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In this paper, we propose a new, to the best of our knowledge, protocol that enables two distant parties to prepare
a photon hyperstate for each other encoded at the same time in both polarization and spatial-mode degrees of
freedom. The bidirectional remote hyperstate preparation is demanded so that it is remotely controllable by a

common supervisor. Such a task appears possible using a shared quantum channel made of five photons entangled

simultaneously in the two corresponding degrees of freedom, the so-called hyperentanglement. We first design

a near-deterministic scheme to produce a relevant five-photon hyperentanagled state to be served as the working
nonlocal channel and then present our protocol for controlled bidirectional remote hyperstate preparation, which

always is successful. © 2022 Optica Publishing Group

https://doi.org/10.1364/JOSAB.471680

1. INTRODUCTION

Quantum entanglement [1], the most celebrated trait of
quantum mechanics, has widely been recognized as exhibit-
ing nonlocal correlations in the weird quantum world that
have no counterparts in the intuitive classical world. It plays
an utmost vital role in quantum information processing and
quantum computing. In a quantum paradigm, information
is encoded in quantum states that obey the laws of quantum
nature. Entanglement between photons, which has been
demonstrated experimentally, is the key resource for tasks
such as quantum secure direct communications [2-5], quan-
tum secret sharing [6], and quantum key distribution [7-10].
Conventionally, the encoding is made using only one degree
of freedom (DOF). However, a quantum system is essentially
characterized at the same time by many different DOFs, such as
the polarization DOF (P-DOF), spatial-mode DOF (S-DOEF),
orbital-angular-momentum DOF, frequency, and time-bin
DOFs. Simultaneously exploiting multiple DOFs for informa-
tion encoding promises high capacity and high security as well
as allowing quantum interference, which gives rise to parallel
operations to exponentially speed up intractable computations.
Here, a single-system state characterized by more than one
DOF is referred to as hyperstate while a multisystem entangled
state with more than one DOF is called a hyperentangled one
[11,12]. Recently, hyperentanglement has been employed for
important tasks such as hyper teleportation [13-15], hyper
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dense coding [16-18], hyper remote state preparation [19-21],
and hyper joint remote state preparation [22].

Quantum state teleportation (QST) [23] invented by
Bennett ez al. and remote state preparation (RSP) proposed by
Lo [24] and Bennett et al. [25] are considered as two quantum
communications methods for the transmission of quantum
information. By these methods, a quantum state at one location
can be found at another distant location in a secure, faithful
way by means of local operations and classical communications
without violating the principles of quantum mechanics and the
relativity theory. Controlled quantum protocols [26-32] allow
the addition of a supervisor whose role is to decide the comple-
tion of a task without the need to know the details of the state
under processing. In particular, controlled bidirectional QST
[33-43] and controlled bidirectional RSP [44—54], which are
two-way quantum communications protocols, have been dealt
with by several authors. In those protocols, by using multi-qubit
entangled states, two parties under the control of a controller are
able to simultaneously transmit to or prepare a quantum state
for to each other. If the information to be processed is encoded
in photon hyperstates, hyperentangled states between photons
are the indispensable resources. Production of hyperentangled
resources is generally complicated, yet possible, by means of
modern quantum technologies. One of the most widely used
techniques is the spontaneous parametric down-conversion
(SPDC) process in nonlinear crystals [55-57]. Production
of hyperentangled states can be realized by a combination
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of the techniques to generate conventional entanglement in
a single DOF [58-63]. There are several quantum resource
types that are useful in certain intriguing tasks of one-way
quantum communications protocols such as a hyper Einstein—
Podolsky—Rosen pair state [13—15,19-21,64—67], and a hyper
Greenberger—Horne—Zeilinger state [22]. In [67], the authors
offered bidirectional quantum teleportation protocols that
allow a sender and a receiver to exchange two single-photon
states, one encoded in P-DOF and the other encoded in S-DOE,
via the quantum channel in terms of a two-photon Bell-type
state entangled simultaneously in the two DOFs.

