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Abstract We show that the anomalous magnetic moment
experimental data of muon and electron (g — 2),,, can be
explained simultaneously in simple extensions of the 3-3-
1 models consisting of new heavy neutrinos and a singly
charged Higgs boson. The heavy neutrinos generate active
neutrino masses and mixing through the general seesaw
mechanism. They also have non-zero Yukawa couplings with
singly charged Higgs bosons and right-handed charged lep-
tons, which result in large one-loop contributions known as
chirally-enhanced ones. Numerical investigation confirms a
conclusion indicated previously that these contributions are
the key point to explain the large (¢ — 2),, . data, provided
that the inverse seesaw mechanism is necessary to allow both
conditions that heavy neutrino masses are above few hun-
dred GeV and non-unitary part of the active neutrino mixing
matrix must be large enough.

1 Introduction

Recently, anomalous magnetic moments (AMM) of charged
leptons a,, = (g —2).,/2 have been studied widely because
the recent experimental data shows large deviations from
the Standard Model (SM) predictions. The recent improved
AMM value of muon a, predicted by the SM is accepted
widely as [1] a;™ = 116591810(43) x 10~'!, which is
derived from the combination of various contributions using
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the dispersion approach [2-22]. However, this results is
inconsistent with the lattice-QCD calculation [23], which is
closer to the recent experimental data. In our work, we will
use the larger discrepancy between theoretical and experi-
mental results, because it is more interesting for theoretical
discussions and the allowed regions of parameter space are
still applicable for the smaller deviation reported in Ref. [23].
The latest experimental measurement has been reported from
Fermilab [24] and is also in agreement with previous experi-
mental result measured by Brookhaven National Laboratory
(BNL) ES82 [25]. A combination of these results in the new
average value of a7 = 116592061(41) x 10~'!, which
leads to the improved standard deviation of 4.2 ¢ from the
SM prediction, namely

AP = 4P —

o WP —aM=(2.51£059 x 107°. 1)

The recent experimental AMM values of electron a, were
reported from different groups [26-28] (for calculation of a,
in the SM, see Refs. [17,29-34]). In our numerical discus-
sion, we adopt the experimental values of a, corresponding
to the following standard deviation of 2.5¢ from the SM one:

AaY? =ag® — a™ = (-8.7£3.6) x 10712 )

Many models beyond the SM (BSM) have been constructed
to explain the experimental data of (g —2),, ., such as mod-
els adding vector-like lepton multiplets [35-46], leptoquarks
[47], both neutral and charged Higgs bosons as SU (2), sin-
glets [48], SU(2) triplets of leptons and scalars [49]. The
minimal supersymmetric standard model can explain both
(g—2)e,,, datain the regions of the parameter space with light
slepton masses below a few hundred GeVs [50,51]. Some
two Higgs doublet models (THDM) adding new SU (2)y,
Higgs doublets can give large two-loop contributions to Aa,,
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[52-56], provided that the masses of the new neutral and/or
charged Higgs bosons must be light at a few hundred GeVs.

In this work, we will focus on the AMM problems pre-
dicted by a BSM class called as 3-3-1 models, constructed
based on the SU(3)¢c x SU3)r x U(1)x group [57-67]. It
was shown that the early 3-3-1 versions cannot predict large
Aay, given by the experimental data [68—74]. Extended ver-
sions were introduced to solve this problem, such as 3-3-1
models with new vector-like leptons or inert SU (3); Higgs
triplets [72,73], the models with new singly charged Higgs
couplings with heavy neutrinos generating neutrino masses
through the inverse seesaw (ISS) mechanism [75,76], and
3-3-1 models with discrete symmetries containing a rather
large number of new particles needed to explain the hier-
archy problems of fermion masses [77,78]. In Ref. [36],
the very precise analytic formulas applicable to calculate
general one-loop contributions to AMM in a wide class of
BSM were presented. Using these formulas, we can estimate
again the previous results available in all current 3-3-1 mod-
els. These analytic formulas are consistent with those cal-
culated previously for 3-3-1 models [79,80]. More impor-
tantly, we will show that the 3-3-1 models can give large
one-loop contributions to AMM by adding new SU (3) ., sin-
glets such as singly charged Higgs bosons 2* and heavy
neutrinos, a similar way that was applied to the 3-3-1 model
with right-handed (RH) neutrinos (331RHN). On the other
hand, Higgs triplets and their Yukawa couplings needed to
generate masses for charged leptons, quarks, and neutrinos in
many 3-3-1 models may have different features from those
in the 331RHN, leading to new predictions of the allowed
regions of parameter space satisfying the AMM experimen-
tal data predicted by different 3-3-1 models. Heavy neutrinos
are needed to generate active neutrino masses and mixing
through the general seesaw (GSS) mechanism, and Yukawa
couplings of singly charged Higgs boson and RH charged
leptons. Hence the new particles result in Yukawa terms like
N (AL Pp 4+ 28 Pp) e, H corresponding to the presence of
the so called chirally-enhanced one-loop contributions pro-
portional to AL*AR, where N and H™ denote two physical
states of a neutrino and a singly charged Higgs boson. They
are the most important terms that can be large enough to
explain the recent AMM data [36]. Other chirally-enhanced
one-loop contributions originating from the 3-3-1 models
will be also mentioned. For convenience, the 3-3-1 models
discussed in our work will be generalized in the form of the
3-3-1 model with an arbitrary parameter 8 (3318) defining
the electric charge operator as follows [64,67]:

O0=T:+pTs+ X. 3)

We have introduced the SU (3) generators 7,,a = 1,...8
and X is the new quantum charge corresponding to the group
U (1)x. Thus, the charge operator Q depends on two param-
eters B and X. The 3-3-1 models corresponding to different

@ Springer

B distinguish each other by new heavy leptons and quarks
arranged in the third components of fermion (anti-)triplets,
for example, 8 = -3, \/Lg, —%, and O for the mini-
mal 3-3-1 model [58], the 331RN [62], with heavy singly
charged leptons [63], and the simplest 3-3-1 model [65],
respectively. These models result in distinguishable conse-
quences for many interesting processes [81-85]. Hence, suc-
cessful solutions for AMM problems in 3-3-1 models will
guarantee their realities.

The explanation of AMM data in Refs. [75,76] was just
valid for the specific 331RHN model corresponding to 8 =
:I:%, which results in a special case that heavy SU (3) 1, lep-
tons in the third components of the lepton (anti) triplets are
exotic heavy neutrinos ¥,1. ~ (eq, Vg, Na){. They play roles
of right-handed neutrinos N,z = (N,1)¢, and mix with SM
neutrinos through a very special form of the total antisym-
metric 3 x 3 neutrino Dirac mass matrix mp. As a result,
strict relations between parameters are necessary to explain
simultaneously all neutrino oscillation data, AMM (g —2),,,
and constraints of lepton flavor violating (cLFV) decays
ep — e,y that must be consistent with experiments. In addi-
tion, the 331RHN model needs three more neutrino singlets
for generating the ISS neutrino mass matrix (331ISS), and
a singly charged scalar singlet to give large one-loop contri-
butions to AMM of muon, while the destructive interference
among different one-loop contributions gives a small total
one loop contribution to every decay amplitude e, — e,y .

The models 3318 and 331ISS need three SU (3)1 Higgs
triplets for generating non-zero masses of all quarks and lep-
tons at the tree level, including active Dirac and Majorana
neutrino masses. Two of these Higgs triplets give masses
for SM fermions and gauge bosons, therefore they play the
same role as the ones well-known in the two Higgs doublet
models. They contain two neutral Higgs components with
two vacuum expectation values (VEVs) denoted as vj > sat-
isfying v% + v% ~ (246 GeV)2. The important parameter
tg = v2/v1, where vy is always chosen to generate the top
quark mass, must have a lower bound tg > 0.33 from the
perturbative limit of the top quark Yukawa coupling. In the
3311ISS model, charged lepton masses and the neutrino Dirac
mass term are originated from vy, therefore large tg > 30 is
the necessary condition to give large one-loop contributions
to AMM of muon consistent with experimental data [76].
In contrast, the neutrino Dirac mass term comes from the
Yukawa couplings of the neutral Higgs component with VEV
v in the 3318 model. The same property also happens for the
Yukawa couplings between leptons and the singly charged
Higgs bosons. In addition, no SU(3) neutral leptons are
available, therefore the 3318 model needs six exotic neu-
trino singlets for the ISS mechanism. Therefore, the allowed
regions of the parameter space give large one-loop contribu-
tions to (g — 2),,, cannot be generalized qualitatively from
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previous results given in Ref. [76], which requires large #4.
A first derivation may start from the most important property
that the Yukawa couplings of singly charged Higgs singlet
and m p relate to the Higgs triplet containing VEV v, instead
of v1. Therefore, the proper values of g may be small enough
to explain the experimental AMM data, leading to the exis-
tence of an upper bound for 75. This may be conflict with the
perturbative limit 75 > 0.33. This problem will be addressed
in this work.

