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Abstract
Magnetic competition in topological kagomemagnets is studied by incorporating the spin–orbit
coupling, anisotropicHund coupling and spin exchange into a tight-binding electron dynamics in the
kagome lattice. Using the Bogoliubov variational principle we find the stable phases at zero andfinite
temperatures. At zero temperature and in the strong Ising-Hund coupling regime, amagnetic
tunability from the out-of-plane ferromagnetism to the in-plane antiferromagnetism is achieved
through a universal property of the critical in-planeHund coupling. At low temperature the out-of-
plane ferromagnetism is stable until afinite crossing temperature. Above the crossing temperature the
in-plane antiferromagnetism is stable, but themagnetization of the out-of-plane ferromagnetism still
survives. This suggests ametastable coexistence of thesemagnetic phases in afinite temperature range.
A large anomalousHall conductance is observed in the Ising-Hund coupling limit.

1. Introduction

The emergent phases resulting from the interplay betweenmagnetism, correlations and topology are the subject
of intense research interest because of their intriguing properties and substantial interest for spintronic
technologies. The kagome lattice, a two-dimensional network of corner-sharing triangles, offers a versatile
platform to study such phases, becausewith the special lattice geometry it can host peculiar states including
unconventionalmagnetism [1–3], nontrivial topology [4, 5],flat band [6], Dirac electrons [7], quantum spin
liquids [8].With the inclusion of electron correlations and spin–orbit coupling (SOC), the kagome lattice
engenders a rich interplay between unconventionalmagnetism, electron correlations and nontrivial topology.
Recently, experiments observed striking effects including large anomalousHall effect and unusualmagnetic
tunability inmagnetic kagomematerials [9–13]. In particular, the kagomemagnet Co3Sn2S2 exhibits an out-of-
plane ferromagnetic (FM) ground state, but at afinite temperature before reaching the paramagnetic (PM) state
an in-plane antiferromagnetism (AFM) appears and coexists with the out-of-plane FM [12, 13]. The
competition between thesemagnetic phases is tunable through applying either an externalmagnetic field or
hydrostatic pressure [12, 13].

The present work ismotivated by the striking effects observed in the kagomemagnets, and in particular, the
magnetic competition between the out-of-plane FMand the in-plane AFM [9–13].We propose aminimal
model, which can qualitatively describe the observed effects. Themodel is generally applied to the family of
kagomemagnets, but we particularly focus on theCo3Sn2S2magnet. Because themagnetic Co atoms form a
kagome lattice in the xy-plane, the proposedmodel is built on the two-dimensional kagome lattice. It describes a
systemof itinerant electrons coupledwith localized spins. The coupling is essentially an anisotropicHund one.
In addition, themodel also includes the SOCof itinerant electrons, and an anisotropic spin exchange (SE)
between the localized spins. TheHund coupling can generate the double exchange processes between itinerant
electrons and localized spins, and as a result a long-rangemagnetic orderingmay be established [14, 15]. The
anisotropic SE on the kagome lattice can induce amagnetic competition between out-of-plane and in-plane
magnetic orderings of the localized spins [1–3]. As a consequence, the double exchange processes also depend on
themagnetic competition. The interplay between theHund coupling and the SE in the presence of the SOC
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could intriguingly impact on themagnetic competition and the topology of the system.Wewill use the
Bogoliubov variational principle tofind the stable phases resulting from the interplay [16, 17]. The Bogoliubov
variational principle selects the phasewith lowest free energy among a phase family of a proposed phase ansatz.
Wefind indeed amagnetic competition between the out-of-plane FMand the in-plane AFM.Themagnetic
competition occurs across amagnetic tunability, which is achieved through a universal property of the critical
coupling. At low temperature the out-of-plane FM is stable until a crossing temperature, abovewhich the in-
plane AFM is stable.However, the out-of-plane FMmagnetization does not vanish in the in-plane AFMphase.
This suggests ametastable coexistence of the out-of-plane FMand the in-plane AFM in afinite temperature
range. In the Ising-Hund coupling limit, a large anomalousHall conductance is also observed at themagnetic
phase transition.

The plan of the present paper is as follows. In section 2we describe the proposedmodel. The numerical
results are presented in section 3. Section 4 is the conclusion.