Our concern in this paper is to devise a protocol so that Alice
can prepare for Bob a photon hyperstate, while Bob can also pre-
pare for Alice another photon hyperstate, and the bidirectional
remote hyperstate preparation is put under the common control
ofa third-party Chatlie. To that purpose, a suitable multiphoton
state should be successfully produced and properly distributed
among the three authorized parties. In Section 2, we design a
near-deterministic scheme to produce a five-photon hyper-
entangled state. Next, in Section 3, we use that hyperentangled
state as the working quantum channel to perform the controlled
bidirectional remote hyperstate preparation mentioned above.
Finally, we conclude with a relevant discussion in Section 4.

2. WORKING QUANTUM CHANNEL

Odur task involves three parties who are far apart from each other:
the two hyperstate preparers Alice and Bob and the supervisor
Charlie. Suppose that Alice has a photon whose state |) is
encoded in both P-DOF and S-DOF; i.e.,

[¥) = agol Hao) + ao1| Hay) + il Vao) + 11| Vay), (1)

with real parameters o;; satisfying the normalization condition
1 2 _ . 5
2 j=0 @;; =1, while Bob’s photon state |¢) has the form

|) = Bool Hbo) + Bor| Hbr) + Brol Vbo) + Bl V), (2)

with real parameters f8;; satisfying the normalization condition
Z?,Fo B}, =1. The notation |He,)(|Ve;)), with c=a, b
and j =0, 1, implies a hyperstate of a horizontally (vertically)
polarized photon that travels along spatial path ¢ ;. Although
|) and |@) are single-photon states, the information amount
contained in each of them is worth two qubits. Therefore, here
we formally refer to them as hyperstates to distinguish them
from conventional states, which are encoded in a single DOF
with an information amount of just one qubit. Alice, who knows
a;; but has no ideas about B;;, wishes to prepare her hyperstate
|Y) for Bob, and Bob, who knows f;; but has no ideas about
a;j, also wishes to prepare his hyperstate |¢) for Alice. In this
two-way controlled information processing protocol, Alice and
Bob play an equal role; i.e., the mutual hyperstate preparations
could take place at the same time under the quantum control of
Charlie, who does not need to know the values of the parameters
a;j and B;; of [) and |§), but is able to command whether the
task should be accomplished or not.

We find out that the task mentioned above could be achieved
if the three participants are connected beforehand by a quantum
channel whose state reads

IT) 12345 = [T 12345 1T ) 12345, 3)
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Fig. 1.  Step 1 of the scheme for production of the state [T 534

[Eq. (4)]. This step entangles photon 1 with photon 2 and photon 3
with photon 4 in S-DOF A dot with H implies a photon in horizontal
polarization state | H), while |2); and |z), are coherent states of real
positive amplitudes z; and 2, respectively. 6 and —6 are the dimen-
sionless amplitudes of cross-Kerr interactions. BS is a balanced beam
splitter. Photons entangled in S-DOF are connected by red dashed
lines.

with
) !
[T ) 12345 = §[|dobo)(lfodo€o) +lcidier))

+la161)(|codoer) + |erdieo) lizas  (4)

and

1
ITP)) 12345 = SUHH)(HHH) +[VVV))

+HIVWIHHV) + |[VVH)]i23ss.  (5)

Obviously, |I")12345 is a five-photon hyperentangled state.
Indeed, each of the five photons is at the same time both hori-
zontally and vertically polarized and simultaneously propagates
along two paths: photon 1 along paths 2o and ;, photon 2 along
paths b and &1, photon 3 along paths ¢ and ¢, photon 4 along
paths dp and d;, and photon 5 along paths eg and e; .

The production of |I") 12345 starts from the initial state

| o) 12345 = | @5 ) 123451 B 12345, (6)
where
|6 12345 = laobocodoen) 12345 (7
and
|D6”) 12345 = | HH H H H) 12345, ®)

which can be treated separately because manipulating the S-
DOF cause no effects on the P-DOF and vice versa. Let us first
deal with |CD(()S))1 2345 following two main steps. The operations
instep 1 are sketched in Fig. 1.
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In step 1, we first send photons 1, 2, 3, 4, and 5 through
five balanced beam splitters (BSs). As the BS transforms |xg)
to (|xo) + |x1))/~/2, with x =a, b, ¢, d or e, |®§) 15345 is
transformed to

1
1) 15545 = 5 1(la0) + L)) 160) + 16012 o) + len))s

4v2

x (|do) 4 1d1))4(leo) + le1))s].
9)