Before coming to detailed analysis, we emphasize our
works is helpful because of the following reasons. First, we
will see that the 3318 model considered in this work explain
simultaneously both experimental data of (g — 2),,, only
when the mixing between h* and singly charged compo-
nents of the SU (3); Higgs triplets is non-zero. This non-
zero mixing implies the existence of a non-trivial coupling
of h* with two SU(3),, Higgs triplets, f; (p"nh* +h.c.),
which was not introduced previously. This may be an indi-
rect link between SU (3) Higgs triplets and the ISS neutral
lepton singlets, apart from the small ISS mixing among X, g
and v, . In other words, the existence of the SU (3); Higgs
triplet components can be detected through their decays to
leptons. The second reason, many previous discussions on
3-3-1 models showed clearly that they did not accommodate
the (g — 2),, data unless adding some other new particles,
such as vector-like fermions, etc. Our qualitative estimation
in this work provides another interesting approach to con-
firm this conclusion. Finally, the original appearance of the
3-3-1 models solved some interesting questions, such as the
answer to the question of three fermion flavors confirmed
by experiments, etc. New improved versions of 3-3-1 mod-
els have been introduced to explain successfully the latest
experimental results. Our model is one of them constructed to
explain dark matter data, the hierarchies problems of fermion
masses, etc. Many of them contain complicated particle con-
tents including new singly charged Higgs scalars and neutral
leptons. Our discussion on AMM data with a very simple
Higgs sector will be helpful for further realization solutions
for AMM data in these models.

Our work is arranged as follows. In Sect. 2, the 3318
model will be reviewed, where we pay attention to the lep-
tons, gauge bosons, and Higgs sectors, giving all physical
states as well as the couplings that may give large one-loop
contributions to AMM. In Sect. 3, the 3318 model with the
GSS will be presented along with the two particular frame-
works of the minimal seesaw (MSS) and simple ISS. In
Sect. 4, analytic formulas for one-loop contributions to AMM
are constructed. Numerical discussions for both MSS and
ISS will be shown in detail. Our main results are collected
in Sect. 5. There are three appendices listing master func-
tions for one-loop contributions to AMM given in Ref. [36],
analytic formulas for one-loop contributions from the singly

charged Higgs bosons to AMM, and a detailed discussion on
the masses and mixing of the singly charged bosons.

2 The 3-3-1 model with arbitrary 8

Let us review the 3318 model. Left-handed leptons are
assigned to anti-triplets and RH leptons are singlets:

“

The model includes K RH neutrinos X;g, I =1,2,..., K,
and three exotic leptons E ’L“ g Which are much heavier than
the normal leptons. The prime denotes flavor states to be
distinguished with mass eigenstates introduced later. The
numbers in the parentheses are to label the representation
of SU(3)r ® U(1)x group. The quark sector is ignored here
because it is irrelevant to our present work. We note that our
result will be true for 3-3-1 models consisting left-handed
lepton triplets because they are equivalent with the models
with lepton sector defined in Eq. (4) through a transformation
keeping physical results unchanged [86,87].

The model has nine electroweak gauge bosons, included
in the following covariant derivative
Dy =0, —igTWi —igxXT X, Q)
where T2 = 1/+/6, g and gx are gauge couplings of the two
groups SU (3)1 and U (1), respectively. The matrix W¢T¢,
where T¢ = ), /2 corresponding to a triplet representation,
is written as

3 8 + A
Wi+ [WM V2w V2y
— 3 1 8 B
WiT® = V2W Wit EWE V2vE L
—A —B 2 w8
V2y; V2v, %W,

(6)

where we have defined the mass eigenstates of the charged
gauge bosons as

1
+ 1 2
“ E(W T )
1
+A 4 5
YM _ﬂ(W ;zW)
1
+B 6 7
Vs —ﬁ(W q:zW) )
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. 2
From Eq. (3), the electric charges of the gauge bosons are 2 8 9 2
calculated as M = Z(vl + ), (14

1 38 1 V38
A=—-+——, B=—=+4 —. 8
>t ) (3)
To generate masses for gauge bosons and fermions, the model
has three scalar triplets defined as

=(58) -2 0= () - C4-20)

X P
0
= “ | ~(3,————=—), rt~1, 1,0, 9
! (nn—A) ( 2 2«5) ( ) ®

where A, B denote electric charges as defined in Eq. (8); and
h™ is a new singly charged Higgs boson needed for giving
large one-loop contributions to AMM. These Higgs bosons
develop the following non-zero VEVs

0= 10" ==, o) = (10)

=—, (p —ﬁ, (U)—E~

This VEV configuration of the 3318 model without 2% was
shown to be valid in Ref. [88]. This is also true for the 3318
adding new singly charged Higgs boson 4+ we consider here.
For convenience, we will use the following notations:

(x

V2 v2 V1
tﬁEv_l’_)sﬁzj’cﬂzj’ 1D

where 12 = v1 + vz, andsé + 0/23 =1.

The symmetry breaking happens in two steps: SU(3); ®
Uy 5 SUQ)L @ U(l)y -5 U(1)g, leading to the
condition that u > vy, va. After the first step, five gauge
bosons will be massive and the remaining four massless
ones can be identified with the before-symmetry-breaking
SM gauge bosons, resulting in the following important equa-
tion:
gi B 6s2W
g2 1-(1+pHsy’
where the weak mixing angle is defined as ty = tanfy =
g1/82, 812 are the gauge couplings of the SM gauge groups
U(l)y and SU(2), respectively. We denote sy = sin Oy

and cy = cos Oy . Putting in the value of sy, we get approx-
imately

1Bl < /3. (13)

g = 8, (12)

The masses of the charged gauge bosons are

2 82 2 2
Myta = Z(U +U1)7

2 g 2 2
myip = Z(” +Uz)7

@ Springer

where the gauge boson W is identified with the SM one,
implying that
4m?
v =] + 05 = — X ~ (246 GeV)~. (15)
8

The above Higgs bosons are enough to generate all SM
quark masses and heavy new quark masses [67,89]. In

.. —_— Yi oy
addition, the Yukawa term Y3/, O310%uqr — j"[ U3LUGR

Y
mainly contributes to the top quark mass, m, =~ 33\;2 <

VA vy /+/2, equivalently sg > V2m, | (WAmv) — tg >
0.3.

In general, the mixing between a SM lepton and a new
lepton is allowed if they have the same electric charge
in some particular values of B. This mixing effect will
be neglected in the 3318 model under consideration. The
Yukawa Lagrangian now is

yuk T E T

~Liepton = Yo rn' Ly + Yy Enpx” Ly + Y7, Xirp Ly
1 N -
+ EMN,IJXIR(XJR)C + Y (XR)€pgh™ + hc.,
(16)

where a, b = 1, 2, 3 are family indices,and / = 1,2, 3, ...
K are the number of new neutral lepton singlets. The pertur-
bative limit of the Y" is important in this work, which should
satisfy |Y Iha| < /47 In fact, the trust values of |Ylha| may
be smaller [90]. In Lagrangian (16), the neutrino Dirac mass
matrix comes from the third term including the Higgs triplet
p which also generates the top quark mass. This important
property is different from that given in Ref. [76], hence the
dependence of the Dirac mass term, the Yukawa couplings
of singly charged Higgs bosons, and the perturbative condi-
tion of the Yukawa couplings with heavy neutrinos Y}Z ontg
will be different between two models 3318 and 331ISS dis-
cussed in Ref. [76]. In later discussions, we will set K = 3
and K = 6 for the respective MSS and ISS mechanisms
considered in this work. The corresponding mass terms are:
E,

mass __ Yabvl

Y
" ~lepton — 7 aR bL +—= \/E
((VL)L XR> MY <(x . )+hc

v (O3x3 M
MY = (MD MN)’ (17)

E’ EbL

—vaz
where (Mp)p, = Mp.1p = #, v, =

Xrp = (X1, X2, ..., XK)ITQ. Note that, here, charged lepton
masses and Mp come from different Higgs triplets, while
these mass terms discussed in Ref. [76] come from the same

(vl, v2, v3)L and
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Higgs triplet. Therefore, the effects on Aa,, . relating to the
relevant Yukawa couplings in the model under consideration
will be different from those discussed in Ref. [76]. At present,
the active neutrino masses and mixing are still generated from
the GSS mechanism. The total mixing matrix is defined as

U'TMUY = MY = diag(my,, mpuy, ... Mpgs),
/ /\e
<(;L)C> — Uan, ((‘;é) ) — Ul)*nR — UV*(nL)C,
R R

(18)

where ny gp = (n1,n2,...,7(k+3))L,R are Majorana neu-
trino mass eigenstates satisfying n;; g = (n;g.1)¢, and the
four-component forms are n; = (n;1, n; T

From now on we will work in the basis where the SM
charged leptons are in their mass eigenstates, namely Y, =
Y? 8qp and e, = e, in Eqgs. (16) and (17). This can always
be done without loss of generality. The transformations from
the flavor states to mass eigenstates of the heavy lepton E,
are defined as
E., =VLE,, E.q=VEEuk, (19)
where V1R is a 3 x 3 unitary mixing matrix for new charged
leptons.

For the Higgs sector, the ratios between VEVs are used to
define two mixing angles:

2 = sin® i % i1 (20)
i u u2 + viz I ’
We will also use the following notations tj;, = Sj,/Ciy-
The scalar potential is

Vo = win'n + 1o o + 13 x + 2 (n'n)?