2.Model

The kagomemagnets have a layered crystal structure with stacked quasi-two-dimensional kagome layers
[10–13].We focus on the two-dimensional kagome lattice, where themagnetic atoms are located in the kagome
lattice sites (seefigure 1). For instance, in theCo3Sn2S2magnet, themagnetic Co atoms form the kagome lattice
in the xy-plane.Magnetism ofCo atoms can be realized through their localized spins located in the kagome
lattice sites, reflecting strong correlations of theCo 3d orbitals in theMott regime [18, 19]. In general, the SE
between the localized spins can be anisotropic [3]. Itinerant electrons come from the Sn 5p orbitals. The itinerant
electrons are coupledwith the localized spins through an anisotropicHund coupling. TheHamiltonian
describing the kagomemagnets reads
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where cis
† (ciσ) is the creation (annihilation) operator for electronwith spinσ at site i. 〈i, j〉 denote the nearest-

neighbor lattice sites. t is the hopping parameter. The SOC is introduced through the direction-dependent
hopping andλ is its strength. The sign νij=±1when the hopping of the SOC is counterclockwise (clockwise).
σα is the Paulimatrix (α= x, y, z). Thefirst two terms inHamiltonian (1) describes the band structure of
itinerant electrons in the presence of their SOC. They are essentially theKane-Melemodel on the kagome lattice,
andwould describe aZ2 topological insulator [20]. Si

a is theα-component of localized spin at lattice site i, and
without loss of generality it is renormalized that S 1i

2 = . hα is theα-component of theHund coupling between
the itinerant and localized electrons. Jα is the SE between the nearest-neighbor localized spins in theα-direction.
In general, we consider the case where theHund coupling and the SE are isotropic in plane hx= hy≡ hxy,

Figure 1. (a)Kagome lattice. The arrows on bondsmean the sign νij = 1 of the SOC.Φ is theflux penetrating each triangle. The green
dotted rhombus is the 3 × 3 unit cell. (b)Out-of-plane FM state. (c)& (d) In-plane 1 × 1 and 3 3´ AFMstates, respectively. The
signs ± indicate the spin chiralityχ = ±1 of each triangle. The lattice parameter a = 1.
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Jx= Jy≡− Jxy, but anisotropic out of plane hz≠ hxy, Jz≠ Jxy. Note that the SE in plane Jxy and out of plane Jz have
the opposite signs [3]. TheHund coupling essentially describes the double exchange processes between itinerant
electrons and localized spins [14, 15]. Aswidely adopted in the studies ofmagneticmaterials, wewill treat the
localized spins classically [14, 15, 21–32].In addition, we omit the nearest-neighbor interactions between
itinerant electrons and localized spins. Theywould beweaker than the localHund coupling. In the double-
exchange processes, theHund coupling is dominant and the localized spins are ordered tominimize the kinetic
energy. The nearest-neighbor interactionsmay impact on themagnetic ordering, but not significantly at least in
themean-field approximation. The SE part ofHamiltonian in (1) is just theHeisenberg XXZmodel [1, 2]. For
classical spins theXXZmodel produces amagnetic phase transition from the out-of-plane FM to an in-plane
magnetic state at Jxy= 2Jz [1–3]. In the out-of-plane FMall spins are parallel to the z-axis, while in the in-plane
states, they are all in the xy-plane. The in-plane states aremacroscopically degenerate. Any state with all spins
pointing along one of three directionsmutually oriented at 120° can be the ground state [1, 2].Wewill refer
them as in-plane 120° states. These in-plane states resemble the set of the ground states of the three-state Potts
model [33]. However, the thermal or quantumfluctuations can remove themacroscopic degeneracy [1, 2]. As
wewill see later, the in-planeHund coupling can also remove the degeneracy evenwhen the spins are classical.
Themodel in the Ising-Hund coupling limit hxy= 0was previously proposed [3].

The tight-binding part ofHamiltonian (1) can be rewritten as

H t c c , 2QSH
i j

ij i j
, ,
å= -
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where t t i r iexp 3ij ijn sl= + =  Fs ( )with r t 2 2l= + , and t i3 arg lF = +( ). In the followingwe use
r= 1 as the energy unit. The quantityΦ can be interpreted as amagnetic flux penetrating each triangle of the
kagome lattice (see figure 1(a)). It (Φ≠ 0,π) induces topologically nontrivial band structure [4, 5].When the
Hund coupling is included, its interplay with the SOC can emerge topologicalmagnetic phases [31, 32].
Hamiltonian (2) is just the spin version of the quantumanomalousHallmodel, which is obtained from the
double exchangemodel in the strongHund coupling limit [4]. TheHall conductivityCσ of electronswith spinσ
in unit e2/h can be calculated by theKubo formula
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where jα is the current operator inα-direction, |ka〉 andEka are the normalized eigenstate and eigenvalue of the
BlochHamiltonian of electronswith spinσ, f (x) is the Fermi–Dirac distribution function, andN is the number
of lattice sites. At zero temperatureT= 0,Cσ is just the invariant number of the first Chern class over the
Brillouin torus [34, 35]. Hamiltonian (2) for each spin component has three bands separated by two gaps [4].
The insulating state occurs atfillings nσ= 1/3, 2/3, andCσ= σ. At thesefillings the chargeHall conductivity