Second, an ancillary coherent state |z)4, (|22)4,) of real
positive amplitude z;(2;) and propagation path k;(k;) is
allowed to sequentially interact with mode ¢ of photon 1
and mode &y of photon 2 (mode ¢y of photon 3 and mode
dy of photon 4) via cross-Kerr nonlinearities [68-74] with
dimensionless amplitudes 6 and —6, respectively. Cross-Kerr
interactions U,;(£6) with amplitudes 60 between a photon
n along path x; and a coherent state |2); leaves the photon
state unchanged but adds a phase £6 to the coherent state;
ie, Uyp(E£0)|x)alz)e = |x/)”|zeii9)/€. Hence, under the

cross-Kerr interaction, |CI>§S))12345 |21) 4,122} #, changes to
|©;S))12k134k25 = L[(|d()170> +la1b1)i2lz1)g
4v2
+laobi)i2lz1e” )iy + larbo)izlzre ™ )]
X [(lcodo) + |e1d1))34]22)k,
+ lcodr )34l zae™ )k, + |e1do)3slzae ™ )4,

X (leo) + le1))s.
(10)

Third, the resulting coherent states are measured by homodyne
detections [75], which are also called X quadrature measure-
ments. If |21 ), and |z;)4, are found (i.e., no shifts in phase space
are observed), then state of the photons collapses to

1
22

X (leo) + le1))s.

|Q(()S))12345 = (laobo) + la161))12(|codo) + |c1dr))34

(11)

Another possibility is that the coherent states, which emerge as
|21) 4,5 12269 4, (|2 T7), and | ze =), are indistinguishable by
homodyne detections. In this case, the photon states appear as

1
24/2

X (leo) + le1))s.

S
| Q) 12345 =

(lzobo) + la161))12(codr) + |c1do))34

(12)

+i6
The coherent states may also emerge as |z1¢™%);, and |23)4,,
projecting the photons onto
1

242

X (leo) + le1))s.

| Q) 12345 = (laobr) + la160)12(lcodo) + |c1d1))34

(13)
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Fig. 2.  Step 2 of the scheme for production of the S-DOF part of
the working quantum channel. |z) is a coherent state of real positive
amplitude z. In this step, the desired state |[') 5345 [Eq. (4)], is
obtained if the homodyne detection measurement outcome is | ze 7% );
otherwise, appropriate operations can be applied to return the initial
state | d>(()5)) 12345 [Eq. (7)], allowing the process to be repeated.

The last possibility is finding |z1e%);, and |z¢%),,, in
which case one has the following state of the photons:

1
22

X (leo) + le1))s.

1 Q5 12345 = —=(l@oby) + a1 bo))12(codr) + |e1do))ss

(14)

Note that | Q™) 12345, | Q5”) 12345, and | Q5”) 12345 can be con-
verted to | Q(()S))12345 by path-flipping photon 4, photon 2, or
both. Therefore, without a loss of generality, we shall execute
step 2, from | QBS)) 12345- The operations in step 2 are sketched in
Fig. 2.

In step 2, another ancillary coherent state |z), interacts
consecutively with states |20)1, |co)3, and |eg)s via cross-Kerr
operations U14(0), Us(0), and Us,(—6), respectively. This
entangles the photons and the coherentsstate as

1
1)) 1345 = —2{[(|ﬂ050€040€0) + laoboc1dyer)

2V2

+ |a1brcodoer)) 12345126 )4

+ |a1brerdieg)123as|ze )4

+ lagbocodoer ) 12345 |2 > )

+ (laobocrdreq) + |arbicodoeq)

+la1bicidier)) 2345|128} (15)

Homodyne detection measurement is then performed on the
coherent state of [2¢9)123454. There are three possible types of
the measurement outcome: (i) If the outcome is |ze %), then
the five photons turn out to be in the desired state [T'%)534s.
(ii) Alternatively, if the outcome is | 22"} 4, then the photons get
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Fig. 3. In step 2 of the scheme for the production of the S-DOF
part of the working quantum channel if the outcome is |z), after the
homodyne detection measurement, then the photons’ state becomes
(laobocidreo) + larbrcodoes) + |arbicidier))inzas//3.  In  this
case, the appropriate operations can be applied to return the initial
state |<I>(()S))12345 [Eq. (7)], allowing the process to be repeated. |z') is a
coherent state of real positive amplitude 2.