+2 (p70) 423 (xTx)

+ 220" ) + 23 (T + 2230 p) (X Tx)

+ 220 ) (0" ) + Ais 0T + Xa3 ("0 (x )

+2f (eijkrlipj)(k + h.c.)

+ 13 ThT + fi (P okt +hee))

+ (R (x’{nTn oo+ xgxu) A (),
2n

where the last line includes all terms relating to the singly
charged Higgs boson that does not appear in the previous
versions [64,67]. The triple coupling f3, is a very important
parameter controlling the mixing between the singly charged
Higgs components of the two SU (3) 1 Higgs triplets and the
Higgs singlet 4™, It is emphasized that the existence of f},
is a very interesting feature of the 3318 that did not mention

previously, because of the nontrivial property that the cou-
pling pnh™t always respects U (1)y symmetry for arbitrary
B.

As we mentioned above, the VEV configuration consid-
ered in this work is the same as that chosen in Refs. [88,91],
which was shown to be consistent with the unitarity, per-
turbativity and bounded-from-below (BFB) constraints. On
the other hand, the exact necessary and sufficient BFB con-
straints are still difficult to determine [92]. They relate to the
copositive (conditionally positive) conditions of the quar-
tic term of the Higgs potential to guarantee the existence of
local minima, as discussed in Ref. [93]. Determining which
local minimum is the global one defining the stability of
the Higgs potential corresponding to the VEV structure cho-
sen in this work is more difficult. A method introduced in
Ref. [94] can solve this problem, but it is still difficult to
apply to BSM models with complicated Higgs sectors such
as the 3-3-1 models. The discussions on the VEV structure
mentioned in Refs. [88,91] were not addressed clearly to the
vacuum stability issue. In the model under consideration, the
global minimum corresponding to the VEV structure men-
tioned above requires more relations between Higgs cou-
plings. We hope that the large number of Higgs couplings
appearing in the Higgs potential (21) will allow the exis-
tence of these new relations consistent with the available
constraints. They should be discussed in more detail when
the Higgs phenomenology is focused. It is not our scope in
this work, we therefore will not discuss more.

A detailed calculation to derive masses and mixing matrix
of the singly charged Higgs bosons is shown in Appendix C.
From this, the relations between the mass and flavor eigen-
states of singly charged Higgs bosons are

,0i —Sg CqCp SaCp qﬁﬁi
nt | =1 cp caspsasg | | H |, (22)
h* 0 —so¢ cCqo H;E

where qﬁ are the Goldstone bosons of W=, Hljt2 are two
physical states with masses m HE» and « is a new mixing

parameter defined in Eq. (C5). Normally, M and « are

functions of the potential couplings. For convenience, we
will consider «, and m HY, as free parameters, while 14, f,

and f}, are chosen as functlons of all free ones, namely:

2 2 2.2

1
Wy =com —}—smHi—z(Ahs v2+Acv+A )

cgsp < sz +2€2m2 1 + 2s Hz >
2u

2 2
«/Esaca (mHl* — mHzi)
fr=— . (23)

f=-

’

@ Springer
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The case of s, = 0 or ¢, = 0 will return to the decouple
limit between h* and the SU (3),, Higgs triplets mentioned
in Ref. [76], where this limit is allowed. In contrast, we will
see that 5o, = 2sq4c, # 0, equivalently, the triple Higgs
coupling f5, # 0, is one of the necessary condition to give
large one-loop contributions to AMM in the 3318.

The relations between the mass and flavor eigenstates of
other charged Higgs bosons are:

() = (S (7)

XiA —Clu Slu H*A )~

<p:|:B ) — <52M —02u ) < d)\%B ) (24)
XiB Cu S2u H*B )”

where ¢>€EV, qb?A and quj,EB are the Goldstone bosons of W,

Y*4 and V*8 respectively. The masses of the charged Higgs
bosons H+4, HEB are

2 2, .2 ZJY
m45, 4 = (u” 4+ vy)
HA ! <v1u

m23=<u2+v§>( f ”‘+ kz%) (25)

2

Because the neutral Higgs bosons couple to charged lepton
through the Yukawa couplings of the form $%2e,, which
is the same form as that of the SM-like Higgs boson pre-
dicted by the SM, the corresponding one-loop contributions
to AMM is very small. Hence, they will be ignored in our cal-
culation from now on. The discussion on the identification of
the SM-like Higgs boson can be found in Ref. [89]. In total,
there are six charged Higgs bosons, one neutral pseudoscalar
Higgs and three neutral scalar Higgs bosons.

3 The minimal seesaw and inverse seesaw mechanisms
in the neutral lepton sector

In this section, we will collect important properties of the
MSS and ISS mechanisms used in our calculation. In the GSS
framework, the neutrino mixing matrix is parameterized in
the following form:

U'— ((13 - %RR*) UpMmns RV

} +O(RY),
— R Upmns (Ix — 1RTR) V) (R%)

(26)

where V is a K x K unitary matrix; R is a 3 x K matrix
satisfying |R,7| < 1foralla =1,2,3,and/ =1,2,..., K
The 3 x 3 unitary matrix Upmns is the Pontecorvo-Maki—
Nakagawa—Sakata (PMNS) matrix [95]. The GSS relations
are

~ Mt
R~ MMy,

~ Tas—1 g% ~ T
my =~ —=MpMy Mp = Upyns/vUpyns:
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* 2% 1 T p* 1 T
\% MNVZMN—{-ER R MN+5MNR R, 27
where m, = diag(my,,my,, my,) and My = diag(mp,,

Mps, ooy My +3)) consist of three active neutrino and K new
heavy neutrino masses, respectively. In many formulas dis-
cussed below, we will use the equality that (n%,)cc
with ¢ = 1, 2, 3 are active neutrino masses.

The general parameterization of Mp was introduced in
Ref. [96]. In the limit of the MSS mechanism with K = 3,
we will use the simplest forms of My and Mp = mp as
follows [97,98],

My = Mols, Mp =mp = i/ Mo, Ubyns- (28)
The relations in (27) reduce to the following simple form:
R = —iUpmns (@>1/2, V ~ I,

Moy
My = My, mpy, 5, >~ Mo. (29)

= mnz‘

In the ISS mechanism with K = 6, the total neutrino
mixing matrix U" in (26) is 9 x 9. In the 3318 model,
the well-known ISS form of the total neutrino matrix can
be derived from the requirement that the model respects
a global U(1), symmetry called the generalized lepton
number, which is defined from the following formula: £:
L = —%Tg + L, where L is the normal lepton num-
ber defined in the SM that L(¢) = 1 for all SM leptons
{ = e, i, T, Ver, VuL, Ve and zero for all other SM par-
ticles including quarks, gauge, and Higgs bosons [99-101].
The specific £ assignments for all Higgs bosons and fermions
in two 3-3-1 models with right-handed neutrinos and the
minimal ones in Refs. [99-101] are the same and indepen-
dent with B, therefore they are valid for the 3318 model
with L(L],) = 1/3, L(e/,z) = 1. In addition, introduc-
ing L(p) = L(n) = 2/3, L(x) = —4/3, L(T) = 0, and
L(E! ) = —1 will result in the Lagrangian (16) conserv-
ing £, except the mass term X r(Xsr)¢, which includes
soft-breaking terms. Namely, choosing that £(X;g) =
with I < 3 and £(X;g) = —1 with I > 3, the con-
served Lagrangian (16) implies that Y = (O3, Yzh)T
and YX = (Y, (’)3X3)T, where Y7, and Y}¥ are two 3 x 3
matrices, and O33 is the 3 x 3 null matrix. This leads to the
ISS form of Mp = (mp, O3x3)T. The 6 x 6 Majorana mass
matrix My consists of three parts denoted as Mg, wy, and
;L/X The conserved mass term (Mg),, = My qp+3) With
a, b < 3 can be arbitrary large, while the soft-breaking term
(I’L/X)ab = My ap and (Lx),p = My (a+3)(+3) should be
small. Inserting the ISS form of Mp into the GSS relations
to derive the active neutrino mass term m,,, we find that small
wy does not affect significantly the final result. Hence, we
assume the simplest case of uy = 33 without loss of
generality.
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Now, the Dirac and Majorana mass matrices have well-
known ISS forms as follows [97,98]

(30)

O M
M£=(m£,osxa>,MN=( 33 R).

My ux

Defining M = Mg ,u}lMIg, the ISS relations now are

—1
o1 t o=l (gt
R =M} My, :(—mDM* ,mD(MR) )
-1
my, = —MLMy' Mp = m} (M,ﬁ) uxMy'mp,
* 2% T 1 T p* 1 T
VMyV :MN+§R R MN+§MNR R. 3D

In the ISS framework, mp is parameterized in terms
of many free parameters, hence it is enough to choose
wx = pxlIz. The parameter py is a new scale making
the most important difference between the neutrino mix-
ing matrices in the ISS and MSS. We also assume that
Mr = M R = Moylz. A simple parameterization of mp
is mp = diag(VMi1, Mz, /Ms3)ViinUpyys 1981,
which is completely different from the total antisymmetric
mp given in Ref. [76]. The ISS condition |m,| < |ux| K

Imp| < My gives —”’;}f)m” ~ (. Then we have

N y 1 [/—i
MN:<MR O§X3>2M016, v:—( i1 13).

