λ5vρvχ
�

− cos2αϕðA−4λ1v4χÞ
2v2χ

1
CCCA: ðB15Þ

The matrix M2
Rp00

33

in (B15) is diagonalized by the following matrix:

U33 ¼

0
BB@

1 0 0

0 − cos α3 sin α3
0 sin α3 cos α3

1
CCA; ðB16Þ

in which α3 is defined by:

tan 2α3 ¼
4vχðAþ 2λ5v2ρv2χÞ
cos αϕðA − 4λ1v4χÞ2

: ðB17Þ

After being diagonalized, M2
Rp00

33

has the form:

M2

Rpdiag
33

¼

0
BB@

0 0 0

0 m2
Hχ1

0

0 0 m2
Hχ2

1
CCA; ðB18Þ

with

m2
Hχ1;2

¼ − cos αϕ
4vρv2χ

�
Avρ cos αϕ − 4λ1vρv4χ cos αϕ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4v2χðAþ 2λ5v2ρv2χÞ2 þ ðAvρ cos αϕ − 4λ1vρv4χ cos αϕÞ2

q �
: ðB19Þ

Because of the condition m2
Hχ

> 0, vϕ ≫ vχ and λϕ is very tiny then one gets:

m2
Hχ

¼
�
λ1v2χ þ vχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ25v

2
ρ þ λ21v

2
χ

q �
≈ 2λ1v2χ þ

λ25
2λ1

v2ρ: ðB20Þ
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With U33, we get the 4 × 4 diagonal matrix below:

U2
R ¼

0
BBB@

1 0 0 0

0 − cos α3 sin α3 0

0 sin α3 cos α3 0

0 0 0 1

1
CCCA: ðB21Þ

Under the effect of U33, the perturbation M2
Rpp

33

changes into the following form:

M2

Rpp0
33

¼

0
BBBBB@

2λ2v2η − A
2v2η

− cos α3
�

A
2vηvρ

þ λ6vηvρ
�

sin α3
�

A
2vηvρ

þ λ6vηvρ
�

− cos α3
�

A
2vηvρ

þ λ6vηvρ
�

− cos2α3ðA−4λ3v4ρÞ
2v2ρ

sin α3 cos α3ðA−4λ3v4ρÞ
2v2ρ

sin α3
�

A
2vηvρ

þ λ6vηvρ
�

sin α3 cos α3ðA−4λ3v4ρÞ
2v2ρ

− sin2α3ðA−4λ3v4ρÞ
2v2ρ

1
CCCCCA: ðB22Þ

With the limit vχ ≫ vρ; vη, we get sin α3 → 0. So that M2

Rpp0
33

approximately has form:

M2

Rpp0
33
0
¼

0
BB@

2λ2v2η − A
2v2η

− cos α3
�

A
2vηvρ

þ λ6vηvρ
�

0

− cos α3
�

A
2vηvρ

þ λ6vηvρ
�

− cos2α3ðA−4λ3v4ρÞ
2v2ρ

0

0 0 0

1
CCA: ðB23Þ

From (B23), one get the 2 × 2 matrix below:

M2
Rp22

¼

0
B@ 2λ2v2η − A

2v2η
− cos α3

�
A

2vηvρ
þ λ6vηvρ

�
− cos α3

�
A

2vηvρ
þ λ6vηvρ

�
− cos2α3ðA−4λ3v4ρÞ

2v2ρ

1
CA: ðB24Þ

Assuming that cos α3 ≈ 1, the matrix M2
Rp22

in (B24) can be diagonalized by the 2 × 2 matrix below:

U22 ¼
�− cos α2 sin α2

sin α2 cos α2

�
; ðB25Þ

in which we have

tan 2α2 ¼
4 cos α3vηvρðAþ λ6v2ηv2ρÞ

A cos2 α3v2η − Av2ρ þ 4v2ηv2ρðλ2v2η − λ3 cos2 α3v2ρÞ
: ðB26Þ

After being diagonalized, the matrix M2
Rp22

has form:

M2

Rpdiag
22

¼
�m2

h5
0

0 m2
h

�
; ðB27Þ

with

m2
h;h5

¼ λ2v2η −
A
4v2η

−
cos2α3ðA− 4λ3v4ρÞ

4v2ρ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ6cos2α3ðAþ λ6v2ηv2ρÞ þ λ2v4ηðA− 4λ3v4ρÞ þ λ3Av4ρ þ