separated in the product state |29bocodper)12345. This does not
at all mean a failure because |29bocodoer) 12345 can be brought
to |agbocodoeo) 12345 by path-flipping photon 5 and the whole
process is to be re-initiated from step 1. (iii) Finally, if the out-
come is |z)4, then the photon states become (|agbyc1d1e0) +
la1b1codyeo) + |ar1bicidyer)) 12345/ /3, which is not a failure
either. In this situation, we can figure out each of the three
laoboc1dieo) 12345,
|a1b1c1d1e1)12345 by switching on a cross-Kerr interaction
with amplitude 6 between |4¢); and a coherent state |2},
followed by another cross-Kerr interaction with amplitude 26

components |la1b1codoeo)inzss,  and

between |¢()3 and the coherent state |2') 4/, as shown in Fig. 3.
It is straightforward to verify that if the homodyne detection
measurement yields the outcome |2')y, |2'¢? )y, or |ge??)y,
then the photons are projected on state |a161c1d1e1)12345,
|@oboc1die0) 12345, or |a1b1codyen)12345. Clearly, each of these
three states can be transformed to |2gbocodpeo) 12345 by appro-
priate path-flip operations on the relevant photons, allowing the
whole process be done again from step 1.

As described above, given five photons in the initial state
|(D(()S))12345 = |agbycodoeo) 12345, [Eq. (7)], the process of
production of the desired S-DOF entangled state [T 12345
defined by Eq. (4) can be repeated again and again undil it
succeeds.

We now turn to the production process for the P-DOF
entangled state [['?)) 1,345 defined by Eq. (5), starting from the
|HHHH H) 12345 [Eq. (8)]. This
process also consists of two main steps.

In step 1 shown in Fig. 4, 10 quarter-wave plates (QWPs)
are first placed on the 10 paths of the five photons. Since
QWP transforms |H) to (|H) +|V))/+/2, the initial state
| QJ(()P) Y12345 is transformed to

product state ICD(()P V12345 =

Research Article

.

Fig.4. Step 1 of the scheme for production of the state |T'?) 534
[Eq. (5)]. This step entangles photon 1 with photon 2 and photon 3
with photon 4 in P-DOE. A dot with H,V implies a photon in super-
position of horizontal | /) and vertical | V) polarization states, while
|7)1 and |r); are the coherent states of real positive amplitudes 7 and
72, respectively. QWP is a quarter-wave plate. Photons entangled in
P-DOF are connected by green solid lines. Here, cross-Kerr inter-
actions take place between a coherent state and the | /) component of
aphoton.

| >>m4s—4f[<|H +IVOL(H) +1V))a
X (|H) 4+ [V)3(LH) + [V)4(LH) + | V))s].
(16)

Second, let the | H) component of photon 1 interact with a
coherent state |r);, via cross-Kerr nonlinearity with amplitude
0. Then the modified coherent state is further interacts with the
| H) component of photon 2 via another cross-Kerr nonlinearity
with amplitude —6. Likewise, the | /) components of photon 3
and photon 4 allowed to interact with a coherent state, which is
initially in state |7}, , via cross-Kerr nonlinearities with ampli-
tudes 6 and —6, respectively. Note that the | /) component of a
photon can be split from the | V) component by a polarization
beam splitter (PBS), which transmits the | /) component, but
reflects the | V) component. After the cross-Kerr interactions
mentioned above, |<I>§P) V12345|71) 1, 172) 1, becomes
) 1
| D5 N2zdnss = —=UA1) 123405 + 1A2) 123401
2V2

+ | A3) 1234015 + |Aa)12340) | H) + V)5,

(17)
where
M) 123400, = %(|HHHH> +|HHVV)
+|\VVHH) 4+ |VVV V)34l r2)i,
(18)
122) 12341, = %[(|HHHV> + [VVHV) 134]r1) 1, r2¢™ ),

+ (IHHV H) 4+ VVVH))1234lr1) 1, 126 7)1,
(19)
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1 .
[A3) 123408, = 5[(|HVHH) + HVV V) 123411 )1 17201

+(VHHH) + VHVV))1234lrie) 172011
(20)

and
1 0 0
[A4) 123408, = E[IHVHV>1234|V1€ Vi lr2e™ ),

+ |HVV H)1p34lr1”) 1 [rae ™),
+\VHHV ) 1234|716 7)y, |r26™),,
+ |VHV Hyio34lr1e )y e ™)1 (21)