0343 Mg 2 \ilz I
(32)

The important results for the ISS mechanism are:

mp = Mo2})*Ufyxs,
V xn .
R = (—UPMNS—U, UPMNSX$/2>
My

i~ ((’)3><3, UPMNSJ%/z), (33)

where x, = ;”—; satisfying max[(l)?vl)ab] <K 1foralla, b =
1,2,3.

In numerical discussion, we will use the best-fit values of
the neutrino oscillation data [95] corresponding to the normal
order (NO) scheme with m,,, < m,, < m,,, namely

51, =0.32, 533 = 0.547, 573 = 0.0216, § = 218 [Deg],
Am3, =7.55 x 107°[eV?], Am3, =2.424 x 1073 [eV?].
(34

In numerical calculation, we will use the following formulas

iy, = (m2)"?

= diag (m,”, \/m%] + Am3,, \/m%1 + Am3, + Am§2> ,

ce13 C13512 s13e78
UPMNS = (_(3233]2 - (3123135'23ei(S C13C23 — S12S|35‘23€i6 C13523 )
5128523 — c12023513€0 —co3s12€0s13 — 13503 c13623
0.816 0.560 0.147¢1
~ (—0.381 —0.09¢" 0.555 — 0.062¢%  0.732 ) . (35
0.418 — 0.082¢'% —0.61 — 0.056¢'®  0.666

These neutrino masses satisfy the constraint from Plank 2018
[102] that Z?:l my, < 0.12 eV. With the best-fit values of
Am?; we have m,, < 0.028 eV.

The other well-known numerical parameters are given in
Ref. [95], namely

0.652 1_e 5 0.231

=0.652, o, = = —, st = 0.231,

§ T 137 " ax W

me =5 x107* GeV, m, = 0.105GeV, my = 80.385 GeV.

(36)

Also, the inverted order (10) scheme with m,; < m,, < my,
can be considered a similar way, but the qualitative results
are the same as those from the NO scheme, so we will not
present here.

The non-unitary part of the active neutrino mixing matrix
(13— %RRT) Upwmns is constrained by other phenomenology
such as electroweak precision, lepton flavor violating decays
of charged leptons (cLFV) [103-105], namely

{ 2x 1073 35%x 107 8. x 1073

nz—‘RRT‘ <[35x1075 8x107* 5.1x 1073

2 §x 1073 5.1x10732.7x 1073
(37

This constraint is consistent with the data used popularly in
recent works [48,106]. The constraint on n may be more
strict, depending on particular models. For example in the
type III general and inverse seesaw models, |74, < 0(10~%)
[37,107]. We will choose the values that |133] < 1073 in our
numerical discussion.

In the next section, we will consider the one-loop contri-
butions to Aay, ..

4 Analytical formulas for AMM and numerical
discussion

From the above information we obtain all vertices giving one-
loop contributions to e, — e,y decay rates and a,,. They
are collected from Lagrangian (16). All relevant couplings
are listed in the following Lagrangian

@ Springer
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2 3 K43 The form factors ¢, , relating to new one-loop contribu-
_ [, Lk Rk + (ab)R
L= VImw Z Z Z ni I:)‘ia PrL+ A, PR] eaHy tions from exchanging X boson to the Aa,, and cLFV decays
k=ta=1i=l were introduced in Ref. [36], see Appendix A. Formulas of
g j— A céb)R fromX:HA,WjE,YjEA are
- Z VLYE, Pr|eH
\/sz a,c=1 A eslm.,
3 K43 lab)k = 32ﬂzgm - VEVE | m, [fo (th.c) + Bgo (t1.0)]
YT HA =1
+ _Uv* tVMPLea‘/V+
a; ; V2 e (w22 4wt ] [o (no) + Bao (a0)]) . (40)
3 w eg meh K& vk 41
+ Z —VL*ECy“PLan + h.c., (38)  Cwhr=73 3. Z: Ut fv (twi) » 4D
a,c= 1 =l
Y eg’me L
where @R = 352, h2 Z a/ [f‘/ (tv.c) + By (t”)} (42)
ZMD talg €Uy 43,
~ e s (MTR UPMNS) i <3
~ T . .
p e | (ME (Ix — SRTR) v)a(l%), i>3
L2, . L,1
)“ia _)Lia lo,
R.1
Mg = Megtpcaly; + Z IYIHSQU(I+3)Z
| Mealpa (1 - ‘R RT) Upyins) i f}% (YhTRTUl;kMNS)ai , =3
- o hT 1 pT . )
M, 1Cq (RV)a(i_3) +2 (Y (IK —RTR)V*) s 0>3
R2
Mg~ = me,tpsa Uyl — Z \/— IacaU(1+3)z
T o (yhT pT .
~ meatﬂsa ((I3 - _R*R ) U;MNS)m li;; (Y R UPMNS)al ’ I = 3 (39)
- 3 hT 1 pT
Me,tpsa (RV) 3 — % (Y" (Ix — 3RTR*) V* )a(i_3) i >
We can see that )»l-La’k with k = 1, 2 contains a factor tﬁ_l, where 1y, = m%fc/mlzqm twi = m%,-/m%v’ and ty, =
2 4,2
which is the inverse value included in kﬁl’l introduced in  ME./My-

Refs. [75,76], where the regions predicting large (g — 2),
require large g > 40, consistent with the perturbative con-
straint g > 0.3. In contrast, the 3318 model may support
small 74 for large (g — 2),,, which may be excluded if
tg < 0.3 is required. Hence, the valid regions satisfying
the experimental AMM data must be determined through
detailed numerical investigation.

We do not list here the couplings of neutral gauge and
Higgs bosons because they give suppressed contributions to
agp. In particularly, the relevant couplings are only with usual
charged leptons soaea and VBay"ea. The one-loop con-
tribution from Vp = Z is the same as that predicted by the
SM. Another one from heavy neutral gauge boson Vo = Z’ is
suppressed by a factor of mZZ / mZZ,. The contributions from
neutral Higgs bosons are not larger than the one from the
SM-like Higgs boson with a suppressed order of O(10~14).

@ Springer

The particular parameterisations of the MSS and ISS used
in this work give the limit m,, = 0 with i = 1,2,3;
my, = Mo with all i > 3; ¢, p = 0 witha # b and
X = Hliz, H4, W,Y. To avoid large cLFV rates, we also
consider the simple limit that M, = MoSap, mg, = mg, =
mg; = mg, and yL = I3, so that CZZ)R = 0 and C(Yab)R =0
fora # b. Therefore, the cLFV decay rates are much smaller
than the current experimental constraints [108,109]. We will
not discuss them from now on.

The one-loop contribution of X = H1 2 H A W, Y to
AMM of a charged lepton e, is

ae,(X) = — " eaR [(aa)R] “43)

And the deviation from the SM is defined as follows:
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Adg, =Y a0, (X) + Ade, (W), Ade, (W)
X
= a,(W) — a{PMW), (44)

where X = Hli’z, HA, Y, and a,&l)SM(W) ~ 3.83 x 107°
[110]. In the 3318 model, the SM-like Higgs and gauge
bosons have the same couplings with usual charged lepton
e, as those predicted by the SM, hence they do not con-
tribute to Aa,,. Also, the heavy neutral Higgs and gauge
bosons will give one-loop contributions smaller than the ones
of the SM-like gauge and Higgs bosons by suppressed fac-
tors of m%/milo < 107! and mzz/mzz, < 6. x 1074 We
have used heavy neutral Higgs mass mgzyo > 1 TeV, and
myz > 3.7 TeV from the constraints concerned for 3-3-1
models from LHC [111-113] and the combination of weak
charge data of Cesium and proton [81].

One-loop contributions from heavy charged lepton E,
exchanges are

2
Ay~
Ady (HA) ~ — 8 " 8712m { 3 [tya fo (tya) + Bigago (tya)]
2
mu m ﬁ
+ <m2 C2 + m4
ECB Y
x |:Z’HA fo (tgya) + Btyago (zHA)]} , (45)
2.2 2
egm m ~ -
Aau(¥) = == x S fy ) + Bay ()], (46)
8memy, Y
— 2 2 — 2 2
where ty = my/my, tya = My /My .. The above formu-

las are independent from both MSS and ISS mechanisms
affecting only the one-loop contributions from singly charged
Higgs bosons. Aa, (H 4) has a chirally-enhanced term but
contains a suppressed factor m%v / m%

Firstly, we will show that the one-loop contribution from
W is always close to the SM prediction. Using the approx-
imation that tyy; = 0 withi < 3 and twy, = xy = m%i/m%‘,
with i > 3, we have

2
bk = e [ v @ + (R°R
“laar 322%Vf()+< )a

x (fv cw) = v )], )

leading to the following contribution from W to a., with
fiv (0) = —5/12:

2,2

—_8Me [ S5 L (pegt >

e, (W) = Snzm%v[ =+ (RRT) (fv (XW)+12>]

(48)

Because |fv (xw) + 12| ﬁ , see the bellow discussion, in
the limit (R*R") =~ < 1073 « 1 given in (37), a, (W)

equals to the one-loop contribution predicted by the SM
[110]:

2

2
m 5
8 M 2 383 % 1071,

(HSM W) ~
(lu ( ) — 87t2m%v 12

2.2
g my,

2.,..2
San

~9.19 x 107°. (49)

Finally, one-loop contributions from the two singly
charged Higgs bosons will be shown precisely in the two
frameworks of MSS and ISS. The analytic formulas were
collected in Appendix B. Before discussing the total contri-
butions, we just show here the most important part ag,,, (H +)
which can be large enough to reach the allowed ranges con-
sistent with Aa}fP

ap(H%) = aM(HfE> +ap(Hy) = ay o(HE) + -,

2 K+3 L.kx, Rk
(Hi) _ M Z Z )\'la )"la mn, fq)(xl k)
ap,0 = 2 B
My k=1 i=3 s

~1 i h
~ _9.19 x 10-9 | LB (MDV*VTY )
V2my, Mo 2

x [x1 fo (x1) — x2 fo (x2)], (50)

where x; = Mg/mili. Note that aM(Hi) # 0 requires
20 = 285qCq 7 0 and x; # x3.