e h Cxy
c 2s = ås s( ) vanishes, whereas the spinHall conductivity e h Cxy

s 2s s= ås s( ) is quantized. This is
exactly the quantum spinHall (QSH) effect proposed in theZ2 topological insulators [20]. In the present work,
we focus on the halffilling n=∑σnσ= 1, because in order to establish the double exchange processes, itinerant
electrons need to bemovable in the lattice.

3.Numerical results

Wewill perform variational calculations tofind the stable phases. The variational principle is based on the
Bogoliubov inequality

 H H , 4tr tr trW W + á - ñ º W̃ ( )

whereΩ,Ωtr are the grand potentials corresponding to the ensembles defined by the studiedH and trialHtr

Hamiltonians, respectively [16, 17]. The thermodynamical average is taken over the trial ensemble.Minimizing
W̃ in equation (4) onewould find the stable phases of the studied system.

3.1. Zero temperature
At zero temperatureT= 0, E nNmW = -˜ , whereμ is the chemical potential, E and n are the ground-state
energy and the electron filling of the trial state. In calculating the ground state energy and the electron filling, we
use the two-dimensional tetrahedronmethod to calculate the integration over the Brillouin zone [36].We
consider different trial states, and in particular, the out-of-plane FM state, the in-plane 120° states and the
canted 120° states that are generated by the configurations of localized spinswithin the 3× 3 unit cell. The
3× 3 unit cell contains 27 lattice sites (see figure 1(a)).Within it there are 120 different 120° configurations
of localized spins in the xy-plane [1]. Among these spin configurations, the 1× 1 and the 3 3´ AFM
ones aremost prominent. These AFM states are depicted infigures 1(c), (d). They are definedwithin the
1× 1 and the 3 3´ unit cells. They are distinguishable by the vector chirality of each lattice triangle
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χ S S S S S S e2 3 3 z1 2 2 3 3 1 c= ´ + ´ + ´ º[ ]( ) , which is parallel to the z-axis (ez is the unit vector of the z-
axis). The 1× 1AFMhas the uniform chiralityχ= 1, whereas the 3 3´ AFMhas the staggered chirality
χ=± 1. The canted 120° states are the non-coplanar spin states, inwhich all localized spins have the same polar
angle θ, and their projections in the xy-plane form the in-plane 120° states. The canted statewith θ= 0 is actually
the out-of-plane FMone.When θ= π/2, the canted states are the in-plane 120° states.

Infigure 2(a)weplot the grand potential of all canted 120° states, definedwithin the 3× 3 unit cell. It shows
that the grand potential isminimal at either θ= 0 or θ= π/2, or equivalently, the ground state is either the out-
of-plane FMor the in-plane 1× 1AFM.Note that the in-plane 3 3´ AFMhas a higher grand potential.
The in-plane AFMexperimentally observed inCo3Sn2S2 is the 1× 1 one [12, 13]. Figure 2(b) also shows a
transition from the out-plane FM to the in-plane 1× 1AFM states when the in-planeHund coupling hxy varies.
Themagnetic phase transition occurs at a critical value *hxy.When *h hxy xy< , the out-of-plane FM is stable, and

when *h hxy xy> the in-plane 1× 1AFM is stable, because their grand potential has a lowest value.We have also
checked thefindingwith other variational configurations of localized spins.

The phase diagram is summarized infigure 3. In the regime of strong Ising-Hund coupling (hz> 3)we
observed that the critical value *hxy is a universal function ofΔhz≡ hz+ 2Jz− Jxy in the sense that *hxy is

independent on details of hz, Jz, Jxy, but their combinationΔhz, as shown infigure 3. The critical line *h hxy zD( )
approaches the asymptotic *h hxy z= D at largeΔhz. The universal property of *h hxy zD( ) suggests the equivalence

Figure 2.The grand potentialΩ − ΩFMmeasured from that of the out-of-plane FM state at zero temperatureT = 0 and half filling for
(a) canted spin states with the polar angle θ and a fixed hxy; (b) in-plane states (θ = π/2). The blue (red) lines are the grand potential for
the in-plane 1 × 1 ( 3 3´ )AFMstate.Othermodel parameters: hz = 6, Jz = 1, Jxy = 4,Φ = π/3.

