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We propose a B — L model combined with the S4 x Z3 x Z4 discrete symmetry that
successfully explains the recent 3+1 sterile-active neutrino data. The smallness of the
neutrino mass is obtained through the type-I seesaw mechanism. The active-active
and sterile-active neutrino mixing angles are predicted to be consistent with the re-
cent constraints in which 0.3401 (0.3402) < sin? 6y, < 0.3415 (0.3416), 0.456(0.433) <
sin® 653 < 0.544(0.545), 2.00(2.018) < 10% x sin® 63 < 2.405(2.424), 156(140.8) <

5?}, < 172(167.2) for normal (inverted) ordering of the three-neutrino scenario, and
0.015(0.022) < 57, < 0.045(0.029), 0.005(0.0095) < s3, < 0.012(0.012), 0.003 (0.009) <

53, <0.011 for normal (inverted) ordering of the 3+1 neutrino scenario. Our model
predicts flavor-conserving leptonic neutral scalar interactions and successfully explains the
muon g — 2 anomaly.

Subject Index B40, B54

1. Introduction

Recently, there have been experimental observations that cannot be explained by the three-
neutrino oscillation framework [1-13]. However, these observations could be explained by
adding at least one additional neutrino (called a sterile neutrino) with mass in the eV range
having non-trivial mixing with active neutrinos. The mentioned sterile neutrinos are singlets
under SU(2);, and do not take part in the weak interaction but mix with the active ones that
can be verified in the oscillation experiments. Nowadays, there are a number of schemes favor-
ing the existence of sterile neutrinos, including: the (3+1) scheme [13-29] in which one sterile
neutrino with mass on the eV scale is heavier than the three active ones, the (3+1+1) scheme
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Table 1. The neutrino oscillation data for the three-neutrino scheme at 3o range with the best-fit points
taken from Ref. [45] and 341 neutrino mixing constraints taken from Ref. [46].

30 range (best fit)

Parameters

Normal hierarchy (NH) Inverted hierarchy (IH)
Am3, (1073 eV?) 6.94 — 8.14(7.50) 6.94 — 8.14(7.50)
|Am3, (1073 eV?) 247 — 2.63(2.55) 2.37 — 2.53(2.45)
57,/107! 2.71 — 3.69(3.18) 2.71 — 3.69(3.18)
53;/107! 4.34 — 6.10(5.74) 4.33 — 6.08(5.78)
57,/1072 2.000 — 2.405(2.200) 2.018 — 2.424(2.225)
8Im 0.71 — 1.99(1.08) 1.11 — 1.96 (1.58)
52, 0.0098 — 0.0310 0.0098 — 0.0310
534 0.0059 — 0.0262 0.0059 — 0.0262
534 0 — 0.0369 0 — 0.0369

[30-34] with one sterile neutrino with mass on the eV scale and the other much heavier than
1 eV; the (143+1) scheme [35-37] in which one of the sterile neutrinos is lighter than the three
active ones and the other is heavier, and the (342) scheme [38-44] in which two sterile neu-
trinos lighter than the three active ones are added to the standard three-neutrino oscillation
framework. Among the schemes with sterile neutrinos, the one with one additional sterile neu-
trino with mass in the eV range (called the four-neutrino scheme) is the simplest extension of
standard three-neutrino mixing that can accommodate the anomalous results of short-baseline
neutrino oscillations. Among the four-neutrino schemes, the 3+1 scheme is preferred because
the 1+3 scheme, whose one sterile neutrino is lighter than the active ones and in which the
three active neutrinos are on the eV scale, is ruled out by cosmology while the 2+2 scheme is
not suitable with the atmospheric and the solar neutrino oscillation data. The neutrino mass-
squared differences and the mixing angles in the three-neutrino scheme [45] and 3+1 neutrino
mixing angles [46], at the best-fit points and in the 30 range, are shown in Table 1. In addi-
tion, the 30 CL ranges of the magnitudes of the elements of the leptonic mixing matrix for the
three-neutrino scheme are [47]:

0.801 — 0.845 0.513 — 0.579  0.143 — 0.155
U2, skam| = ] 0.234 > 0,500 0.417 — 0.689  0.637 — 0.776 | . (1)
0.271 — 0.535 0.477 — 0.694 0.613 — 0.756

One notable attribute of discrete symmetries is that they provide an explanation for the neutrino
oscillation data. For the 3+1 scheme, the U(1) _ ; extension with S3 symmetry was presented
in Ref. [48] without mentioning the sterile-active neutrino mass and mixing, which has been
addressed in Ref. [49] with results achieved at the first-order approximation, and only the nor-
mal mass spectrum was mentioned. The sterile neutrino issue has also been considered in Refs.
[50-57] with 44 symmetry and a very large number of scalar fields, which is substantially dif-
ferent than the model considered in this paper whose scalar sector has a moderate amount of
particle content. Namely, in Refs. [50,51] the Standard Model (SM) symmetry is enlarged by the
inclusion of the A4 x Z3 x U(1)g discrete group. In Ref. [52], the SM symmetry is enlarged by
the A4 x Z, symmetry in which only |U.4| has been predicted without |U,4| and |Uy4l; in Ref.
[53], the SM symmetry is enlarged by the symmetry A4 x Z3 x Z'3 x U(1)g where two doublets
and 17 singlets are used; in Ref. [54], the symmetry A4 x Z3 x Z4 is added to the SM in which
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Table 2. The particle and scalar contents of the model.

Fields VL hrller) — HH') ¢ (p) P X bs VR Vg
[SUQ2)., U(l)y] [2, —1/2] [1, 1] [2, 1/2] [1,0] [1,0] [1,0] [1,0] [1,0] [1,0]
U1 -1 -1 0 0 0 2 0 -1 -1
Sy 3 1(2) 1(1) 3 1 1 3 3 1
Z3 w 1 1 w (1) 1 w w? w w?
Zy i 1 1 i i 1 i 1 —1i

up to three Higgs doublets and 12 singlets are considered in the scalar sector; in Ref. [55] the
symmetry A4 x Z4 is added to the SM in which one doublet and up to 12 singlet scalars are
introduced; in Ref. [56], the symmetry 44 x C4 x Cg x Cp x U(1),1is added to the SM in which
one doublet and up to 12 singlets are used, and only the normal mass spectrum is satisfied; and
in Ref. [57], the symmetry A4 x Z3 x Z41is added to the B — L in which one Higgs doublet and
up to 11 singlets are considered in the scalar sector and without mention of the muon anoma-
lous magnetic moment. Thus, it would be useful to build a S, flavored model with a much more
economical scalar content. To our knowledge, 44 has not been considered before in the 3+1
scheme with B — L extension.

This paper is organized as follows. A description of the model is given in Sect. 2. Its im-
plications for lepton masses and mixings as well as the corresponding numerical analysis is
presented in Sect. 3. Section 4 is devoted to the muon anomalous magnetic moment. Finally,
some conclusions are given in Sect. 5. Appendix B provides the scalar potential of the model.

2. The model

The B — L gauge model [58,59] is supplemented by one discrete symmetry Sy along with two
Abelian symmetries Z3 and Z4. Further, three right-handed neutrinos vg, one sterile neutrino
vy, one SU(2); doublet (H), and four singlet scalars (¢, ¢, p, ¢,) are introduced to the B — L
model. Three right-handed neutrinos and three left-handed leptons v/, are grouped in 3 under
the S4 symmetry whereas the first right-handed charged lepton /; is assigned as 1 and the two
others are grouped in 2 under the S; symmetry. The sterile neutrino vy is assigned as 1 under
the Sy symmetry. The particle content of the model under consideration'! and its corresponding
assignments under the symmetry SU(2);, x U(l)y x U(1)p_p x S4 x Z3 x Z4 = T are shown
in Table 2.