In summary, general formulas for one-loop contributions
to a,, used in this work were given in Ref. [36]. They are con-
sistent with those calculated previously for the 3318 models
[79,80]. In the 3318 model under consideration, all the rel-
evant one-loop contributions will be derived in the forms
depending on the two classes of the following master func-

[fo ). fot. xfot0). xfo@), xgo(0). xZo)]

and {fv (x), gv(x)} for charged Higgs and gauge boson
exchanges, respectively. The additional factor x originates
from the specific properties of the charged Higgs bosons in
the 3318 framework. The dependence of these functions on
x is shown in Fig. 1, where all allowed ranges are shown
precisely.

To estimate the one-loop contributions to AMM, it is use-
ful to see the limits for the above master functions as follows:

tions:

xli_f)no fo) = fo0) =7, lim fo(x) = fo(c0) =0,

~ . 1 . ~
xli—r>n0 fo(x) = fo(0) = 7 xlimm fo(x) = fo(o0) =0,

~ ~ ~ ~ 1
xli_r)nofv(X)=fv(0)=—ﬁ, xgmoofv(X)=fv(OO)=—6,

S - 30 ~
lim gv(x) =gy O) = -7, lim gv(x)=_gy () =—¢

lim [xx fo(@1 =0, Jim [vx fo(0] = 5.
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Fig. 1 The dependence of master formulas as functions of x = sz / m§( and mﬁi / m§( with X =W, Y, H fz, HA

lim [x x fq,(x)] —0, lim [x x fq,(x)] _ L
x—0 ’ X—>00 12’
1

xli_r)no [x x gp(x)] =0, xlimoo [x X gp(x)] = 3

1
;iglo [x X gq;(x)] =0, xli%moo [x X gq,(x)] =3 (G20

Because 8] < \/5, we have —1 < B < 2. It is easily to
show that:

[xfo (x) + Bxgo (x)| < O(1),

X fp () + Bxgo (x)] <o),

- 7
fyv (x)+Bgy (x)| < 6’

<

0< fi ,
_fv(x)+12_ 2

1
0=<xfo(x) =< rh (52)
First, we consider the one-loop contribution from the SM
gauge WT where the deviation from the SM prediction
derived from Eq. (48) satisfies:

~ 5
| Aa, (W)| ~9.19 x 107 ’(R*RT)M x <fv (ew) + E)’

<25x 1071 < alP, (53)
where the constraint | (R*RT)M | < 2x1073 consistent with
non-unitary condition (37). In Eq. (53), Aay, is considered as
the 1o range of the discrepancy between the SM’s prediction
and experiments shown in Eq. (1), namely ‘AaM(Wﬂ <
Aay € [1.92 x 1077, 3.1 x 10~°]. Therefore, we will use
the following approximation for both frameworks MSS and
ISS:
Aa, (W) = 0. (54)
For the recent bound of the SU(3); scale, we can use
the lower bound my > 1 TeV, consistent with the recent

@ Springer

constraint concerned for 3-3-1 models [81,111-113]. Now
the one-loop contributions from H4 and Y4 can be estimated
as follows:

0 < —a,(H* <9.19 x 1077

2 2 4 2
miy my my,Cg
o ) 2 2 7
m m+4c
Y ECB Y

<63 x 107" « AP

no

2
mw

2
my

7
0 < Aa,(Y) <9.19 x 1077 x x o <Tx 107" < Ad)”.

(55)

where a crude lower bound mgcg > 5 GeV was used. We
conclude that the two one-loop contributions originated from
heavy Higgs H4 and charged gauge boson Y is much smaller
than Aa}fp ~ ©(10~?), which is considered as the 1o range
given in Eq. (1) from now on. This agrees with all previ-
ous works, for example for the heavy charged gauge bosons
[103]. We will ignore them from now on.

We now discuss on the dominant contributions of the two
singly charged Higgs bosons givenin Eq. (50), where small 75
supports large values of these contributions. The reasonable
values for a numerical estimation are tﬁ_ 1saca ~ 0.5, and
v/(V2my,) = 1.6 x 10°, max[|x) fo (x1) — x2fo (x2) ] =
0.25, we have

2
> Aay(HY)

k=1

< 1.9x 107 [10° (mg ' mpy?) ]

NP [ 103 —1a,t yh
~ AaX [10 (MO My )22]. (56)
In the next discussion for two specific frameworks of MSS
and ISS, the allowed values of ‘ (M(;l M}; Y")22

strictly on the characteristics of the two models. We will
show that the condition (56) will satisfy for only the ISS

‘ will depend
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mechanism, which allows this value to reach the (g — 2),
data.
For convenience, we will use the following estimation,

v
~ 1.6 x 10°*; |x1 fo (x1) — x2 fo (x2) | < 0.25;
ﬁmu
0.3 <15 < 10;
in(2
sl = |SRCO | _ 4 s, My, e > 800 GeVi

Mo > 100 GeV. (57)

After that, other possible values of m HES My, and tg will also
be discussed.

Now we will derive the specific analytic formulas of one-
loop contributions to Aa,, corresponding to the two mecha-
nisms MSS and ISS. We note that all above discussions for
Aay, are applied in the same way to derive to Aa,, therefore,
we just mention to Aay, in the numerical discussion.

4.1 The MSS mechanism

The MSS relations given in Egs. (28) and (29) result in that

A~

1/2
M},R" =iy, R = —i ) ~
pR" =my, R=—iUpmns . Mpyse = M.

My
(58)

The detailed derivation of the one-loop contributions from
singly charged Higgs bosons is given in Appendix B. Using
fo(0) = 21—4, the one-loop contribution from H li is

AaSS (HF) = —9.19 x 1070

2\ 172 -1 3 5\ 1/4
m Vt, CyS m
x Re cg n22 + g e E nzc

M; V2my, =\ Mg

X UPMNS, 2¢ (-iYh) ]
c2

3
: - 2
x xpfo(x1) +1g K > |UpMNs 2|
c=1
2
my 1 = mp ~
x - *—fcl>(x1)>+ “x1 fo(x1)
1

2,202 3
motgC,
wigla | 1 2mp, (1 ~
= i - _
+ 2 |:24 CE |Upmns, 2¢ | Mo (24 fq>(X1)>:|

i =1
M iY”zm”” L fotn)
— — X
2 | e g \ 24 T
s |2
+ (Y Fat)

o\ 174
_vmutﬁsza —iUpMNS (mv> Yh
2 2
ﬁmHli M§ ”

<55~ Fot) |} (59)

1/4
2
It can be seen that only two terms proportional to <"1:/;§ )

Re[(—iUpmns,2c Y, !’2)] can give contributions having consis-
tent sign with Aaﬁp, and Re[(—iUpmns, 2. Y, chz)] must be neg-
ative (see the first and last lines in the real part of Eq. (59)). We
just focus on these two contributions. The remaining terms
always give negative contributions to Aaj". The two men-
tioned terms can be estimated as follows:

5\ 1/4 ) 1/4
m?. 0.12 eV)
0< (o) xmfote) < | =7
0 Hli
x x5 fo(x1) < 1.1 x 1077,
1/4
oo (M) (] Folxn)
< X —_— —
M2 24 oM
) 1/4
1 [©.12ev
< L0V, (60)
24\ w2,
Hl

where we have used My > 100 GeV and max[xf“fq, (x1)]

v yh el < 104 s

ﬁmﬂ c2'B
still not large enough so that the total can give any significant
contributions to Aaﬂ/lss. In conclusion, the MSS mechanism

still fails to explain the experimental AMM data of .

