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A B S T R A C T

Currently in literature, ‘‘charged exciton’’ and ‘‘trion’’ are often confused with each other and mostly considered
the same. In this work we show that these terms might actually describe different quasi-particles. Energies and
binding energies of both charged excitons and trions in 2D parabolic quantum dots have been calculated as
functions of confinements of charge carriers in a quantum dot, using the unrestricted Hartree–Fock method.
It is shown that the binding energies of the charged exciton and the trion behave differently in regard to the
ratios of the confinements of the electron and the hole. The effect of the external magnetic field on the binding
energies of charged excitons has also been considered.
1. Introduction

Multi-particle bound states play important role in electronics and
optical properties of semiconductors and have been studied intensively.
Over the past two decades, multi-particles such as excitons, trions
and their associates in low-dimensional semiconductor systems have
attracted a lot of attention due to their unique properties as well
as their critical role in electronics, optoelectric devices and quantum
information technology in the future [1–3].

As its name implies, trion is a bound state of three charged particles,
which can be two electrons and a hole or two holes and an electron,
or, understandably, an exciton with an electron or an exciton with
a hole. In the case of excitons coupling with electrons (holes), they
are also known as negatively (positively) charged excitons [4–7]. Like
excitons and other exciton-based systems, in trion states the charge
carriers are correlated with each other through Coulomb interaction,
which has attracted great attention recently, especially in atomic-size
thin semiconductor layers based on transition metal dichalcogenide
monolayers [8–11]. Up to very recent, there is no difference noted
between trions and charged excitons. Since the nature of Coulomb
interaction between the particles in trions and charged excitons is
different, it is worth to study them and their existences more carefully.

Recently several new quasi-particles have been named. ‘‘Duo",
‘‘trio", ‘‘quatuor", for quasi-particle consisting of two, three and four
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charge carriers, respectively, have been introduced in quantum dots
by Combescot [12], and ‘‘quadron’’ for four charged carriers in 2D
semiconductor quantum dots by us [13–15] to distinguish from con-
ventional excitons, charged excitons and biexcitons. In [12–15] the
nature of the differences between biexciton and quantum dot ‘‘quatuor"
or ‘‘quadron" has been shown. For instance, while both biexciton and
quadron consist of four interacting carriers (two electrons and two
holes), the traditional biexciton is considered as a bound state of two
interacting excitons, while the newly invented quadron is a bound
state of two electrons and two holes with a fair multi-particle Coulomb
interaction between each pair of particles. It has been shown in our
previous works [13–15] that in a small 2D InAs quantum dot it prefers
a bound quadron rather than a conventional biexciton.

To develop this problem further, we study the differences between
charged excitons and trions in self-assembled semiconductor quantum
dots with parabolic confinement potential. Due to their large binding
energies and the easiness of incorporation in field effect structures,
which allows the study of external magnetic field effect without break-
ing the symmetry of the system [13–22], self-assembled semiconductor
quantum dots with parabolic confinement potential currently are of
high interest. Other than charged exciton as a bound state of an exciton
with an electron or a hole, in this work trion is considered as a bound
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state of three particles (two electron and a hole or two hole and an
electron) with a fair multi-particle Coulomb interaction between them.
The binding energies of the charged excitons and trions have been
calculated for a full range of electron-to-hole confinement ratio, using
the Hartree–Fock method. The binding energies of the charged exciton
and the trion will be shown to behave differently in regard to the
ratios of the confinements between the electron and hole. The effect
of a magnetic field on binding energy of the charged excitons will
be presented as well. Based on our results, the trions and charged
excitons are shown to be different quasi-particles with different binding
energies, different behaviors with respect to electron–hole confinement
and magnetic files, and different preferences.