Figure 3.The critical line *hxy via (hz + 2Jz − Jxy) at half filling andfluxΦ = π/3. The ground state is the out-of-plane FMwhen
*h hxy xy< , and the in-planeAFMwhen *h hxy xy> . The dotted line is the asymptotic *h h J J2xy z z xy= + - .
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between theHund coupling and the SE, aswell as between their out-of-plane and in-plane components in the
magnetic competition. Due to the universal property, themagnetic phase transition from the out-of-plane FM
to the in-plane AFM states is tunable through tuning the components of either theHund coupling or the SE.
This also allows us to drop the SE in studying themagnetic phase transitionwhen hz is strong.Without the SE,
themany-body localmethods such as the dynamicalmeanfield theory can safely be used [37]. Actually, the SE
can be generated by theHund coupling through the Ruderman-Kittel-Kasuya-Yosidamechanism, and it is
already implicitly present in themodels having theHund coupling [38–40]. The universal function *h hxy zD( )
also implies us that the kagomemagnets with strong Ising-Hund coupling form a common family ofmaterials,
where themagnetic phase transition fromout-of-plane to the in-planemagnetisms isflexibly tunable and does
not depend on specific values of theHund coupling and the SE as long asΔ hz isfixed. Themagnetic tunability
observed inCo3Sn2S2 suggests that this kagomemagnet has a strong anisotropicHund coupling andmay belong
to the suggested family ofmaterials [12, 13]. Experiments also observed that Co3Sn2S2 in the FMphase exhibits
unconventional critical behaviors, which suggest an anomalousmagnetic state below the FMcritical
temperature [41]. The anomalousmagnetic statemay be relevant to the flexiblemagnetic tunability between the
out-of-plane FMand the in-plane AFMphases.

From the universal property of *h hxy zD( ), one can see that themagnetic phase transition still occurs in the
Ising-Hund coupling limit hxy= 0, providing Jxywith tunability [3]. In this limit, the BlochHamiltonian of
itinerant electrons in afixed configuration of localized spins is diagonal in the spin index. Therefore, theHall
conductivity can be separated into the spin-componentCσ, which can still be calculated by theKubo formula
(3). Both the electron filling and theHall conductivity are independent of the SE.However, the SE affects the
ground-state energy, and it can drive themagnetic phase transition. Infigure 4we plot the electron filling and the
spin components of theHall conductivity as a function of the chemical potential atT= 0. It shows that the out-
of-plane FM state has quantizedCσ=±1 at fillings n= 1/3, 2/3, 4/3, 5/3 and the in-plane AFMhas quantized
Cσ= σ atfillings n= 2/3, 4/3. Therefore, the chargeHall conductivity xy

cs is only quantized in the out-of-plane
FMand vanishes in the in-plane AFM.However, the spinHall conductivity xy

ss is quantized in the in-plane
AFM.Nearby half filling, both the charge and spinHall conductivities in the out-of-plane FMvanish.However,
the spinHall conductivity in the in-plane AFM isfinite, although it is not quantized. It yields a large anomalous
spinHall conductance because e2/ha ∼ 717Ω−1 cm−1 with typical lattice parameter a∼ 5.4Å [10]. Thefinite
value of the spinHall conductivity at half filling results from an interference of two quantum spinHall
conductivities atfillings n= 2/3 and n= 4/3. This finding indicates that a large anomalous spinHall
conductancemay be observed at half filling in the in-plane AFM.

3.2. Finite temperature
Atfinite temperature we use the following trial Hamiltonian in the Bogoliubov variational calculation

H H H , 5tr tr
c

tr
S= + ( )

Figure 4.The electron filling n and the spin components of theHall conductivityCσ in unit e
2/h via the chemical potentialμ at zero