< 0.1. But in this situation the factor

4.2 The ISS mechanism

The ISS mechanism will be considered instead of the MSS
one. The change is for only singly charged Higgs bosons H ki
Following Egs. (32) and (33), the results for Hlﬂfz are

aS(H) = —9.19 x 1077

3
m
x Re {Z [cf, |U1>MNs,2c|2 M’;

c=1

+Utﬁ_1casa U (mnc)l/Z (Yh) ot
PMNS, 2, X1Jo (X1
\/Emu ¢ nx 2 2

3
— my, z
+ Z [|UPMNS,2C|2 <tﬂ 262/;)} xi fo(x)

c=1

m2e2¢2 [ 1 3 Y m
M2ﬂ = |:24 - Z [|UPMNS,2C| M:(C]

H c=1
1

m
X (ﬂ - fcb()ﬂ))]

# e | 2[]()
2 2
R @

2 my, 1 _
ix (ﬂ - f<l>(xl))

@ Springer



722  Page 12 of 22

Eur. Phys. J. C (2022) 82:722

(), o]
VM 1852 ( 1 ~ )
- T = 5 55 fCD(xl)

3

3 |:UPMNSA,2" (Ylh >cz (’Zx >1/2} } 7

c=1

aLSS(HZjE) = aM(Hli) [x1 = x2, S¢ = —Cu, Ca —> So], (61)

where we have used the form Y = (0343, YJ)T for the
ISS framework. Here, the parameter px appears in the ISS
mechanism instead of My corresponding to the MSS. The
second term in the first line of Eq. (61) is from H ]i empha-
sized previously in Eq. (50).

Using the constraint (37) for R RT = UpMNs Xy U;MNS we
have £, < O(1073). Therefore, we will choose a safe upper
bound for the NO scheme as follows

)\ 172

=M (AR} g

X

= uy >2.5x 1078 GeV. (62)

Max][(%,)

aa

The default value of py is fixed by uxy = 2.5 x 1078 GeV.
With the allowed range given in Eq. (57), it can be proved
that:

3
2 My, 2 _
0< ZC?, |Upnns 2| anmﬂb(xl) < |Upmns,23|” x 5 x 107
X

c=1

! 8.9 x 107
X — X~ 8.9 X

12 ’

3

2 (.- my,. x
0<aS(H)~ |:|UPMNS,2C| <tﬂ 2((5“7;)] X1 fo(x1)

c=1

<13x1073,

2,22
m,tgC 1 2 My, 1 =
(AL U e (= — 1077
< ol b > 1 Upwins 2 | o 32 Jox) )| <

1
2.2 3 2
V7S, m 1 ~
0< —% x [yh ‘ —”] <7 - f@(xl)) <032 x 1074,
2m’i{li ; 32y [\ 24
vm tgsay (1 =
0< wp (— — fo(x ))
ﬁmili 7 Sfolx1

3 1/2
Mmp, _
X Z |:RC[UPMNS,2(-Y(I1C+3)2] ( e ) ] <107°,

— “x

1SS, 1+ VIS onion\ 7
0 < a3 ~ o= (VYY) fat)
1
_ vzsg Yln‘yh ~ iy 63
=52 3 Y ) fe(x) < 1.6x 1077 (63)
ZmHi 22
1
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There are only two contributions a,, 12y (H li) in the sec-
ond and last lines that may affect significantly a M(H]i)
because of the rather large upper bounds a, (Hli) <
1.3¢2 x 107" and a,, »(H;%) < 2352 x 10!, But both of
them give negative contributions to AalILSS, hence should be
small. Ignoring all other contributions smaller 10~ x Aalljp,
the remaining large contribution in Eq. (61) is the one men-
tioned in Eq. (50). It has the following form in the ISS frame-
work:

apd(H) =—=9.19x 1077

vt_lcasa m 1/2
x Re {\ﬂ/ﬁmﬂ <Mr;> v [x1 fo (x1) — X2 for (x2)]

= —680.58 x 1077

My,

~1
Xty CaSa (
B X

12
) Ys [x) fo(x) — xafo(x2)],  (64)

where the part relating to xi is the contribution from HklL
exchange, and the new parameter de is assumed to relate to
Yukawa coupling matrix Yzh through the following relation

y

12
UpmnNs ( ) Y) = diag (Yld, Y, Y3d> =y (65

n3

so that the two largest one-loop contributions from Hfz to
AMM will allow zero contributions to the cLFV branching
ratios Br(ep, — e,y) ~ (|c<ab)R|2 + |C(;m)R|2) [36], because

~1/2
cabyR(HE), cpayr (HE) ~ (UPMNva/ Yzh)ab b (H*) =

0 for a # b. Now, the matrix Yzh is derived through the
following relation:

h iy \ d
% T
Y, = ( ) Upmns Y™ (66)

My,

which will be used to check the perturbative limit of all
|(YM)ap| < +/4m =~ 3.5 while scanning values of Yﬁ2,3' In

? > 1 in the NO scheme and
all active neutrino masseszlie in the denominators. Therefore,
these masses must be non-zero and large enough to guarantee
that all entries of Yzh satisfy the perturbative limits.

From now on, we will fix m,, = 0.01 eV in our numerical
discussion. Smaller m,,, will give smaller allowed Y 1d satis-
fying the perturbative limit of Y2h. Using the best-fit points
corresponding to the NO scheme of neutrino oscillation data
given in Eq. (34), Yé’ has the following form

this case, the factors (—(’f’:)“ﬂ
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1.84v{
L1yy
(—0.116 — 0.09) Y{

Y} =
0.732Y4

(—0.7 = 0.125)Y§  (1.09 — 0.113i)Y{
(1.184 — 0.074i)Y§ (—1.11 — 0.068)Y¢ | . (67)
0.666Y¢

For small m,,, including the case m,, = 0, matrix Y2h is
chosen as follows:

0 0 0
vk = (2.9+030)r¢  (0.50 —0.32i)Y§ (0.61 —0.68)Y{ |,
(=1.23 - 0.21)Y¢ (1.15+0.120)Y§ v{

which Y4 defined from Eq. (65) is not diagonal, but it always
keeps (Y)12 = (Y9)21 = (Y?)13 = 0. In addition, Y¢ =0
gives (Y¢)3, = 0. This will avoid large contributions to the
strict constraint of cLFV decay Br(x — ey). The numer-
ical investigations show that the two choices of Y2h men-
tioned above have the same qualitative results. Numerical
illustration will be done with the Yzh given in Eq. (67). There-
fore, we will fix Y3d = 0 in our numerical investigation on
aEE (H*). We note that Y3d also contributes to the AMM
of the 7 lepton, which still has weak constraints from recent
experiments [114—-116] and acombination derived from these
experimental results [117,118], see discussions on this topic
in Refs. [119,120], suggesting new experiments to improve
measurements.

Similarly, the data of Aayp may be explained by the fol-
lowing contribution:

als (H*) = —9.19 x 107
2 vt; Leys 172

m avo m

x —Re b (i) Y [x1 fo(x1) — x2 fo (x2)]
my ﬁme nx

= —32409 x 10713
m 1/2

— n

x 15" Cusa ( o ) Yi x1 fo(xn) — x2 fa ()] (68)

In the simple forms of the matrices Y” given in Eq. (66) and

M p we assumed here, the main difference between aisg (H%)

and aLS(S)(H +) is that they contain different free factors Y ld

and Y2d , respectively. The numerical results show that this
difference is enough to explain both AMM data of e and u
at 1o discrepancy given in Egs. (1) and (2). The regions of
the parameter space satisfying simultaneously these will be
defined as the allowed regions from now on.

The first numerical illustrations are shown in Fig. 2, where
free parameters are fixed in the ranges given in (57) and
predict valid regions satisfying both the experimental AMM
data of muon (two upper panels) and electron (two lower
panels). In addition, in the upper left panel of Fig. 2, the
numerical values s, = 0.5, de = 0.21, and 15 = 0.5 safely
satisfy perturbative limits of max| (Yzh)ab | < 0.2. On the

other hand, numerical values of free parameters in the upper
right panel are somewhat special: s, = 1/+/2 is maximal
for 5o = 1, large de = 2.8 close the perturbative limit
max| (Yé’)ab | = 3.32, and 15 = 20 > 1 does not sup-
port large alILSS (H?*), which excludes the regions satisfying
0 < x2 < 0.1 and all x; > O, for example. All values of
tg > 30 are excluded in this case. We conclude that the AMM
data will result in a upper bound of 74. The values of Y’ fl are
chosen so that there exist allowed values of (x1, x») satisfy-
ing simultaneously both 1o experimental AMM data of muon
and electron. Namely, the allowed values of (x1, x») in the
two left panels are in the ranges 0 < x; < 20 and 0.1 < x».
Similarly, the allowed regions in the two right panels satisfy
0 < x; < 10and x; > 0.1. Large g gives strong upper con-
strainton My < 750 GeV derived from the perturbative limit

172057
Mo2( X,
\/E(nlD)ab = max OI(X\ UPMNS)ab < 3.5'
vy veg

Consequently, x; = Mg / m%,k should not be too large so that
my, are larger than the lower bounds from experiments.

In general, the allowed regions of parameter space depend
strongly on the X,, namely larger X, will allow larger g, and
smaller values of other parameters including s>, = 2s4¢q,
Yld, and de. Defining that X, = (r?zu/m,,3) X Xp3 with X3 =
% and fixed m,, = 0.01 eV, a3 (H*) given in Eq. (61)
depends strongly on X,,3. With large X,3 € [10_3, 5% 10_3]
the allowed ranges of free parameters are given in Table 1. We
note that s, never vanishes, namely large x,3 < 5 x 1073 can
allow rather small |5y | > 1073, provided thattg — 0.3. This
property distinguishes completely to the conclusion given
in Ref. [76], where the allowed regions with fixed s, = 0
require a necessary condition of large #5 > 30.