With the above-specified particle content, the following 5D Yukawa interactions invariant
under the symmetries of the model arise:

—Lerep = %(MR)s(Hd))s + %(MR»(Hd))s + %(xhzmy (H'$)s

+ 2 ronHp)+ 2o + 2 (Frvn)s (o)

+ ST + 2 (vRa(cda + He, o

In Eq. (2), A is the cutoff scale of the theory and y,,, s, x¢, and xz, (kK = 1, 2, 3) are dimension-
less constants. The VEVs of scalar fields satisfying the scalar potential minimum condition,

"Under SU(3)¢ symmetry, all leptons and scalars are singlets.
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presented in Appendix B, are given as follows:
(H)y=(0 ", (H)=(0 V’)T D) = (1), (@2), (93), (91) = (¢2) = (¢3) = vy,
(9) = (0(02)0), (@2) = vy, (p) = vp, (X} = vy, (&5) = ({$15)0(3s)), (D15} = (P35) = v5. (3)

In fact the electroweak symmetry breaking scale is one order of magnitude lower than the TeV
scale and the B — L scale is assumed to be at the TeV scale, i.e.,

v ~v=123x10*GeV, v, = 10’ GeV. 4)
Furthermore, in order to have very heavy right-handed Majorana neutrino masses, thus allow-

ing the implementation of the type-I seesaw mechanism that produces the tiny masses of the
active neutrinos, the VEVs of flavons ¢, ¢, p, and ¢, are assumed to be at a very high scale:

Vg ~ vy ~ v, ~ v = 10" GeV. (5)
It is interesting to note that each additional symmetry U(1) _ 1, S4, Z3, and Z4 plays a crucial
role in forbidding the unwanted terms, which are listed in Table A1 of Appendix A, to obtain the
lepton mass matrices in Egs. (7) and (19). Furthermore, there exist invariant terms via Weinberg
operators with dimensions greater than or equal to six, W(Eﬂ/fﬁ)(ﬁz x*)HH)Y*(P*P)
withk,/=0,1,2,..;H=H, H and P = ¢, ¢, p, x, ¢s. The fact that vy; < vp < A means that
the neutrino mass obtained by those Weinberg operators, vy (VX“)ZHI (VX”)ZIH, is very small
compared to the one obtained by the type-I seesaw mechanism as in Eq. (19) and thus has been
ignored.

3. Neutrino mass and mixing

3.1 Lepton mass and mixing in the three-neutrino framework

From the Yukawa interactions in Eq. (2), and using the tensor product rules of the S, dis-
crete group [60], together with the VEVs of scalar fields in Eq. (3), the charged lepton mass
Lagrangian is written in the form:

L0 = (I by br)Mi(hr bhr hr)" + Hec., (6)
where
xlva"’ VX‘I’ (x2v + x3v) %(XQV—)QV/)
M= xpvE 0?2 (ov+x3v) w2 (nov—x3v) |, (7)

XV 0 (ov4x3v) 0 (v — x3v)

which is diagonalized as, U;M[ U, = diag(m,, m,, m;), with

1 1 1
1 2
U; = 7 1 w 602 s Ur = I3><3 (a) = ezT) ’ (8)
3 1 o o
m, = ﬁxlvvf’ m/l:f = \/§VX¢ (xzv + X3v/) . (9)

Equation (8) tells us that U; is non-trivial and hence it will affect the lepton mixing matrix.
Furthermore, Eq. (9) shows that m,, and m, are distinguished by v'. This is the reason why H
is additionally introduced to H.

Furthermore, assuming that the gauge singlet scalar fields require VEVs much larger than
the electroweak symmetry breaking scale, the scalar spectrum at low energies is the same as in
the 2HDM theory. Then, the physical CP-even and CP-odd neutral scalar fields are given by:

Hg =sinah — cosaH, Hz/eo = —cosah —sinaH, (10)
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H) = cos BG +sin pA°, H;® =sin BG, — cos pA°, (11)

where G is the Goldstone boson associated with the longitudinal component of the gauge
boson Z, h is the 126 GeV SM-like Higgs, H is the heavy CP-even Higgs, A is the heavy CP-
odd Higgs boson, tan 8 = -, and « is the mixing angle in the neutral scalar sector. Then, the
leptonic Yukawa interactions involving neutral scalar fields are given by:

/3 /3
E’}, = Eyl sinaepher + 3 (y2sina — yscosa) i hiug
3 . _
+ \/;(yz sina + y3cosa) T htr + Hec., (12)
HO 3 — 0 3 . J— 0
Ly =-— Eyl cosae H ep + E(yzcosa +yssina)w, H g
3 . — 0
+ E(yzcosoz—y3 sina) T H 1 + H.c., (13)
AO . 3 . —_ 0 . 3 . J— 0
Ly =i Eyl sin Be; A"eg + i E(ygsmﬁ—ygcosﬂ),uLA R

3 .
+ i\/; (y2sin B + y3cos B) T At + Hec., (14)

where
yk:kaXd’ (k=1,2,3). (15)

Equations (12), (13), and (14) imply that the flavor-changing leptonic neutral scalar interactions
are absent in our model. Consequently, there are no scalar contributions to the charged lepton
flavor-violating decays T — uy, T — ey, and u — ey. The charged lepton flavor-violating
decays t — uy, T — ey, and u — ey will receive one-loop level contributions due to the
electrically charged scalars and right-handed Majorana neutrinos; however, these contributions
will scale with the inverse of the fourth power of the model cutoff as well as with the fourth
power of the very small neutrino Yukawa coupling, thus making their branching ratios very
tiny. Other contributions to the charged lepton flavor-violating decays will arise from the virtual
exchange of a W gauge boson and sterile neutrinos; however, these contributions will have very
tiny branching ratios as in the SM.

As we will see in the following, our model can successfully accommodate the SM charged
lepton masses. Now, comparing the obtained result in Eq. (9) with the experimental values
of m, . . [61], me =0.51099 MeV, m,, = 105.658 37 MeV, m, = 1776.86 MeV, and consider-
ing the benchmark point v = v/ = 123 GeV, v, = 10! GeV, and A = 103 GeV, we get:

il ~ 1074, o] ~ |x3] ~ 107", (16)
Furthermore, from the leptonic Yukawa interactions and using the benchmark point given

above, it follows that the coupling of the 126 GeV SM-like Higgs boson with the SM lepton—
antilepton pair is about 0.7 of the SM expectation.
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From the particle content given in Table 2, we get the following neutrino Yukawa interac-
tions:

X1y , = - - ~
—Ly = T(WlLle + Yarvar + Y3rvar)Hp

X2y
A

+ % [(Warv3r — F3rvaR)(H'1) + (Uarvir — yiovir)(H'92) + (Yirvag — lﬁszlR)(ﬁ/%)]

+ 222 [(arvir + arvar)(Her) + (Fspvig + diovsr)(Her) + Wiovag + vovir)(Hes)]

W - —c —c Vs /¢ . .
+ E(VfRWR + D5gVar + D5pV3R)X + XY (VSvirx P15 + DS varX 25 + Div3rx d3s) + Hec. (17)