temperatureT = 0 in the Ising-Hund coupling limit hxy = 0.Model parameters hz = 6,Φ = π/3.
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whereUi andVi are the localmeanfields acting on the itinerant electron and localized spins, respectively. The
trial Hamiltonian (5) disentangles the itinerant electrons and the localized spins in ameanfield approximation.
In order to describe both the out-of-plane FMand the in-plane AFMphases, the following ansatzs for the local
meanfields at the 3 sites of the triangles in the kagome lattice
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are used.HereZ indicates the localmeanfieldsUV, and θ is the polar angle of themeanfields. The ansatz gives
the out-of-plane FMwhen θ= 0, and the in-plane 1× 1AFMwhen θ= π/2.When θ≠ 0,π/2, it describes the
canted 120° spin structure, the projection of which in the xy-plane forms the in-plane AFM. Both localmean
fields acting on the itinerant electron and localized spins have the same ansatz, butwith different amplitudes
MZ(T), reflecting the effect of the strongHund coupling [14]. Amean-field solution is obtained byminimizing
the variational W̃ in the Bogoliubov inequality (4)with respect toMU(T) andMV(T)
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Once themean-field solution is found, themagnetization is calculated byM(T)= |〈S〉|.
Infigure 5we plot the variational solutions for the out-of-plane FMand the in-plane AFMphases at half

filling. It shows that below a crossing temperatureT*, where the grand potentials of the out-of-plane FMand of
the in-plane AFMphases are equal, the out-of-plane FMphase has a lower grand potential, therefore it is stable
in the temperature rangeT< T*. However, at the crossing temperatureT* themagnetizationM(T) of the out-
of-plane FMordering does not vanish.When temperature increases, it decreases and vanishes at the critical
temperatureTC1> T*. TheAFMphase is stable from the crossing temperatureT* until the critical temperature
TC2> TC1. At temperatureT> TC2 the PMphase is stable. In the temperature rangeT* < T< TC1, the AFM
phase is stable, but themagnetization of the out-of-plane FMordering is stillfinite.We interpret this
temperature range as the region ofmetastable coexistence of the out-of-plane FMand the in-plane AFMphases.

Figure 5. (a)The out-of-plane FMand the in-plane 1 × 1AFMmagnetizationsM(T) via temperatureT. (b)The grand potential
Ω − ΩPMmeasured from that of the PM state via temperatureT. (c)The grand potentialΩ(θ) − Ω(0)measured from that of the out-
of-plane FM (θ = 0) via temperatureT. T* is the temperature belowwhich the out-of-plane FM is stable.TC1 andTC2 are the critical
temperatures, where the out-of-plane FMand the in-planeAFMmagnetizations respectively vanish.Model parameters hz = 6,
hxy = 1, Jz = 1, Jxy = 4,Φ = π/3 and halffilling n = 1.
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A recentmuon-spin rotation study observed the coexistence of the in-plane AFMand the out-of-plane FM
orderings in a finite temperature range [12, 13]. The phase transition from the out-of-plane FM to the in-plane
AFMoccurs at the crossing pointT*, which is infinitely degenerate, as can be seen infigure 5(c). At the crossing
point, any canted phasewith any θhas the same grand potential. Therefore, themagnetic phase transition is
continuous, although the order parameter does not vanish.Without such infinitely degenerate crossing point,
the phase transition fromout-of-plane to in-planemagnetismwould abruptly occur. The two critical
temperatures of the FMand theAFMorderings were also detected by experiments [12, 13]. In undoped
Co3Sn2S2,TC1 andTC2 are close that the experimentalmeasurements of the out-of-plane and the in-plane
magnetizations did not detect their difference [42]. However, there is a signal of suppression of the out-of-plane
FMmagnetization at temperatureT* [42]. In doped case, the critical temperaturesTC1 andTC2 are significantly
distinct [13]. A typical phase diagram atfinite temperature is plotted infigure 6. There is afinite region of Jxy,
where the ground state is the out-of-plane FM, butwhen temperature increases themetastable FMphase
coexists with the in-plane AFMphase.When themagnetization of the out-of-plane FMvanishes, the in-plane
AFMphase is stable until the PMphase is reached. Themagnetic competition and the phase transition between
the FMand the AFMphaseswere also observed in perovskitemanganites at some dopings, where the FM
magnetization is suppressed at theNeel temperature [43].

4. Conclusion

Wehave studied the interplay between the SOC, theHund coupling and the SE in the kagome lattice. It causes
themagnetic competition between the out-of-plane FMand the in-plane AFMorderings. Themagnetic
competition qualitatively describes striking effects observed in the kagomemagnets, including themagnetic
tunability, the large anomalousHall conductance, the coexistence of the out-of-plane FMand the in-plane AFM
orderings in a finite temperature range. Atfinite temperature themagnetic phase transition is continuous
although the order parameter does not vanish. In the present work, quantum corrections to themeanfield
solution are not considered yet. Theymay generate topologicalmagnetic excitations, whichmay impact on the
interplay between the SOC, theHund coupling and the SE.We leave this problem for a further study.
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