In this last discussion we will focus on the allowed regions
consisting of light masses of heavy neutrinos and singly
charged Higgs bosons. Namely in the ISS realization, heavy
neutrinos can be detected by future searches at colliders such
as Large Hadron Collider (LHC) and the International Linear
Collider (ILC), and Large Hadron electron Collider (LHeC)
[121], where the heavy neutrinos mass range from (’)(102)
GeV to few TeV were discussed [122—126]. Namely, because
of the not too small mixing ~ /X, 3 between ISS and active
neutrinos v, , the main production channel of heavy neutri-
nos n; (I=4,...,9) with mass My at LHC is ud — nje}
through the s channel exchanging W boson. Then the decay
channel of n; may be n; — ea_W+, ngZ, ngh, where h
is the standard model-like Higgs boson. The ILC can pro-
duce heavy neutrino in the processes eTe™ — i n; through

of max|Y ¥ |=max
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Fig. 2 The dependence of Aa}EE(H +) and [—Aaif()s(H i)] as functions of x; with different fixed x;. The red lines show the 1o allowed ranges

of Aalljp and Aayp given in Egs. (1) and (2), respectively

Table 1 Allowed ranges of free parameters with large 1073 < £,3 = %

of the allowed regions

<5 x 1073, the notations — (+) denote the negative (positive) ranges

8 Sa {= +} Mo [TeV] my [TeV] my [TeV] Y= + v (=, +)
Min 0.320 {—0.987, 0.004} 0.194 0.806 0.801 {—0.364, 0.019} {—=2.95, 0.311}
Max 22.932 {—0.039, 0.998} 4.998 49.67 49.03 {—0.018, 0.376} {—0.388, 2.95}

t and s-channels exchanging the W and Z bosons, respec-
tively. The model under consideration also predicts a chan-
nel producing two heavy neutrinos eTe™ — 7;n; through
exchanging Hki. In the following numerical discussion, the
allowed regions are defined as they result in the two values
of AaIILSS and AaiSS satisfying both AMM experimental data
of 1 and electron at 1 o discrepancy level, and all Yukawa
couplings satisfy perturbative limits, |(Y2h)ab|, |YaXb| < JVar
with a, b < 3. The region of parameter space used to scan is
chosen as follows:

mHli, mHzi > 800 GeV; 10 GeV < My < 5 x 10° GeV;
0.01 < x1, x2 < 100,
0.3 <15 <50; |so] < 1.; YT, VS| <4.5; 1077

A mp
< Xp3 = Ms
X

<1073, (69)

@ Springer

The scanning range of X,3 satisfies the non-unitary con-
straint given in Eq. (37). The numerical results confirm that

alS§(H)alSS ()| < 4%, and |alSS(H*) /alSS (1)) <
1073, Therefore, these suppressed values are not shown in
detail. The allowed regions are more strict than the scanned
region given in (69), see Table 2. In addition, values of |sy]|,

Y fil, and |Y2d| are bounded from below:

S € [-0.99, —0.029] U [0.026, 0.996] — s2¢
€ [—1, —0.058]U[0.051, 1],

Y{ € [-0.361, —0.024] U [0.015, 0.352], Y§
€ [-2.95, —0.176] U [0.523, 2.95], (70)

where we define 5o, = 254y . Here although the lower bound
of tg is the perturbative limit chosen in the scanned range,
the upper bound is more strict than the largest value of the
scanned range tg < 21.42 < 50. In general, the allowed
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regions require all lower bounds for free parameters x,3 >
3.9 x 1077, My > 318. GeV, |Y2‘l| > 0.176, and [sp¢| >
0.051. Values of Y ld are bounded in a more strict range of
0.015 < |Y1d| < 0.352. The lower bound of M( supports
many promoting channels to search for heavy neutrinos at
both LHC and ILC [122-125].

The correlations between free parameters and allfs (HF)
in the allowed regions are illustrated in Fig. 3 with 2000
allowed points collected. The correlations of Aa,(H £) vs.
Aay(H %) can be seen from the correlations relating with Y 1‘1
shown in the lower right panel of Fig. 3. We can see that very
large 74 allows only small Aa, (H *+). The dependence of s,
Yld, and de on Aay, (H?%) is rather weak. The Fig. 3 shows

the consistent approximation we discussed above that ags i~
aif?O(H ) ~ lg 1233/ ’y ad 524 Namely, the two left panels pre-
fer allowed points with small 74 and large X,,. While large
values of Aa,, near the upper allowed bound exclude large 74
and too small %,,. In the upper right panel, large g requires
large |s2¢| so that the ratio s74 /1 is large enough to keep
Aay, in the allowed range. In the lower right panel, we can-
not realize the linear dependence of Y§ on Aa, because
many values of de are excluded by the perturbative limit
of Yzh. On the other hand, this property can be seen for Y ld
because of the relations |Y1d| ~ |Aay, 0/ Aaepl. In particu-
larly, based on the two dominant contribution of AMM given
in Egs. (64) and (68), Aas’so ~ AalSS, itis easily to show
that |AajSS /AalSS| ~|AaP5/AalS| = Imy Y5 /(me Y],
Identifying these with the experimental data will lead to
a consequence that |Y1d| = |mMY2dAa§P/(meAalIfP)| ~
(9(10_2)|Y2d|. Therefore, |Y{| can get small values of
O(1072). Illustrations are shown in Fig. 4, where the left
panel shows that |[Y¥| ~ Aag,so depends nearly linearly
on Aa!,ss. The right panel shows the valid of the relation
Aagss o~ ai’sg’ ~ Yld /de we mentioned above. The band
widths appear in the plots originate from the 1o ranges of
AMM experimental data.

Itis also emphasized that Y. 1‘1’ , may give loop corrections to
lepton masses m, ;, [127,128], where large | Yfl2| may lead to
the fine-tuning problem that loop corrections sm e > My e.
Our model considered here has the same property with the
models in class I with new neutral lepton having Yy, = 0.
Discussions in Ref. [128] suggest that the allowed regions
we discussed above may consist of points with small |Y ld 5l
enough to avoid this fine-tuning. Determining exactly these
regions of the parameter space should be done in the future.

The mass parameters Mg and m HE, are independent with

Aay(H +) in the allowed regions. It is more interesting to
see the relations between two singly charged Higgs boson
masses and My, and between X,3 and two charged Higgs
boson masses and My, see Fig. 5. In the left panel, small
Xy3 is disfavored and allowed with only large My up to the
upper bound of the scanned range. In the right panel, the

allowed region favors both small values of m HE and m HES
but requires |mHli — mH2::| > 252.4 GeV.

Other interesting correlations between different free
parameters versus X,3 are shown in Fig. 6. First, the allowed
regions favor large x,3, which supports small sy, and large
tg. In addition, careful numerical investigations show that
the recent constraint on X,3 given in Eq. (37) does not allow
sq¢ = 0 ortg > 30. This conclusion excludes completely the
allowed regions indicated in Ref. [76], where large t5 > 30
is one of the necessary requirements to explain the exper-
imental (g — 2), data. This important difference appears
because of the different Higgs triplets in the Yukawa term
generating Mp and Higgs couplings, depending on which
models 331ISS or 3318. The future update on x,3 will lead
to a significant lower bound of sy, for example X,3 < 10~
will result in |s2¢| > 0.07, 15 < 15, and |Y2d| > 0.4. On
the other hand, small £,3 < 5.10~7 requires simultaneously
small 15 > 0.3, large |s2¢| — 1, and large de corresponding
to max| (YZh)ab | = 3.0. This is the reason why x,3 must be
bounded from below.

5 Conclusion

The two models 3318 under consideration and 331ISS given
in Ref. [76] have two identical Yukawa couplings generating
masses to charged leptons and top quarks, therefore keep the
same lower bound 75 > 0.3. But they predict two opposite
ranges of #g in the regions explaining successfully the exper-
imental data of (g — 2),,. Namely, the regions predicted
by the 3318 model requires small tg5 < 30, in contrast to
the requirement of 75 > 30 indicated for the 331ISS model.
These opposite predictions of allowed 74 depend on which
Higgs triplets appear in the Yukawa terms needed to generate
Dirac neutrino mass matrix and couplings of singly charged
Higgs bosons.