Third, two homodyne detection measurements, one for the
coherent state propagating along path /; and the other for
that propagating along path /,, are made. If the measurement
outcomes are |71)y|72)p, |71} |72€ii9)12, |71€ij9)ll|7’2>lz, or
20, |r2e%),,, the state of the five photons is projected

|rie |rae

onto

1
1QS) 12345 = S5 IHE +IVVDR(HH) + 1V V)

2v2

X (|H) +V))s,
(22)
1
1Q\) 12345 = S5 AR HIVVDRIHY) + VD3
X (|H) + V),
(23)
1
1Q5") 12345 = S5 UAVY+ IVED(HE) + V)
x (|H) + V),

(24)

or

1
1Q4) 12345 = S5 UAVYH IVEDR(HY) +1V D)

x ([H) +1V)s,
(25)

respectively. Using half-wave plates (HWDs) to flip the polariza-
tion of photon 4, photon 2, or both, we can obtain | Q(()P))12345
from | Q1) 12345, 1 Q5" ) 12345, or |Q§P))12345- Thus, we shall
execute step 2 of the process of production of the P-DOF state
IT®) 12345 in Eq. (5) from | Q%) 12345, as displayed in Fig. 5.

In step 2, a single coherent state |r); first interacts sequen-
tially with the | ) components of photon 1, photon 3, and
photon 5 of state | Q(()S))12345 via cross-Kerr nonlinearities
with amplitudes 6, —6, and 6, respectively. The product state
| Q(()P) )12345|7 ) thus becomes entangled as
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Fig.5. Step 2 of the scheme for the production of the P-DOF part
of the working quantum channel. |r) is a coherent state of real positive
amplitude 7. In this step, the desired state |I') 2345 [Eq. (5)], is
obtained if the homodyne detection measurement outcome is |re*%%);
otherwise, appropriate operations can be applied to return the initial

|7} U

state |d>(()P) V12345 [Eq. (8)], allowing the process to be repeated.

1 .
1D 53451 = —2[2|F“’>>1234s|re*'9>1

2/2
+ |HHVV H)12345|re*),
+(HHHHV) + |VVHHH)

+IVVVVV)i2zasl7)i]. (26)

Second, the coherent state of |Q2() 11345, is measured by
the homodyne detection technique yielding one of the

three outcomes, which is |re*®);, [re®®);, or |r);. If it

£}, the process is successful; i.e., |T) 5545 is
2i9)

is |re
obtained. However, if the outcome is |re*");, the pho-
tons state appears as |HHVV H)iz4s5, which can be
transformed to | ®S) 1345 = |HHHHH) 5345 by flip-
ping the polarization of both photon 3 and photon 4.
Finally, if the outcome is |r);, the photons state collapses to
(HHHHVY +|VVHHH) +|VVVVV)12345/4/3. In
this case, the H components of photons 4 and photon 5 inter-
act in sequence with a coherent state |r')y via two cross-Kerr
interactions with the same amplitude 6, as shown in Fig. 6.
The resulting (unnormalized) state of the photons and the
coherent state turns out to be |HHHHV 123457 e’y +
| VVHHH) 12345 |7'/€2i9)// + | VVVVV)12345 |7'/>//. When the
coherentstate is measured, the photons are projected onto either
|HHHHV 12345, |VVHHH)12345, or |[VVVV V)35,
depending on the outcome |'e™),, |#'¢*%)y, or |r'), respec-
tively. Each of the three above states of the photons can be
converted to |(I>(()P) 112345 [Eq. (8)], by flipping the polarization
of photon 5, photons 1 and 2, or all of the five photons. This
means that when the two last possible outcomes have occurred,
we can restart the whole process and this procedure can be
repeated until it succeeds.
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Fig. 6. In the step 2 of the scheme for production of the P-DOF
part of the working quantum channel, if the outcome is |r); after the
homodyne detection measurement, then the photons’ state becomes
(HHHHVY+ |VVHHH) + |VVVVV))1255/+/3. In this case,
the appropriate operations can be applied to return to the initial state
|d>gp)),2345 [Eq. (8)], allowing the process to be repeated. |r’) is a
coherent state of real positive amplitude 7'