With the VEV configuration given in Eq. (3), after symmetry breaking, the 7 x 7 neutrino mass
matrix in the (v§, vg, v,) basis takes the form

0 Mp O
M =ML Mrp MI|, (13)
0 Mg 0

where Mp, Mg, and Mg are the Dirac, Majorana, and sterile neutrino mass matrices, respec-
tively. They are given by:

2yx1y 0 % (vxay — V'X3y)
Mp = 0 Lyxy, 0 ,
= (vx2y + Vx3y) 0 Lyxyy
Mg =y, Ms =y, 2(1 0 1), (19)

In the case of Mp < Mg K My, the effective 4 x 4 light neutrino mass matrix is determined
by [50,52,54,56]:

MpM7'MT MpM7'MT
Mv=—( DM Mp DM R S>‘ (20)

Ms (Mz")" ME MsM' M

The expression (19) shows that, in the neutrino sector, there are five complex parameters, thus
implying the existence of 10 real parameters. Considering the case of real VEVs for the scalars
H,H ¢, x,and n while taking the VEV of ¢ to be complex vy = voe™®), the phase redefinition of
Y1 and v allows the phases of three Yukawa couplings xi,, y,, and y, to rotate away, reducing
this to seven parameters. Furthermore, two parameters are absorbed during the formation of
the neutrino mass matrix. Thus, five real and dimensionless parameters k»_ 3, m, m,, and o are
left, where k»_ 3, m, and m; are defined as follows:

, 2.2.2 2.2
Vo X2 VoV X3y ViV Xy 2y viys

o= 02y MO, L Dty o S 1)
Vo X1y Vp V X1y A=vypy A4y,

Combining Egs. (19) and (20) yields the 4 x 4 active—sterile mass matrix in the explicit form

1+ (ky — k3)2€2m 0 2k2€ia 1+ (ky — k3)€[a
1745 0 . 1 0 . N 0 .
v 2kye™ 0 1+ k+ k3)2€2"x 1+ (ko + k3)e™
s (1 F(ky —k3)e® 0 14 (ky + k3)el‘a) m,

(22)
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In the case of Mp < Mg, one can apply the type-I seesaw mechanism to Eq. (20) to get the
active neutrino mass matrix as [50,52,54,56]

M, = MpMz'MI(MsMz' MDYy "MsMz' M) — MpMy' M}
[k —kz)e™ =117 0 14 (k3 — kD)X — ek,
= 0 -2 0 . (23)
1+ (K2 — k3)é¥@ —2e%k, 0 —[(ks + ky)e* — 1]
We note that M, is complex because m, k> 3, and « are real parameters. Hence, to determine
the active neutrino masses, we define a Hermitian matrix m? given by

k_ 0 2k2 — k() — i2k3 sin o
m2k0 3
m’ = M, M| = 5 0 = 0 : (24)
2k§ — ko + i2k; sina 0 ki
where
ko=1+k3+ k3 —2kycosa, ks = 1+ (ky F k3)* — 2(ka T k3) cos . (25)
The squared matrix m? in Eq. (24) is diagonalized by the rotation matrix U, satisfying
(O 0 0 go(g1+ig2) 0 —rogr + igz)\
0o m* 0 |,U = 0 1 0 for NH,
212 1 1
Ufm2U, = | \0 0 kg \ O 7 (26)
v mk 0 0 (—ro(gr +ig2) 0 go(g1 +ig2))
0 m* 0].U,= 0 1 0 for IH,
1 1
0 O O \/er 0 ﬁgo )
where

1 \/_ k2 V2k5 sina
— o= ]—. g = L= (27)
ko ko

The corresponding leptomc mixing matrix is

/% +go(g+ig) 1 = — (g1 +ig2)ro
\/% fg +8o(g1 +ig2) o f;m — (g1 +ig2)ro | for  NH,
Uy = UL, = [g +go(g +ig) @ \?’m — (@ + lg%)roj 28)
fr — (g tig)ro 1 =+ g8 +ig2)
% [r — (@ +igo o p-+go(g +ig) [for TH.
Ao (@ tign o F-+go(e+ig)
The three light neutrino masses are given by
m% =0, m% = m?, m% = k%m2 for NH, (29)
=kim*, mij=m’, m3=0 for IH,

which implies the neutrino mass ordering should be either (0, m, mky) or (mky, m, 0). It is
important to note that in the considered model both NH (m; < m, < m3) and IH (m3 < m; <
my) are satisfied due to the fact that k( in Eq. (25) can be greater or less than the case in which
k, and ks are real parameters. Hence, the model can predict both NH and IH spectra, which is
consistent with the recent experimental data [45] and different from that of Ref. [56] in which
only the NH is allowed.

In the three-neutrino scheme [61], the lepton mixing angles are determined from Eq. (28):
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o

k

2

£ for NH,
sh=1Uasl =130 4 (30)

3 §k_(3) for IH,
Upl? 1
d= 192 L fr both NH and IH, (31)
1 - IUe3| 3613
2 1 33 sina
2 ‘UM3| _ 3T 3ko—2k2 for  NH, 3
S23 - 1 — U 2 1 \/§k3sinol f IH ( )
| €3| 2 k()+2k§ or ’

where s = sin 6, ¢; = cos 0, 11 = 32, and 123 = 22 with 6; are neutrino mixing angles.
Furthermore, from Egs. (29), we can express m and kg in terms of two observables Am%l and

Am3, as follows:
J Am3, for NH,
= (33)

m=
JAm3 — Ami,  for IH,
/ 2
o — # for NH,
" Ay for TH.

m

(34)

The fact is that the neutrino mass ordering can be normal (m; < my < m3) or inverted (m;
< my < my) depending on the sign of Am%l [45,62]. We will show that the considered model
can provide a satisfactory explanation of neutrino masses and mixing data for both the three-
neutrino scheme and the 3+1 scheme, given in Table 1.

3.2 3+1 sterile-active neutrino mixing
In the case of Mp < Mg, the mass of the fourth mass eigenstate is given by [50,52,54,56]:

my = MsMzg' MY = m. (35)

Combining Egs. (29) and (35) yields:

/ Amf11 for NH, (36)
nmy = My =
Jm*ki + Amj,  for IH.

The 4 x 4 neutrino mixing matrix is given by [50,52,54,56]:

(37)

fg 1 |
U=UU, = (UL(I —2RROU,  UpR ) ,

—R'U, —1R'R
where R is given by [50,52,54,56]

1+ (ky — k3)e™
0 . (38)
1+ (ka + k3)e™

R= MpMz'ME (MsMz'M{ )'=

2my

Combining Egs. (8) and (38), we find that the strength of the active—sterile mixing is given by

2+ 2k2 ei“ Ue4

ULTR = V % [0 (ks + k3) + ky — ks3] e® —w | = | Uns | (39)
P\ otk + k3) + ky — ksl e — o? Uy
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which leads to

2m
51y = |Ual?* = Ep (1+ k3 + 2ks cos ) ,

S

2 | Upual? 1+ k3 + 3k% + 2ks cosa + 24/3k; sina

S = =

TP s — 4 (14 k3 + 2k, cos )

2, = | U4 _ 1+ k3 + 3k% + 2ky cosa — 24/3k; sin @)

L= Ul = [Upal® e (5 +5Kk3 + 343 + 10kz cosa + 2/3ky sina)