We have indicated that the 3318 model adding heavy
neutrinos and singly charged Higgs bosons 4™+ as SU(3),
singlets can explain both experimental data of (g — 2), .
in the ISS framework. Apart from the well-known prop-
erty that this mechanism generates active neutrino masses
and mixing consistent with neutrino oscillations data, it also
allows both large values of non-unitary mixing parameters
and heavy neutrino masses larger than order of O(10%) GeV.
The new singly charged Higgs bosons as SU(3),, singlets
will mix with the other Higgs components predicted by the
3318 model, leading to new free couplings Y of singly
charged Higgs bosons with heavy ISS neutrinos and charged
leptons. All of these features result in the chirally-enhanced
one-loop contributions from heavy ISS neutrino exchanges to
the AMM of electron and muon. These contributions can be
large up to the order of Aagi. We have confirmed this conclu-
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Table 2 Allowed ranges of free parameters corresponding to the scanning region (69)

18 Se o My [TeV] myz [TeV] myz [TeV] vd ¢
Min 0.3 -0.99 3.9 x 1077 0.318 0.8 0.8 —0.361 —2.95
Max 21.42 0.996 1073 5. 48 48. 0.352 2.949
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Fig. 6 The correlations between different free parameters vs X3

sion from numerical illustrations in the limits of the simplest
forms of the total neutrino mass matrix and the Yukawa cou-
pling matrix Y” needed to avoid large Br(e;, — e,y). The
phenomenology of the model 3318 will be richer when these
limits are relaxed, and should be studied in more detail.
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Appendix A: One loop contribution to the form factor
¢wa)r for cLFV decays e, — e,y and Aaq,,

We collect here the results given in Ref. [36], which were used
directly to construct our analytic formulas corresponding to
the particular properties of the 3-3-1 models. The general
Lagrangian for needed interactions (b =i, a = f):

Lo=T (F(},L@PL + Ff{,’fDPR) ea®* +he.,

Ly =T (P4 P+ T4y Pr) eV +he. (Al
The form factors c(4p)g corresponding to the one-loop con-
tribution of a boson X coupling with a fermion 1 and usual
charged e, are:

e

s (TR T U (0 + Qg (1))
X

X _
Clab)R =
+ [ P45 + me, PR |

@ Springer
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+ [ fx o + 0zx w0} (A2)

where X = &, V,txy = m%l,/mg(, QO = Qy is the electric
charge of the fermion W, and the master functions are

fox) = 250 ( )_x2—1—2xlnx
.(b'x_g(b'x_ 4()(,‘—])3 ’
. x—1—Inx
8p = 2(x—1)2 s
- 203 +3x2 —6x+1—6x2Inx
fox) = 1 ,
24(x — 1)
() x3—12x2 4+ 15x — 4+ 6x%Inx
X) = s
v 4(x — 1)
( )_x2—5x+4+3xlnx
gvx) = a1 ,
- —4x* +49x3 — 78x2 +43x — 10— 18x3 Inx
fv(x) = 7] ,
24(x — 1)
- —3(x3 — 6x2 +7x—2+2x21nx)
gv(x) = I (A3)

We note that except g¢ (x), all of the remaining master func-
tions given in (/3:3) are bounded in finite ranges, namely 0 <
fo (), go(x), fox), fr(x), gv(x), —fy (x), —gv(x) < a
< 2. Regarding g¢ (x), although lim,_.¢ go(x) = oo, the
appearance of the factor my/ m%( along with this function
will result in the fact that the relevant contributions should be
calculated by the modified function g(x) — /xge(x) that
is always finite and have bound 0 < /xgge(x) < zl;- In the
3-3-1 models discussed in this work, the modified function is
xgo(x) mentioned in Eq. (45) is also finite for all x. Further-
more, Fﬁ,’%, = 0 for all charged gauge bosons V. = W, Y
hence fy(x) and gy (x) do not appear in our calculation.

Appendix B: Detailed steps of calculation

The one-loop contributions of the singly charged Higgs
bosons to AMM is

K+3

f Lk Rk
- Z I:)\l'a’ *)“ia’ my; fo(Xi k)

Hk i=1

L,kx, L,k R,k
+mea (Aia *)‘ia +)‘za * za )f(b(xlk)]

— —Ja [i[AL oty f.
=" ia ia Mn; <1>(0)

)»R k*

oy (HF) =

e, (MM M) Fa )]

+ 30 (M r Mo fo (o)
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e, (M h ) Foten ]

(BI)
2
where x;x = m2, /mili, fu = gﬂ?':l%v > 0. Using the
approximations that m /m i ~ 0 for i < 3, otherwise
k
My My = MG/mi. = xi, we have fo(xix) = fo(0)

fori < 3 and fq;(xl,k) ~ fo(xg) for i > 3, leading to
the precise analytic formulas for different left-right parts as
follows

K+3
L,1x4 R,1
D hig P ma, fo(xi)

i=1

1
= {—n’leaci [M})Rva (13 - 5RR”)]
aa

L SuCa [M RTm RYh] }f¢(0)

f s
. 1 _
+ {me,cl | M), <1K — —RTR*> V*VTRT
2 aa
v
+Elﬁ CaSy
x | M}, (IK - TR*> vy

x <1K - %RW) Yh:| } My fo(x1),

K+3
L, 1x

me,,)‘m )‘m fq)(-xlk)
i=1

= et 22 |(M£RTR*MD) T (0)
aa
. 1 2 -
+ [Mb (IK — ERTR*) MD} fq:(xl)} :
aa
K+3

Z AR ”Am fo(xix) =m? téc2
i=1

1o - .
x [(13 - ERR') fo©) + (RRY) fq>(x1)}

S {Ower),, eo

. 1.\
+ |:Y’” <11< — 5R‘R) Yh:|
aa
VMg, 18820 { |:( RRT> hi| ~
+ —“ZZRe{—|{h - ——)RY Sfo(0)
V2 2 aa

R'R\ ,1 :
—|—|:R <IK — T) Y i| f@(xl)},

where s2y = 254¢q, U = Upmns, and m, = U*m,U".
Ignoring suppressed term proportional to O(R?) and setting

+

f<1>(X1)}

(B2)
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fo(0) = 5, we have

o, (HiF) = —

and

2 2
£ ey Re{[e2 (M}vviRY)
8n2m%‘, aa
-1
Vig CyS, M,

L Vlp_Cas (M,T)V*VTYh) of;1>(X1)
Vame, “lo My
(M,T)RTR*MD) |
+ 1522 = — fo(x)

B e m? . 24
Hl
(M,T)MD) i
++aaf<l>(xl)
mHli
2,22
m, tﬂca 1 . 1 -
a — — (RRNa [ = —
mzi [24 ( )aa (24 f¢(xl))i|
H]
2.2
1.
+ [(Y“RTRY”> <——f¢(x1))
2mH:E aa \ 24
1

+ (YY) faten)]

[COMER]

UM, 13820

\/zmil:t

1

+O(RY],

(B3)

+ +
ae,(Hy") = ae,(H") [x1 = X2, S¢ = —Cq,Ca = Sa].

(B4)

The total mixing matrices of neutrino corresponding to
the MSS and ISS frameworks are

1» ) L2 L2
Upmns (I3 — 5%0) lUPMNs% UPMNS%
vo_ _i 13
U’ = 03x3 7 7 ,
_zl2 L([ _ﬁ> L([ _f_v)
v 2 3 5 2 3 5
(B6)

respectively. They satisfy the unitary condition: U"TUY =
)

UrUYt = 140 ([ﬁ—o] ) and UTUY = UPUY = Io +

0 (:2).

v

6 Appendix C: Masses and mixing of the singly charged
Higgs bosons

From the three relations corresponding to the minimal condi-
tions of the Higgs potential (21), three parameters (i1 2 3 are
written in terms of the remaining Higgs potential couplings
and non-zero vevs of the neutral Higgs components, namely

2
2 fepu 1, 2 A3u 2.2
=— — —CgA12V" — — A1Sgv7,
153 s ) B2 158
2
2 fspu 5.0 5 Aozut 1o 50,
=L 2t - — —hpasiv?,
1253 cs CgA2 3 3 1258
fegsgvr 1 1
/L% — % — EC/%)‘23U2 — )\31,{2 — E)»]:,‘Sévz. (C1)

Inserting these relations into the Higgs potential (21), we
obtain the squared mass matrix of the singly charged Higgs
bosons in the basis (p*, n*, h*)T as follows

cp (c,g;uzx’g U272fu)

= 3cphiaspv’ — fu e
M2 — = 2 sg (cgilgslgvz—qu> fuspv
c Ecﬂklgsiv - fbt T NG
cgfnv Jnspv 1 h,2 h .2 2430 ,,2 2
—% s (e (i) v+ )
(C2)
Diagonalizing this matrix will result in a zero eigenvalue
iy . iy \ /2 and two massive ones denoted as m? ., which correspond
) Upmns (1 — 217 ) —1UpMNs m) N Hy;
U= 12 PN (B5)  to a goldstone boson ¢y and two physical singly charged
! (VO) 1- 2Mo Higgs bosons H f—}. The mixing matrix C used to diagonal-
and

ize CM%CT = diag <O, m2 m2 i) can be written as a

+
Hl H2
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product of the two unitary transformations C = C,C, where

—sgcpg 0 10 O
C = cg 5601, Co=|10cy =S¢ (C3)
0 01 05y Ca

The C; was introduced previously [64,67] corresponding to
the decoupling limit between 2™ and two Higgs triplets p*
and n*, namely the matrix

cM3cT
0 0 0
=, = [ 0B - %
0 Lr Lk + (dhed +s3t) vt +223)
(C4)
which is diagonal when triple coupling f; = 0. In con-

trast, C, presents the mixing between the singlet 4% and two
singly charged Higgs components of the two Higgs triplets,

C2M§,1C2T = diag (0, m2 ., m? . |.It can be proved that

HE T H
tan(2a)
_ 2+/2¢p fuspv
a 2fu+ C%s/;)»gvz + cpsp [v2 (sé)»}l’ — 5»12) +Aé’u2+2ui] ’

(C5)

and m + are functions of parameters included in the matrix
1,2

/\/lf | including fp, f, and u4. On the other hand, we can
choose m HE, and « as free parameters while f, f, and wa

are dependént parameters, their analytic formulas are given
in Eq. (23).
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