3. CONTROLLED BIDIRECTIONAL REMOTE
HYPERSTATE PREPARATION

Once the five-photon hyperentangled state in Eq. (3) has been
produced, it can be employed as a working quantum channel to
perform the controlled bidirectional remote hyperstate prepa-
ration protocol mentioned previously. The hyperentangled
state |I")12345 should be shared in such a way that Alice holds
photons 1 and 3, Bob holds photons 2 and 4, while Charlie
holds photon 5. To achieve unit success probability Alice, Bob,

wp(6,)

Fig. 7.  The scheme for the controlled bidirectional remote hyper-
state preparation. UBS; (i=1,2,3,4) is an unbalanced beam
splitter with the reflection (transmission) coefficient 7;(z;). WP (6;)
(j=1,2,3,4) is a §; wave plate that rotates the polarization state
by an angle ;. PBS is a polarization beam splitter that transmits the
horizontal polarization state and reflects the vertical polarization state.
Dopts D,yyys and Dy, with m, k, [, m', k', I, p, q € {0, 1} are 20
photodetectors. |{'), Rg, |¢'), and R4 are defined in Eqgs. (51), (52),
(53), and (54), respectively.
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and Charlie should agree in proper co-operations, as detailed
below and shown in Fig. 7.

First, Alice and Bob independently perform their actions.
Alice places two unbalanced beam splitters UBS; and UBS;,
one on path ¢ and the other on path #; of her photon 1. The
UBS; on path a¢ has the reflection (transmission) coefficient
r=vad, +ai (n=a}, +aky), while that of UBS, on
path a; is 7, = #1(# = r1). Bob also uses two unbalanced beam
splitters U B S5 and U BSy, with U B S5 placed on path dj and
UBS; on path 4; of his photon 4. Moreover, the reflection
(transmission) coefficient of Bob’s unbalanced beam splitter
UBS; is chosen to be 3= \/,331 + 8% (5= \/,830 + ,8120)
and the choice for UBS; is 74 = t3(¢4 = r3). These unbalanced
beam splitters modify |T") 12345 to

1
IT'1)12345 = E[(t1|ﬂ00> + rilaoi))1lboco) 23 (531doo)

+ r31do1))aleo)s + (tilaoo) + 71laoi))1lboct)os

X (r3ld1) + #3ld1o))aler)s + (rilann) + tilaio))
X 61¢0)23(t31doo) + 731do1))sler)s + (r1lann)

+ tilaro))1161¢1)23(r31d11) + t31d10))4leo)s]

® IT) 12345
(27)

Second, a pair of 6; wave plates denoted by WP (6,) are
placed on path a¢g and path @1 of photon 1, while another pair
of 0, wave plates denoted by WP (6,) on path 2¢; and path 21,
of the same photon 1. The angles 61 and 8, of the wave plates are
chosen as

61 = arccos 200 (28)
51
and
6, = arccos aﬂ. (29)
71

The choices of 71, 7 (#1, £2), 01, and 6, can be made by Alice
because she knows a;;. The 6 wave plate WP (9) itself acts on
the photon polarization states:

WP(6)|H) = cos 0| H) +sin 0] V), (30)

WP(0)|V) = —sin 0| H) + cos 0] V). (31)

Similarly, two pairs of wave plates are also used by Bob. One pair
of WP (03) are placed on paths dyo and ;¢ of photon 4, and the
other pair of WP (04) are placed on paths dy; and dy; of the same

photon 4. The angles of Bob’s wave plates are chosen as

03 = arccos@ (32)
3
and
05 = arccos&. (33)

73
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The choices of 73, 74 (#3, #4), 05, and 64 can be made by Bob
because he knows B;;. Due to actions of the four wave plates

WP(6,), WP(9,), WP(63), and WP(6s), state |I'1)12345

changes to

16

1
IT2)i2sds = 2 D W) 12365, (34)

i
where

[W1) 12345 = (oo Hago) + atrol Vago) + ao1| Haor)
+an| Vaoi)) 1| Hbo)2l Heo)s(Bool Heoo)

+ Biol Vdoo) + Boi| Hdor) + B111 Vo)) 4l Heo)s,
(35)

[W2) 12345 = (oo | Hago) + ctro| Vaoe) + aor| Hagr)
+ai|Vao))11Hbo) 2| Veo)s(Bool Vidoo)