3.3 Effective neutrino mass parameter and Jarlskog invariant
The Jarlskog invariant, obtained from Eq. (28), has the form [61,63-65]

kg(szcos Ot) fOr NH,
Jep = Im(Ul2 Uas UI*S UZ*Z) = ! . k33\(/k§2k—ocosa) for IH (41)
33k )

The effective neutrino masses get the following forms [66-68]:

w2 ko [ (203 = ko + ki)’ + 43 sin o]

= | — 42
7+ o : (42)

| 16K3sin’ o (263 — ko + ey )+ [ (ki — ko +2K3)" = 4k3 sin” e + 2k+]2
=2 e , (43)
i w2 1Pk [ (263 = ko + k)’ + 4k sin’ e |
) 3
2’"3m°' [(k2 cosa + 1)2 + k2 sin’ a]] , (44)
(Mee) Z Ulmy| = [16 sin®  [2kak (K cosa + 1) + koks — 2k3 — k3k+]2
+[k§ + 6k, + 4ok (ky cosa + 2) cos e — 2ko (263 + k)
3
—4 (K2ky + ) sin® o + (22 + Ky ) ]2} . (45)

3.4  Numerical analysis

Firstly, provided that s3 is located inside the 30 experimentally allowed range” taken from Ref.
[45], i.e., 575 € (2.000,2.405)10~2 for NH and s}, € (2.018, 2.424)10~2 for IH, from Eq. (31),

’In the present work, numbers are displayed with four significant digits to the right of the decimal
point.
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we predict the solar mixing angle:

> | (03401,03415) for NH,
1271 (0.3402,0.3416) for IH,

which is consistent with the 20 experimental range given in Ref. [45].
Furthermore, Egs. (33) and (34) imply that

(49.39, 51.10)meV for IH, (0.9833,0.9866) for IH,

m; =0, ms e (8.331,9.022)meV, ms € (49.70,51.28)meV for NH,
my € (48.68,50.30)meV, m, € (49.39,50.10)meV, my =0 for IH,

Zs o 1(58.03,6031)meV  for NH,
="~ ] (98.07,101.30)meV for IH,

[(8.331,9.022)meV for NH, l(5.51,6.16) for NH,
0

(46)

(47)

(48)

(49)

provided that the light neutrino mass-squared differences Am%l and Am%l are varied in the 3o

range of Ref. [45] as shown in Table 1.

To find the allowed ranges of kj, k3, m, m,, and « and the predictive ranges of the experi-
mental parameters sin 203, sin 8, (m,,), and si4 (k=1,2,3), we utilize the observables Am%l,

Am3,, Amj,, sin 013, and sin 26,3 with values given in Table 1°.
From Egs. (25), (30)—(32), and (41), we get:

. _i\/%+Q)N+s% for NH,
2:
Ji ek (M v30) for T,
513

/3ty
=N ¢ for NH,
k3 _ 7 913

(1—3s%)1 for IH,

k
v/ ’N2¢ -‘r(l)]\/-l-s%3 (INCAI‘3 cos? 2923-‘1-(1)1\[—25%3)

for NH
cos — [tv (353, —2)+2]si, ’
\/2—33%3—0-3[12[% +xf3<l>1(3116‘1‘3 cos? 2923+\/§<I>1+6s%3—4) for TH
2355, (3151, -2) ’
5 ZNU?} cos? 292?+¢N_25%3
A/ tNk¢+2(<I>N+s13) s13+ —27
B si3[rnGs-2)+2] for NH
sin's Tnsy sin 20034/2-357, ’
cp =
513y 235+ 102 30, ucy CZSZ e ey
a33-2(3iyst;-2) for TH
9

V653,523023 «/(2—33%3 ) 13%
with

Dy = \/<cos2 2013 — cf; sin’ 2923) (tneh; cos? 20,3 — 253.) t,

O, = \/<cos2 2013 — ¢y sin’ 2923) (317¢f, cos? 2003 + 657, — 4) 17,

ko = (6 — 5573)s%; + 2(c}y sin? 2023 — 1),

(50)

(51

(52)

(53)

(54)

(55)

(56)

3As will be mentioned below, at present, there are various experimental bounds on Anzj;. In this work,
Am3, is assumed to be in the range of A3, € (5.0, 10)eV? for NH and Anz}; € (30.0, 50.0) eV? for TH.
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0.44 — 0.9765
(\l; 0.022+ ] 0.43 rE 0.9760
4 0.022 0.976 ] 0.9755
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— 041 — 09745
0.021¢ 1 0,01 0977 1 09740
/ 0.9765
043 /0.42’/ : \
0020 Ll , - s : : ‘
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Am%l (meV2) Am%l (meVz)

Fig. 1. k3 as a function of 53, and Am3, with Am3, € (69.4, 81.4)meV? and 52, € (2.000, 2.405)10~2 for
NH (in the left panel) and 57, € (2.018, 2.424)10~2 for IH (in the right panel).

2 2
Iy = Am31 t = & (57)
Am%l’ Am%l — Am%1

Equations (50)—(57) imply that k3 depends on three parameters Am%l, Am%l, and s;3 while k»
and cos« depend on four parameters Am%l, Amgl, s13, and s73. As a consequence, Eqs. (40)-
(57) imply that Jcp, sindcp, (mg)), (M), and mf;) aswell as |Uj;| (i=1,2,3; j =1, 3) depend
on four parameters Am%l, Am%l, s13, and so3 while 512(4 (k =1, 2, 3) and mg depend on five pa-

rameters Am3,, Am3,, 513, 523, and m; = my = ,/ Am?, in which three parameters Am3,, Anm3,,
and s;3 are measured with more accuracy that can be used to constrain the others.

At the best-fit points of Am2, [45], Am3, = 2.55 x 10> meV? for NH and Am?; = —2.45 x
103 meV? for TH, the parameter k3 depends on s3, and Amj3,, which is depicted in Fig. 1. This
figure implies

o e {(0.41, 0.46) for NH, 58)

(0.9740,0.9775) for IH.

At the best-fit points of two light neutrino mass-squared differences taken from Ref.

[45], Am3, = 2.55 x 10’ meV? for NH while Am?, = —2.45 x 10° meV? for IH and Am3, =
75.0meV?, we get

5.831 for NH

ko = ’ 59

0 [0.985 for IH, 59

and the parameters k,, cos «, sin§cp, (mg)), (m,), and ml(;) depend on 513 and s»3, which are,
respectively, depicted below in Figs. 2, 3, 5, 6, 8, and 9.

Figure 2 implies that
(—3.20, —2.40) for NH,

k 60
: {(1.13,1.18) for TH. (60)

From Fig. 3, it follows that:

(—0.90,0.0) for NH, . o |(90.0,154.0) for NH,

e, ol 1
cos E{(0.994, 0.999) for TH, "% <(2.563,6.28) for IH. D)

The dependence of Jcp on 53, and 57, is depicted in Fig. 4.

11/29
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Fig. 2. k> as a function of s3; and s7; with 53, € (0.456, 0.544) and 57, € (2.00, 2.405)10~2 for NH (in the
left panel) and s3; € (0.433,0.545) and s}, € (2.018, 2.424)1072 for IH (in the right panel).