ðAðv2η cos2α3 þ v2η þ 2v2ρÞ− 8λ3v2ηv4ρcos2α3 − 8λ2v4ηv2ρÞ2
64v4ηv4ρ

s

ðB28Þ
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With the approximations cos α3 ≈ 1, one gets:

m2
h;h5

¼ λ2v2ηþλ3v2ρ−
Av2

4v2ηv2ρ

� 1

4vηvρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16v2ηv2ρððλ2v2η−λ3v2ρÞ2þλ26v

2
ηv2ρÞþλϕ2v2χv2ϕðv2ηþv2ρÞ2þ8λϕvηvρvχvϕðλ2v4η−v2ηv2ρðλ2þλ3−2λ6Þþλ3v4ρÞ

q
ðB29Þ

With U22, we get the 4 × 4 matrix below:

U3
R ¼

0
BBB@

− cos α2 sin α2 0 0

sin α2 cos α2 0 0

0 0 1 0

0 0 0 1

1
CCCA: ðB30Þ

Finally, the matrix which is used to diagonalize M2
R is

UR ¼ U3
R:U

2
R:U

1
R ¼

0
BBB@

− cos α2 − sin α2 cos α3 − sin α2 sin α3 cos αϕ sin α2 sin α3 sin αϕ
sin α2 − cos α2 cos α3 − cos α2 sin α3 cos αϕ cos α2 sin α3 sin αϕ
0 sin α3 − cos α3 cos αϕ cos α3 sin αϕ
0 0 sin αϕ cos αϕ

1
CCCA: ðB31Þ

Note that comparing to the 4 × 4matrix of CP-odd sector containing only four parameters with three massless solutions,
the matrix in (47) having 10 parameters are not exactly diagonalized. To solve this problem we have used the Hartree-Fock
method where some conditions such as vϕ ≫ vχ ≫ vρ; vη, λϕ ≪ 1 and sin α3 ≈ 0. As a consequence, derived matrix
contains three angles α2, α3 and αϕ and three parameters associated with masses of new fields Φ; Hχ , and h5.

APPENDIX C: DECAY RATE OF THE SM-LIKE HIGGS BOSON INTO A PAIR OF FERMIONS

1. SM-like Higgs couplings

We focus on the coupling of SM-like boson h with two ALP a which is a part of V in (24):

V ⊃ Vðh; a; aÞ; ðC1Þ
where

2Vðh; a; aÞ
haa

¼ −
2λ2vη
cos2 2α

cos2 α sin α2 cos2 θ3 sin2 θϕ −
λ6vη

cos2 2α
sin2 α sin α2 cos2 θ3 sin2 θϕ − λ4vη sin α2 sin2 θ3 sin2 θϕ

− λ13ðvη sin α2 cos2 θϕ þ vϕ cos2 α sec2 2α cos α2 sin α3 sin αϕ cos2 θ3 sin2 θϕÞ

þ 2λ3vρ
cos2 2α

sin2 α cos α2 cos α3 cos2 θ3 sin2 θϕ þ
λ6vρ

cos2 2α
cos2 α cos α2 cos α3 cos2 θ3 sin2 θϕ

þ λ5vρ cos α2 cos α3 sin2 θ3 sin2 θϕ þ λ12vρ cos α2 cos α3 cos2 θϕ

þ λ4vχ
cos2 2α

cos2 α cos α2 sin α3 cos αϕ cos2 θ3 sin2 θϕ þ
λ5vχ

cos2 2α
sin2 α cos α2 sin α3 cos αϕ cos2 θ3 sin2 θϕ

þ 2λ1vχ cos α2 sin α3 cos αϕ sin2 θ3 sin2ðθϕÞ þ λ11vχ cos α2 sin α3 cos αϕ cos2 θϕ

−
λ12vϕ
cos2 2α

sin2 α cos α2 sin α3 sin αϕ cos2 θ3 sin2 θϕ − λ11vϕ cos α2 sin α3 sin αϕ sin2 θ3 sin2 θϕ