— Biol Hdoo) + Bo1| Vo) — Bril Hdo1))4l Veo)s,
(36)

[W3) 12345 = (oo | Vaoo) — @10l Hag) + aor| Vaor)
— o1 | Haoi))1|1Vbo)2| Heo)s(Bool Helpo)

+ Biol Vidoo) + Bot | Hdor) + 1l Vido1))4l Veo)s,
(37)

[Wg) 12345 = (@gol Vagy) — aol Hagg) + aor| Vo)
—0l11|H401))1|Vbo)2|Vfo>3(,300|Vdoo)

— Brol Hdoo) + Bor| Vo) — Bl Hdo1))s| Heo)s,
(38)

[Ws) 12345 = (oo Hago) + atrgl Vago) + aor| Haor)
+an|Vao))1|Hbo)o| He)3(Bor | Heyo)

+ Bul Vi) + Bool Hdio) + Brol Vdio))sl Her)s,
(39)

[W6) 12345 = (ctoo | Hago) + otro| Vaoe) + aor| Hagr)
+ a1 Vaoi)1|Hbo)2l Ver)s(Boil Vi)

— BulHdv) 4 Bool Vidio) — Biol Hdio))4l Ver)s,
(40)

[W7) 12345 = (oo | Vaoo) — 10l Hago) + aor| Vaor)
— o1 Hag)1|Vbo)2| He)s(Bor| Hego)

+ BulVdii) + Bool Hdio) + Brol Vdio))al Ver)s,
(41)

|Ws) 12345 = (0too| Vage) — atrol Hago) + ator| Vaor)
— o1 |Haoi)1|Vbo)2| Ver)s(Borl Vi)

— BulHdi) + Bool Vdio) — Brol Hdio))al Her)s,
(42)
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[Wo) 12345 = (o1 | Hayy) + oy | Van) + aool Hayg)
+aig|Var)) 1| Hby) 2| Heo)s(Bool Heyo)

+ Biol Vidoo) + Bor | Hdor) + Buil Vdor))sl Her)s,
(43)

|Wi0)12345 = (0to1 | Hann) + o | Van) + agel Hasg)
+ ool Var))1| Hby) 2| Veo)3(Bool Vo)

— Buol Hdoo) + Bor| Vdor) — Biil Hdor))al Ver)s,
(44)

[Wi1) 12345 = (01| V) — an | Hay) + agol Vayg)
- C¥10|Héllo>)1|Vbl)z|Hfo)a(,Boo|Hﬂ’oo>

+ Biol Vdoo) + Borl Hdor) + Bl Vidor)) sl Ver)s,
(45)

[Wi2) 12345 = (o1 | Viayy) — aqy | Hayy) + ago| Vo)
—0510|H410))1|V51)2|Vfo)a(ﬂodVﬂ'oo)

— Biol Hdoo) + Borl V1) — Bii| Hdor))s| Her)s,
(46)

[W13) 12345 = (01 | Hayy) + aqq | Vany) + ag| Hayg)
+ oyl Vai)) 1| Hby )z | Hev)s(Bot| Hdo)

+ Bul Vi) + Bool Hdyo) + Biol Vidio)) sl Heg)s,
(47)

|Wi4) 12345 = (o1 | Hany) + oy | Van) + agel Hayg)
+ oy Va)i | Hbi )| Ver)s(Bol Vi)

— BulHd1) + Bool Vo) — Biol Hdro))4l Veo)s,
(48)

[Wis) 12345 = (1| V) — | Hay) + gl Vaio)
— ool Hao) 11 V)| Hey)s(Boir| Heoo)

+ Bul Vi) + Bool Hdro) + Biol Vo)) sl Veo)s,
(49)

[Wi6) 12345 = (1| V) — | Hayy) + agol Vaio)
— ool Haio))1|Vbi)sl V€1>3(/301|Vﬂ'11)

— BulHdi) + Bool Vidio) — Brol Hdio)) sl Heo)s.
(50)