_,;:—’—5;1'0'1—’0»2” ———=0 _mpy
0.5 V" 03 0.54r 0.99
-0.
—-0.1 —0.999
5 —0 0.52+
Ly —— | R
N — 0.999
0.3 0.50" ] 0.998
aft 050 -A—— B —m| —1-04 R 0.997
L} ks —_—— 2
-8'2 -, ] 0.996
-08 — 0.995
048 ~08 oseda — 0.994
0.461 q
] —=0.9 0.997
Eoi - 0.99¢
e R L0995 ]
0.46 "‘5_0'1:\]‘02: “/‘ﬁ»—f:a]a‘f:gl‘" 0.44 ‘ ‘ ‘ c‘A994
0.020 0.021 0.022 0.023 0.024 0.021 0.022 0.023 0.024
2 2
S13 513

Fig. 3. cosa as a function of s3; and s7; with s3; € (0.456, 0.544) and 57, € (2.00, 2.405)10~2 for NH (in
the left panel) and s3, € (0.433, 0.545) and s}, € (2.018, 2.424)10~2 for IH (in the right panel).

—— ‘
0.54/— = = 0.54

0.52} |

052' /_ L _3.0 /
-2.6

-3.1 -3a

e 37 058 ] -2.8
5 0.50+ ' 1 o -3.0
=54 0.48f 1 — =32
— 34 \ 34

523

0.48 ] — =35 0.46
34 28 -
8 J 0.44+ -
0.46 ‘\_3 ) -3 -32 ) - T ) - )
0.020 0.021 0.022 0.023 0.024 0.021 0.022 0.023 0.024
2 2
ST3 513

Fig. 4. Jcp x 10% as a function of s3; and s3, with 3, € (0.456, 0.544) and 5%, € (2.00, 2.405)10~2 for NH
(in the left panel) and 3, € (0.433,0.545) and s}, € (2.018, 2.424)10~2 for IH (in the right panel).
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Fig. 5. sin8¢p as a function of s3; and 57, with s3, € (0.456, 0.545) and s1, € (2.00, 2.405)10~2 for NH
(in the left panel) and 53, € (0.433, 0.545) and s7, € (2.018, 2.424)1072 for IH (in the right panel).

0.54

0.521

50,50}

0.48F

0.46

T T 37
_— 38
39
o
S——_— 38
—a5 I 37

0.020 0.021 0.022 0.023 0.024

Fig. 6.

2
S13

0.54+
a4 0.52}
— 4.0
3.9 0.50
3.8
37 0.48}
136
—13:5 0.46F
0.44

485 ' 484
487
486

485 g

L

[ 484 el 1
483 745-2/.
0.021 0.022 0.023 0.024
5%3

— 48.70
48.60
48.50
48.40

- 48.30

— 48.20

(m$)) (meV) as a function of s3, and 53, with 52, € (0.456, 0.544) and s, € (2.00, 2.405)10~2 for
NH (in the left panel) and s3; € (0.433, 0.545) and s, € (2.018, 2.424)10~2 for IH (in the right panel).

Figure 4 implies that the Jarlskog invariant takes the values [61]:

; (=3.5,-3.0)x 10~ for NH,
P=1(=34,-2.6)x 102 for TH.

Figure 5 implies that

in s < [(—0.99, —0.91)

Figures 6 and 7 imply that

( ee

B

for NH, el 5O ¢
(=0.975,-0.775) for IH, ~~ ¢F

3) (3.50,4.10) meV
) €
(48.20,48.70)meV for IH,

3) (8.80,9.20) meV
€
(49.16,49.24)meV for IH,

NH,

(20) (40.0, 110.0) meV
“« (198.0, 208.0) meV for IH.

13/29

for NH,

for

for

NH,

(156.0,172.0) for NH,
(140.8,167.2) for IH.

(62)

(63)

(64)

(65)

(66)
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Fig. 7. m}’ (meV) as a function of 53y and 53y with 53 € (0.456,0.544) and s?, € (2.00, 2.405)10~2 for
NH (in the left panel) and s3, € (0.433,0.545) and s3, € (2.018, 2.424)10~2 for IH (in the right panel).

: ’ i 50 " 204
054l —— o 0.54 %
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[
| A _ o 110 L /
110, 100 208 B 208
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~£0.50 1 80 o 204
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Fig. 8. (m,.) (meV) as a function of s3; and s}, with s3, € (0.456, 0.544) and s}, € (2.00, 2.405)10~2 for
NH (in the left panel) and 53, € (0.541, 0.598) and 57, € (2.018, 2.424)10~2 for IH (in the right panel).

We see that the resulting effective neutrino masses for the three-neutrino scheme in
Egs. (64)-(66), for both NH and IH are below all the upper limits taken from GERDA
[69](mee) < (120 =+ 260) meV, MAJORANA [70] (m,.) < (24 = 53) meV, CUORE [71] (m.) <
(110 + 500) meV, KamLAND-Zen [72] (m,.) < (61 +~ 165)meV, GERDA [73] (m,.) < (104
228)meV, CUORE [74] (m,.) < (75 =+ 350)meV, and CUPID-Mo Collaboration [75] (m,.) <
(310 + 540) meV.

The dependence of (m.) on s3; and Amj, with s3; € (0.433,0.545) and Amj, €
(10.0, 30.0)10° me V2 is depicted in Fig. 8. The dependences of the absolute values of the entries
of the lepton mixing matrix in Eq. (28) on s;3 and s,3 are presented in Figs. C1 and D1, which
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Fig. 9. mg (meV) as a function of 3, and s3, with 52, € (0.456,0.544) and Am?, € (5.0, 10.0)10° meV?
for NH (in the left panel) and s3, € (0.433,0.545) and Anz}; € (30.0, 50.0)10° meV? for TH (in the right

panel).

indicate that

0.8020 — 0.8040 % 0.142 — 0.154)
0.370 — 0.420 % 0.700 — 0.730 | for NH,
0430 — 0470 &= 0.670 — 0.695)
Usep € B (67)
P 0.8020 — 0.8040 % 0.144 — 0.154
0.440 — 0.490 % 0.655 — 0.690 | for IH.
0.340 — 0.400 JLg 0.710 — 0.745

At the best-fit points of the two light neutrino mass-squared differences and the reac-
tor neutrino mixing angle taken from Ref. [45], Am}, =75.0meV? and Am3 = 2.55 x
103 meV?, 53, = 2.200 x 1072 for NH and Am3, = —2.45 x 10’ meV?, 52, = 2.225 x 10~ *for
IH, the parameter mg and s,%4 (k=1,2,3) depend on sp; and m,; =
there are various experimental bounds on Amﬁl [6-12,76-81], e.g., Amﬁl € (0.01, 1.0)eV? [76],
AmZ, > 1072eV2[8], Am3, = 0.041eV*[78], Am2, € (0.1,1.0)eV?[77], Am3, € (0.2, 10.0)eV?
[9], AmZ, > 0.1eV? [10], Am3, = 1.0eV? [79,80], Am3, > 1.5eV? [11], Am3, = 1.7eV? [81],
Am2; < 10.0eV? [6], and Am3, = 1.45eV? [7]. Thus in this work, Am?, is assumed to be in
the range of Am?, € (5.0, 10)eV? for NH and of Am2, € (30.0, 50.0)eV? for IH. Going by
this assumption, the dependences of myg and 57, on 5,3 and Amj,, with s3; € (0.456, 0.544) and
A3, € (5.0,10.0)10° meV? for NH and s3, € (0.433,0.545) and Am3, € (30, 50)10° meV? for
IH, are presented in Figs. 9, 10, and 11, respectively.