2. Model of interacting confined charged particles

We consider the model of interacting electrons and holes confined
in a 2D quantum dot with parabolic lateral potential in the presence
of the perpendicular magnetic field �⃗� ∥ 𝑧 [13–15]. The Hamiltonian of
the system of 𝑁 electrons and 𝑀 holes (𝑁 = 2,𝑀 = 1 or 𝑁 = 1,𝑀 = 2
for charged excitons and trions) can be written in the framework of the
effective-mass approximation as follows

�̂� =
𝑁
∑

𝑖=1
ℎ(𝑟𝑖) +

𝑀
∑

𝑘=1
ℎ′(𝑟𝑘) +

𝑁
∑

𝑖=1;𝑖<𝑗

𝑒2

𝜖𝑟𝑖𝑗
+

𝑀
∑

𝑘=1;𝑘<𝑙

𝑒2

𝜖𝑟𝑘𝑙
−

𝑁
∑

𝑖=1

𝑀
∑

𝑘=1

𝑒2

𝜖𝑟𝑖𝑘
, (1)

where the first two terms are Hamiltonians of single electrons and
single holes, the third and fourth terms are electron–electron and
hole–hole Coulomb interactions, respectively, and the last term is the
electron–hole Coulomb interaction. 𝜖 is the dielectric constant of the
material. In a quantum dot with parabolic confinement by magnetic
field the Hamiltonians for a single electron and a single hole can be
written as the following:

ℎ(𝑟𝑖) = −
∇2
𝑖

2𝑚∗
𝑒
+
𝑚∗
𝑒
2
(𝜔2

𝑒 +
1
4
𝜔2
𝑐𝑒)𝑟

2
𝑖 +

1
2
𝜔𝑐𝑒�̂�𝑧𝑖 , (2)

ℎ′(𝑟𝑘) = −
∇2
𝑘

2𝑚∗
ℎ
+
𝑚∗
ℎ
2

(𝜔2
ℎ +

1
4
𝜔2
𝑐ℎ)𝑟

2
𝑘 +

1
2
𝜔𝑐ℎ�̂�𝑧𝑘 , (3)

here 𝑚∗
𝑒 (𝑚∗

ℎ) and 𝜔𝑒 (𝜔ℎ) are the effective mass and the confinement
otential of the electron (hole), respectively; 𝜔𝑐𝑒 = 𝑒𝐵∕𝑚∗

𝑒 (𝜔𝑐ℎ =
𝐵∕𝑚∗

ℎ) and �̂�𝑧𝑖 (�̂�𝑧𝑘) are the cyclotron frequency for the electron (hole)
nd the z-components of electron (hole) orbital angular momentum
perators, respectively. The Zeeman splitting terms for the interaction
f the spins with the magnetic field have been omitted here due to their
mallness in comparison with other terms.

It should be noted that in the framework of the effective mass
pproximation, the effective mass of electron or hole in semiconductor
uantum dots may be considered depending on the dot’s radius (for
xample, see [23,24] and the references therein). However, in this work
or the model of two-dimensional parabolic quantum dot, similarly
o [13–22], we take the bulk values for the masses of the electron and
he hole in the Eqs. (2) and (3) as a good approximation.

In polar coordinates the eigenfunctions of the single electron in the
uantum states (𝑛, 𝑚) could be written as the following:

𝑒
𝑛,𝑚(𝑟, 𝜑) =

1
√

2𝜋
𝑒𝑖𝑚𝜑

√

2𝑛!
(𝑛 + |𝑚|)!

𝛼𝑒(𝛼𝑒𝑟)|𝑚|𝑒−(𝛼𝑒𝑟)
2∕2𝐿|𝑚|

𝑛 ((𝛼𝑒𝑟)2) , (4)

with 𝐿|𝑚|
𝑛 being generalized Laguerre polynomial. The eigenvalue of the

electron then has the form:

𝐸𝑒𝑛,𝑚 = 𝛺𝑒(2𝑛 + |𝑚| + 1) + 1
2
𝑚𝜔𝑐𝑒 , (5)

where 𝛺𝑒 = (𝜔2
𝑒 +

1
4𝜔

2
𝑐𝑒
)1∕2 𝛼𝑒 =

√

𝑚∗
𝑒𝛺𝑒 .