Third, Alice mixes the spatial modes 4¢; and 43¢ on a balanced
beam splitter (BS) and the other spatial modes 2¢9 and 41; on
another BS, while Bob mixes the spatial modes dy; and d1o on
a BS and the other spatial modes 4y and &1; on another BS.
Fourth, behind the BSs Alice (Bob) arranges four polarization
beam splitters and eight photodetectors D,,u/(D. ), with
m, k, [(m, ¥, ') €{0, 1}, as shown in Fig. 7, to detect the out-
going photon 1 (photon 4). Note that the photodetector label is
made in such a way that m (7) signals the photon polarization:
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m=0(m'=0) implies H polarization and m=1(m'=1)
V-polarization, while £, /(#, ') identify the path. One of the
eight photodetectors D, (D)., /) should click and the values
of m, k, [(m', k', ') corresponding to the photodetector that
clicked are to be announced publicly by Alice (Bob). It should
be emphasized at this point that with the announced values
of m, k,[(m', ¥,]") Bob (Alice) is still unable to obtain the
hyperstate |)(|¢)) that Alice (Bob) wishes to prepare for him
(her). As mentioned before, completion of the protocol depends
on Charlie’s decision. If Charlie does not want to complete the
protocol, he does nothing. Otherwise, he will do something,.
Thus, Charlie superimposes the spatial modes ¢ and ¢ of his
photon 5 on a BS, then passes the modes after the BS through
two QWPDPs. Afterward, Charlie detects photon 5 using two
PBSs and four photodetectors D,ys for p, q €{0, 1}, with
p =0(p =1) implying H polarization (V-polarization) and ¢
specifying the path. One of the four photodetectors D,, with
certain values of p, ¢ should click and Charlie reveals those p, ¢
viaa public reliable classical media.

After Alice, Bob, and Charlie detected, respectively, the pho-
tons 1, 4, and 5 (i.e., photodetectors D, D, 5 and D,
with fixed m, &, [, m', ¥, I, p, and g clicked) the remaining
photons 2 and 3 get separated from each other. The state of
Bob’s photon 2 is of the form

[¥")2 = REIW)a, (51)
with
RB — (X;m)z}m@[’@l)) ® (ng@[)zé/?‘@q))’ (52)

while the state of Alice’s photon 3 reads

¢')3 = R}1$)3, (53)
with
Ry= (XY Z0@reDy g (x ¥ zEeny  (54)

As clearly shown in Egs. (51) and (53), in the final step Bob just
needs to apply Rp on his photon 2 and Alice applies R4 on her
photon 3 to complete the mutual controlled remote preparation
of the hyperstates |) and |¢) of the forms in Egs. (1) and (2),
respectively.

4. CONCLUSION

We have designed an optical scheme to produce a five-photon,
10-qubit hyperentangled state that can be used as the shared
quantum channel for Alice and Bob to prepare for each other
a single-photon, two-qubit hyperstate under the common
control of Charlie. The two distinct degrees of freedom that
are simultaneously exploited here are polarization and spatial-
mode ones. The scheme of production of the hyperentangled
state requires the use of cross-Kerr nonlinearities and would
work if the outcomes of homodyne detection measurements on
coherent states are resolvable. In practice, cross-Kerr nonlin-
earities are very weak. Fortunately, however, the measurement
resolution depends not only on the strength of cross-Kerr non-
linearities but also on the intensity of the coherent states. The
use of strong-enough coherent states can compensate for the
weakness of the cross-Kerr nonlinearities so that the homodyne
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detection measurements outcomes can be resolved. Starting
from a simple initial separable state, the hyperentangled state
production process may not immediately be successful. In
unlucky cases, however, it returns the initial state and thus can
be repeated any number of times until it succeeds. In this sense,
itis near-deterministic.

Given the five-photon hyperentangled state as the working
quantum, the protocol for the controlled bidirectional remote
hyperstate preparation itself is performed only by means of
linear optic devices such as unbalanced/balanced beam splitters,
polarization beam splitters, and wave plates together with pho-
todetectors. In our protocol, the diagram is extremely simple
and the number of linear optical devices used is significantly
reduced compared to even the one-way protocols in [19-21].
Since only one photon at most would hit a photodetector,
photon-number-resolving  photodetectors are not needed
here. Although our protocol carries out photon detection mea-
surements that are probabilistic, the task succeeds with unit
probability because, for each possible set of the measurement
outcomes, corresponding recovery operators exist that Alice
and Bob will use to obtain the desired hyperstates. We believe
the protocol considered in this paper is beneficial for different
high-capacity tasks in quantum information processing and
quantum computing.
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