Figures 10 and 11 show that the considered model predicts the ranges of sﬂ, s§4, and s§4 as
follows:

Am?,. At present,

o | (0.015,0.045) for NH, )
451 (0.022, 0.029) for IH,
o | (0005 0.012) for NH, )
271 (0.0095, 0.012) for IH,
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Fig. 10. s},,s3,, and s3, as functions of s3; and Amj, with s3; € (0.456,0.544) and Amj, €

(5.0, 10.0)10° meV? for NH.

(0.003, 0.011) for NH,
(0.009, 0.012) for IH,

which are consistent with the constraints given in Table 1.

Finally, from the above analysis, the obtained parameters of the model are summarized
in Table 3. In the case of 53, = 0.544 (23 = 47.50°) and Am3, = 5.0eV? for NH and s}, =
0.545 (63 = 47.58°) and Amﬁl = 30.0eV? (my, = 4477.23meV) for TH, we obtain the param-
eters as given in Table 4 and the lepton mixing matrix gets the explicit form:

0.8012 +0.05287:
0.09636 — 0.354i
0.096 36 + 0.4598i
0.8009 — 0.05405:
0.09596 —0.4611i
0.09596 + 0.353i

(70)

0.5774 —0.1285 — 0.074 06i
—0.28874+0.5i  —0.6317 — 0.3646i for NH,
—0.2887 —0.57  —0.6317 4 0.2165i (71)
0.5774 —0.1285 + 0.07575i
—0.288 4-0.57 —0.6315 —0.2147i for IH,
—0.2888 — 0.57  —0.6315 4+ 0.3662i

which are unitary and in good agreement with the constraint on the absolute values of the
entries of the lepton mixing matrix given in Eq. (1).
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Fig. 11. si,,53,, and s3, as functions of s3; and Amj, with s3; € (0.433,0.545) and Am}, €
(30.0, 50.0)10° meV? for IH.

4. Muon anomalous magnetic moment

The experimental data show a significant deviation of the muon anomalous magnetic moment
from its SM value:

Aa, = a5 — a3 = (2.51 £0.59) x 107°. (72)

m
In this subsection, we will analyze the implications of our model in the muon anomalous mag-
netic moment. Muon anomalous magnetic moments mainly arise from one-loop diagrams in-
volving the exchange of electrically neutral CP-even and CP-odd scalars and the muon running
in the internal lines of the loop. It is worth mentioning that due to the symmetries in our model,
there are no tree-level flavor-changing neutral scalar interactions in the leptonic Yukawa terms,
thus implying that the muon is the only charged lepton contributing to the muon anomalous
magnetic moment. There are also contributions arising from electrically charged scalar and
right-handed Majorana neutrinos but these contributions are strongly suppressed. Thus, the
leading contributions to the muon anomalous magnetic moment take the form:

2 (sm) \?
[(yhumu) - (yhﬁRuL) ]mi

812

Aa, >~ 1 (my,, my,)

2
m
+ £ [ylzqommlg‘) (my, mppo) + yioﬁRﬂLlf({‘) (my, on)] , (73)

8r2
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Table 3. The model prediction compared to the experimental range [45,46].

Parameters ~ Experimental range (NH) Prediction (NH) Experimental range (IH) Prediction (IH)
33 m; (meV) <120 58.03 — 60.31 <150 98.07 — 101.30
sin 263 x 10? 2.00 — 2.405 2.00 — 2.405 2.018 — 2.424 2.018 — 2.424
sin %0, 0.271 — 0.369 0.3401 — 0.3415 0.271 — 0.369 0.3402 — 0.3416
sin 26,3 0.434 — 0.610 0.456 — 0.544 0.433 — 0.608 0.433 — 0.545
Scp (9) 128 — 352 156 — 172 200 — 353 140.8 — 167.2
sﬁ 0.0098 — 0.0310 0.015 — 0.045 0.0098 — 0.0310 0.022 — 0.029
354 0.0059 — 0.0262 0.005 — 0.012 0.0059 — 0.0262 0.0095 — 0.012
s§4 0 — 0.0369 0.003 — 0.011 0 — 0.0369 0.009 — 0.012
(my (meV) ~1.0 [95] 3.50 — 4.1 ~1.0 [95] 47.90 — 48.50
m§ (meV) 8.9 —> 12.6 [95] 8.85 > 9.15 8.9 —> 12.6 [95] 47.17 — 49.23
(M) (meV) < 110 — 520 [74] 40.0 — 110.0 <110 — 520 [74] 185.0 — 205.0
mg (meV) <1100 [96] 300.0 — 550.0 <1100 [96] 700.0 — 900.0
Table 4. The obtained parameters.
Parameters Derived values (NH) Derived values (IH)
k> -2.29 1.161
k3 0.439 0.9758
cosuo (a(o)) —0.136(97.80) 0.9758 (4.412)
ko 5.83 0.985
my (meV) 0 49.50
my (meV) 8.66 50.25
my (meV) 50.50 0
>3 m; (meV) 59.20 99.75
sin 8cp (5?},) —0.912(294.0) —0.9092 (294.60)
my (eV) 2.24 4.472
2, 0.0178 0.028 53
52, 0.005 89 0.01225
524 0.003 94 0.01157
(my (meV) 3.575 48.45
(Mee) (meV) 37.27 203.90
m (meV) 9.006 49.20
mg (meV) 294.20 926.40
where the Yukawa couplings appearing in Eq. (73) are given by:
3 . m
Piten, = \g (2sina — yycosa). ¥ = =, (74)

3 ) 3 .
VHOR ey, = \/;(yz cosa +y3sina), Vo, = \/;(yz sin 8 — y3cos ), (75)

whereas the loop function 7% (mys, my_4) has the form [90-94]:

H(A)

X2 (1

—x:l:ﬂ)

my,

1
12y g = [

m2 x? + (mff - mﬁ) x4 my; (1 —x)

dx. (76)

Figure 12 shows the allowed parameter space in the nig0—m 4 plane consistent with the muon
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Aa,
1000
3.5%1072
800
3.0x107°
=
3
= 600 25%x107°
E
2.0x107°
400
1.5%x 1077
200 250 300 350 400 450 LOX10-°
my[GeV]

Fig. 12. Allowed parameter space in the mgo—m 40 plane consistent with the muon anomalous magnetic
mesanious magnetic moment. We find that our model can successfully accommodate the ex-
perimental values of the muon anomalous magnetic moment.

5. Conclusions

We have proposed a B — L model combined with the S; x Z3 x Z4 discrete group that
successfully explains the recent 341 sterile-active neutrino data. The tiny masses of the
light active neutrinos are obtained through the type-1 seesaw mechanism. The active—-active
and sterile—active neutrino mixing angles are predicted to be consistent with the recent
constraints where  0.3401 (0.3402) < sin® 0}, < 0.3415(0.3416), 0.456 (0.433) < sin” 63 <
0.544 (0.545), 2.00 (2.018) < 10% x sin” ;3 < 2.405 (2.424), 156(140.8) < 88)3 < 172(167.2)
for normal (inverted) ordering of the three-neutrino scenario, and 0.015(0.022) < 52, <
0.045 (0.029), 0.005(0.0095) < s3, < 0.012(0.012), 0.003 (0.009) < s3, <0.011 for normal
(inverted) ordering of the 341 neutrino scenario. The effective neutrino masses are predicted
to be in the ranges 40.0(185) < (m,.)[meV] < 110.0(205.0) and 300 (700) < (mg)[meV] <
550(900) for normal and inverted neutrino mass orderings, respectively, a range of values
consistent with the recent experimental data. Our model predicts flavor-conserving leptonic
neutral scalar interactions and successfully explains the muon g — 2 anomaly.
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Appendix A. Interactions are prevented by one of the symmetries of the model
Appendix B. Higgs potential invariant under I' symmetry
The total renormalizable scalar potential invariant under I' symmetry is given by*:

Vit = V(H) +V(H) + V() + V() +V(p)+ V(X)) + V(ds) + V((HH) + V(H)
+ V(He)+V(Hp)+V(Hx)+V(Hes)+ V(H'¢)+ V(H'¢)+ V(H'p)+ V(H X)
+ V(H'¢5) + V(d9) + V(gp) + V(dx) + V(dgs) + Vipp) + Viex) + V(pds)
+ Vipx) +V(pds) + V(x¢s) + Visip + Vauarts (BI)

4Here, V(cll — d, bl — bz, .. ) = V((/ll, bl, s ]{a1=uz,b1=bz,-~~}-
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Table Al. Forbidden terms.