− 2λ10vϕ cos α2 sin α3 sin αϕ cos2 θϕ: ðC2Þ
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In the limits vϕ ≫ vχ ≫ vρ; vη and λϕ ≈ 0, the mixing angles in (B17), (B26) approximately get:

tan α3 ≈
λ5vρ

cos αϕvχ
; tan 2α2 ≈

λ6 cos α3vηvρ
λ2v2η − λ3cos2α3v2ρ

: ðC3Þ

Since sin θϕ ≈ 0 and sin α3 ≈ 0, hence we neglect the terms associated with them. Then

Vðh; a; aÞ ≈ haa
2

cos2 θϕðλ12vρ cos α2 cos α3 − λ13vη sin α2Þ

≈
haa

2
ffiffiffi
2

p vρvη

�
λ6λ12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
236 þ ðλ3v2ρ − λ2v2ηÞV236

q − λ13

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ3v2ρ − λ2v2η

q �
; ðC4Þ

in which, V236 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ2v2η − λ3v2ρÞ2 þ λ26v

2
ηv2ρ

q
.

Similarly about the coupling of SM-like boson h with two pseudscalar A5, with the limits vϕ ≫ vχ ≫ vρ; vη and λϕ ≈ 0,
one has:

Vðh; A5; A5Þ ≈
hA5A5

2
cos2θϕ



−2λ2vη
cos22α

cos2αcos2θ3 sin α2 − λ4vη sin α2sin2θ3

þvρ cos α2 cos α3

�
2λ3

cos22α
cos2θ3sin2αþ λ5sin2θ3

�
þ λ6cos2θ3

cos22α
ðvρcos2α cos α2 cos α3 − vηsin2α sin α2Þ

�

≈
hA5A5

2
ffiffiffi
2

p
 
vρð2λ3v2η þ λ6v2ρÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 − λ3v2ρ þ λ2v2η

V236

s
− vηð2λ2v2ρ þ λ6v2ηÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ3v2ρ − λ2v2η

V236

s !
: ðC5Þ

The new light boson h5 also has couplings with ALP a and pseudoscalar A5. The potential of ðh5; a; aÞ coupling is

Vðh5; a; aÞ ≈
h5aa
2

cos2 θϕðλ12vρ cos α3 sin α2 þ λ13vη cos α2Þ

≈
h5aa

2
ffiffiffi
2

p vρ

�
λ12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ23v

2
ρ − λ2v2η

q
þ λ6λ13v2ηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V2
236 þ V236ðλ23v2ρ − λ2v2ηÞ

q �
: ðC6Þ

The coupling ðh5; A5; A5Þ is given by:

Vðh5; A5; A5Þ ≈
h5A5A5

2
cos2θϕ



2λ2vη
cos22α

cos2α cos α2cos2θ3 þ
λ6vη

cos22α
sin2α cos α2cos2θ3 þ λ4vη cos α2sin2θ3

þ 2λ3vρ
cos22α

sin2α sin α2 cos α3cos2θ3 þ
λ6vρ
cos22α

cos2α sin α2 cos α3cos2θ3 þ λ5vρ sin α2 cos α3sin2θ3

�

≈
h5A5A5

2
ffiffiffi
2

p v4η
ðv2η þ v2ρÞðv2η þ 2v2ρÞ2

 
vηð2v2ρ þ λ6v2ηÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ2v2η − λ3v2ρ

V236

s

þ vρð2λ3v2η þ λ6v2ρÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V236 þ λ3v2ρ − λ2v2η

V236

s !
ðC7Þ
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2. SM-like boson h decays to two fermions

Let us consider the decay:

hðp⃗Þ → fðk⃗1Þ þ f̃ðk⃗2Þ; f ¼ u; d; c; s; τ; μ; e: ðC8Þ

Amplitude of the above process is given by

Mfiðh → ff̄Þ ¼ gðh;f;fÞūðk⃗1; s1Þvðk⃗2; s2Þ: ðC9Þ

Then, the decay rate of h → f̄f process is

Γðh → f̄fÞ ¼
Z

dΓ ¼
g2ðh;f;fÞ
8π

mh

�
1 −

4m2
f

m2
h

�3
2

: ðC10Þ

Hence

Γðh → ēeÞ ¼
cos2 α2 cos2 α3

m2
e

v2ρ

8π
mh

�
1 −

4m2
e

m2
h

�3
2 ðC11Þ
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