Couplings Forbidden by

G, (O, 55RO Tvr)i (@91, (T5vR)2(¢ )2, U5 1
(V&VR)3(09" )3, (VRVR)3 (90%)3, (WRVR)3 (03, (DRVRI (S )1,

(VVR)2(d*B0)2. (VRVR)3(B*dy)3. (V5vR)3 (6 by )3, (VGvR)1 (91

(VGUR)2(00) )2, (VRVR)3(9B} )3, (VRVR)3 (90} )3, VGURI1(pP 1, (VEVR)390,

(WEVR)3(Dx )3, WEv)1()1, PEv 1@, WEv (@ 0 )1, (DS V)1 (@i

(W Lhr)s(H'¢)3, (Lo (H p)y- S,
W hir)3s(He)z, (L hr)3(Hes)s, (1/leaR)3(H§0)3 (llleaR)s(H¢>s)3 Z;

(¥ Llar)3(H'9)y, (¥ 1 lar)3(H'¢5)3, (WLVR)s(Hfﬁ)s (1/fLVR)3(H¢s)3
(G vR)y (H'$)y, (U vr)y (H'dy)y, (TEvR)3 (013, (TEvR)3 (@ )s.

(¥ Llar)3(H'$})3, (1/fLVR)1H (Y vr)3(He* )3 (WLVR)l(HP ), Z,
(¢LVR)3 (H'¢*)3, (1/fLVs)3(H¢ )3, (WLVs)s(H%)s (V&vR)3(0 )3,
(VGUR)3 (@ x)3, WRVR)1(010)1, TRVRI1 (P X1, (VS vR)3(9* X )3.

where
V(H)= u}H'H+ 1 (HHY?, V(H)=V(H,H— H'),
V($) = ugd™d + 270 ) (") + A5 (¢ $)a(¢" )2 + A% (6" 9)3(6"0)s + 15 (6" d)y (670 .
Vp)=V(p = ¢). V(p) = upp*p + 2 (0" o) (p* 0. V(X)=V(p = x). Vigs) =V(p — ¢y
V(H, H') = A" (H'H) (HTH'), + 3™ (H H ) (H H)y, V(H, ¢) = 3 (H H) (¢ ¢):
+ 15 (Hp)s(¢" H)s, V(H, @) = V(H, ¢ — @), V(H, p) = A" (H H)1(p"p)1
+ 15 (H p) (0 H)y, V(H, x) = V(H.p— x), V(H,¢)=V(H, ¢~ ¢y,
V(H H') = " (HH) (HTH') + 3" (HTH) (H H)y, V(H. ) = A (H H) (9" ¢
+ 15 (Hp)s(¢" H)s, V(H, @) = V(H, ¢ — @), V(H, p) = A" (H H)1(p"p)1
+ A (H p)(p*H), V(H, x)=V(H,p— x), V(H.¢)=V(H.¢ — ¢y,
V(H' ¢) =" (HTH ) (¢"¢) + 13 P (H ¢)3 (¢"H )y, V(H @)=V (H'.¢ — ¢).
V(H', p) = 2" "(HTH)(0" o)1 + 25" (H T p) (0" H ), V(H', ) = V(H', p = x),
VH, ¢) =V(H ¢ — ), Vg, p) = 1{"(@*$)1(p"0)1 + 257 (6" p)3(p"p)s,
V(g x)=V(g.p— x). V(. 9) =1 @ ) ("0 + 154 (3" $)a(9 )2 + 157 (¢ ¢)3 (97 )3
+ 250" D)3 (9" @)y + 1L2 (@ )1 (0 D)1 + A2 (9" 0)a (@7 )n + 127 (7 0)3(0* )3
+ 28 )3 (9" D)y, V($. b)) =V (d. @ — &), Vg, x) =V ($ — ¢, x).
Vip, ) = V(d = 0. b5). V(. x) =270 o OO0 + 257 (0" xn(x "o
V(p.ds) = V(H — p.¢ — ¢0). V(x.¢) =V(p = X. ).
Viip = A1 (07 )3(0" )3 + 2377 (6" 0)3(0p™ )3 + 257 (97 0)3(¢7d)3 + 257 (67 0)3(60")s.
Vauart = A% (99)3(0$0)3 + 25" (9¢:)3(p9)3 + 157" (d59)3 ()3
+ ADPP (%0 )3 (0¥ 9F )3 + ALOPP (P )a(p 9 )3 + AL (B0 )3 (p )5 (B2)

Now we show that the VEV alignments in Eq. (3) satisfy the minimization condition of the
scalar potential V., of the model whose explicit expression is given in Egs. (B1)—(B2). For this
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purpose we suppose that the VEVs of the scalars H, H, ¢, p, x, and ¢, are real while that
of ¢ is complex, i.e., v = v, V¥ =V, Vi = Vg, Vi =V,, Vi =V, v =4, and v, = vpe. The
minimization condition of V., reads

0 Vscal

92V
=0, 82~ S 0 (v =0V, Vgs Vo Vys Vg Voo Q). (B3)
811)L d :

2
Vi

For simplicity we will work with the following benchmark points:
H H H H H H H' H' HH' HH'
ME=a =A== = =N =0y =T =0

_2H¢ _ H¢ _ \H¢ _ H¢ _ yHp _ Hp _ Hp _ yHp _ Hp; _ 1 Hos
=AM =A =AM =L =AT=LT=AT=A =4 =0

g Hes _ yH'Gs _ X _ 1 DX 30 _ 300 __ 100 _ 109 __ 109 __ H¢ _  H
—)‘1 —)\,2 —)‘1 —)‘2 —)‘1 —)‘5 _k6 _)\7 _kg —)‘1 —)‘2
1P PP __ PP PP PP DD PP PPs 1 PX 4 9X wp
—)‘1 —)‘2 —)‘1 _k3 —)‘5 _k6 _A7 _kg —)‘1 —)\2 —)‘1

PP 4 PX 1 PX PP PP g HX _
—)‘2 —)‘1 —)‘z —)‘1 —)‘z =A =

HyY __ 3 x¢s _ 1 Xbs _ 1995 _ 1 9Ps
1 A —)‘1 —)‘2 —)‘1 —)‘2

2

— )\‘?45\ — )\“§¢s — )\‘?‘ﬂpfl&x — )\é’(/’/)@ — )»?‘PP@ — )\?‘ﬂﬂ — )\‘415‘.010 — )\‘x’ (B4)
k(éxppdk — )\?wdk — )wanﬁ: — ak‘f‘ppd’s = a)”, )wap — )gwp = a)\”, (BS)
A== 0 =2 =20 A =20 =29 =2 (B6)

As a consequence, the condition (B3) becomes

Wi 4 22 420 <vé v V43 2v§) 0, (B7)

0, (BS)

Wi+ 22 4 oax (v2 + vé + vi + 31135 + vf) + 2vf,)
6y Ve + 84175 + 20F [6v¢, (vz v v 4 vi) + 2002 + vy, (4avy + 3vy)
+ ey, (4 + 3av) | =0, (BY)
1o vy + 607V + 0 [2v(p (v2 +vy v+ 3 vﬁ) + vy, (2avy + 3vy)
+ e gy, (20 + 3avs)] =0, (B10)

Vo [,uf) + 2)»’”113, + 21" <v2 + vé + vi + 92+ 31155 + 2vf)] + €M Vv (2avy + 3vy)

+ e AWy (204 + 3avy) =0, (B11)
W2+ 2002 4207 (VP 4 2 3+ 202) =0, (B12)

B VeV, (ae™™ + &) + 2v; [ué +22% (v2 +vy V45 + vi) + 10)»¢""vf] =0, (B13)

e (2avy + 3vs) — 2vy — 3av, = 0, (B14)
Wi 4+ 6Ly 420 <vé + vi +v2+ 3\% + vi + 2v§) > 0, (B15)
W 4 60Ty 4 25 % (vé + vi +7 + 31135 + vf) + 2vf,) > 0, (B16)
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3y 4 126077 + 43 v, v, (€7 + be'™) 4 61 <v2 o+, v+ v2p> + 201" > 0,

(B17)

,ui,—i— 18)»“’115,—1—2);V <v2+v§ +v/2+3vé+vf)) > 0, (B18)
i+ 62 420 (2 2 024 3 4 202) > 0, (B19)
12+ 602+ (P2 24 3] 402 +27) > 0, (B20)
,ui +207F <v2 + vi +v2+ 5v42) + vi) + 3O)L¢Svf >0, (B21)
—2vy — 3avs — P (2av¢ + 3vs) > 0. (B22)

The system of Eqs. (B7)-(B14) yields the following solution:

M%{ + 2A% (vé + vi +v2 4+ 3vé + vf, + 2vf.>

A= :
2y?
i _M%{/ + 21 (vé + vi +? + 3vé + vi +2vf.>
B 202 ’
1 i
2 = —%[ (3,ué + 60 + 6)»’“\15) + 6)»’“\/?( + 60V + 6)»xvf) + 20Axv§) Ve
N (4avy + 3vy) /2vs + 3avs  /2avy + 3v, (4vg + 3avy)
+ AT, + ,
V2avg + 3vg V2vs + 3avy
o _Mévw + 21° [vw <V2 + vi +v2 4 3vé + vi) + v¢vp\/(2av¢ + 3\15) (2v¢ + 3avs)]
B 6v3 ’
o _M%vp + 20~ [vp (vz + v+ V43 + 2v§) + v¢v¢\/(2av¢ + 3v,) (2vp + 3avs)]

3
2vp

2 420 <v2 2 V230 02+ 2v§) . 2avy + 30,
A== ,a=ilog| [=—2——=],
2v2 2vy + 3av,

2 x (21,2 2 2 2
vy + 2A (v + v, 4+ v+ 5y +v)vv 2
e — _M% s X 9T Vo) Vs 3X VeV, (V¢ +avy + 3avs) . (B)

10v 10v§’\/(2av¢ + 3vy) (2vy + 3avy)

With the aid of the solution (B23), expressions (B15)-(B18) become
8~ iy =20 (B2 2 £ 3402 4 22) > 0, (B24)
82 ~ —pu3, — 20" (vé + vi +1 + 3\13S + vf) + 2vf,) > 0, (B25)
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0.0 ] ' / &
-0.010 —-0.008 —-0.006 —-0.004 —-0.002 0.000 —0.010 —0.008 —0.006 —0.004 —0.002 0.000
A'X Av\

Fig. B1. 57 = §] =~ &7 versus A" (in the left panel), and §; versus A* and « (in the right panel) with ¥ €

Vo

(=102, —10~*) and a € (1.0, 5.0).

S5F ' 2 i 5 5 ' ' '
4 3 1
4 1 5 4 1 5
4 4
&3 3 33 3
3 —2 : 2
1 —1
2 2
52
: & / '

LE, : .
-0.010 —0.008 -0.006 —0.004 -0.002 0.000 —-0.010 -0.008 -0.006 —0.004 -0.002 0.000

);\’ AX
S5f 4 ' ' I ' 5 12 ~ o4
1 1 o 98
/
— 4.5
445 4.0 4 1 — 14
L35 12
35 18 — 3.0 1.0
s 3 ;g s 3 0.8
15 0.6
0s 1.0 —04
2 { — 05 2 — 0.2
B8
F 2
1 / % 1 02 |
-0.010 -0.008 -0.006 —-0.004 -0.002 0.000 -0.010 -0.008 —0.006 —-0.004 —0.002 0.000
AX A.\'

Fig. B2. §; (upper left), 57 (upper right), 87 (bottom left), and §; (bottom right) versus A* and a with A~
€ (=102, —10~*) and a € (1.0, 5.0).
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(3425 ~ —3;15, — A" |:6v2 + 6vi +6 (vi + 92+ v%) + 20v?

VoV, |ave (21avs 4+ 16vy) + 3vs (9avs + 7v,
+ prp [ ¢ ( s ¢) 5 ( S ¢)] - 0’ (B26)
Vp\/3avs + 2vg\/2avg + 3v,
) 31 e, (2av¢ + 3vs) (2v¢ + 3avs)
83)~—ué—2)\x(v2+vi+v2+3vi+vi)— \/ v(p > 0,
(B27)
/ 3BV vey/ (2ave + 3vy) (24 + 3avy)
(Sﬁ~—,uf)—2)f<v2+vi+v2+3v§,+vé)— \/ ., > 0,
(B28)
82 =2 - (P2 42 433 402 +2) > 0, (B29)
, IV, vV, (v + a*vy + 3avg
S;YN—2,11,;\'—4)Lx<v2+vi+v2+5v§,+vi)— ¢¢p(¢ ¢ )>0,
Vs\/(Zav¢ + 3vs) (2v¢ + 3avs)
82 ~ =X Vvyvpy/3avs + 2vhy/2avy + 3vs > 0. (B30)

Assuming that g, uj., i3, tg, 1y, 1y, and g are negative and of the same order of mag-
nitude and also the same as that of the SM [61]°,

gy~ Wy~ g~ e~ o ~ o~ g~ —10% GeV. (B31)

Expressions (4), (5), (B25)-(B30), and (B31) tell us that §; = & and §; depend on one param-

eter X while 8;, 8;, 82, 8;\_, and 82 depend on two parameters A* and a, which are respectively

3In the SM [61], || = 88.4 GeV. Here, we use |iy| ~ |ing| ~ (] ~ o] = 102 GeV for their scales.
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plotted in Figs. Bl and B2 with A* € (—1072, —=10~*) and a € (1.0, 5.0). These figures imply that
the expressions (B25)—(B30) are always satisfied by the VEV alignments in Eq. (3).

Appendix C. The dependence of |U;j| (i = 1,2, 3; j =1, 3) on 5,3 and 5,3 for normal
hierarchy

Appendix D. The dependence of |U;j| i =1, 2, 3; j =1, 3) on 5,3 and 5,3 for inverted
hierarchy
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