The wave function of the system is written in the form of direct
product of the Slater determinants for 𝑁 electrons and 𝑀 holes:

′ ′ ′ ′ ′ ′
2

𝛹 (𝜉1,… , 𝜉𝑁 , 𝜉1,… , 𝜉𝑀 ) = |𝜓1(𝜉1)...𝜓𝑁 (𝜉𝑁 )|.|𝜓1(𝜉1)...𝜓𝑀 (𝜉𝑀 )| , (6) b
Fig. 1. (Color online) Comparison of negatively charged exciton binding energies with
𝑚𝑒∕𝑚ℎ = 0.27 and 𝑚𝑒∕𝑚ℎ = 1 as functions of electron-to-hole confinement ratio.

where the electron and hole wave functions 𝜓𝑖(𝜉), 𝜓 ′
𝑘(𝜉) in the Slater

determinants are spin dependent: 𝜓𝑖(𝜉) = 𝜙𝛼𝑖 (𝑟)𝜎(𝛼) or 𝜙𝛽𝑖 (𝑟)𝜎(𝛽) for up-
r down-spin electrons, and similar for holes.

In the Hartree–Fock–Roothaan formulation [13–15,22], the spatial
arts of electron and hole wave functions 𝜙𝛼,𝛽𝑖 (𝑟) and 𝜙′ 𝛼,𝛽

𝑘 (𝑟) are
ritten as expansions with the basis functions being the single electron
nd single hole wavefunctions in (4):
𝛼,𝛽
𝑖 (𝑟) =

∑

𝜈
𝐶𝛼,𝛽𝑖𝜈 𝜒

𝑒
𝜈 (𝑟) , 𝜙

′ 𝛼,𝛽
𝑘 (𝑟) =

∑

𝜇
𝐶 ′ 𝛼,𝛽
𝑘𝜇 𝜒ℎ𝜇 (𝑟) ,

ndexes 𝜈, 𝜇 run over all single electron or hole states with quantum
umbers (𝑛, 𝑚).

Within Hartree–Fock–Roothaan formulation the matrix elements
f Coulomb interactions with these basis functions can be calculated
nalytically [25]. The system of Hartree–Fock–Roothaan equations can
e solved self-consistently to give the total energy of the system:

= 1
2
∑

𝜇,𝜈
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𝛼
𝜇𝜈𝐹

𝛼
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}

+ 1
2
∑

𝜇,𝜈

{

𝛿𝜇𝜈𝑃
′ 𝑇
𝜇𝜈 [𝛺ℎ(2𝑛 + |𝑚| + 1) − 𝑚𝜔𝑐ℎ ]+𝑃

′ 𝛼
𝜇𝜈 𝐹

′ 𝛼
𝜈𝜇 +𝑃 ′ 𝛽

𝜇𝜈 𝐹
′ 𝛽
𝜈𝜇

}

, (7)

where the explicit expressions for 𝑃 𝑇𝜇𝜈 , 𝑃 ′ 𝑇
𝜇𝜈 , 𝑃 𝛼𝜇𝜈 , 𝑃

𝛽
𝜇𝜈 , 𝑃 ′ 𝛼

𝜇𝜈 , 𝑃 ′ 𝛽
𝜇𝜈 and

𝐹 𝛼,𝛽𝜇𝜈 , 𝐹
′ 𝛼,𝛽
𝜇𝜈 can be found in [13].

3. Results and discussions

For numerical calculation, the following parameters for
self-assembled InAs/GaAs quantum dots [13–15,22] have been used:
𝑚∗
𝑒 = 0.067𝑚𝑜, 𝑚∗

ℎ = 0.25𝑚𝑜, 𝜔𝑒 = 49 meV, 𝜔ℎ = 25 meV, 𝜖𝑠 = 12.53.
he adopted length and energy units are 𝑎∗𝐵 = 𝜖𝑠∕𝑚∗

𝑒𝑒
2 = 9.9 nm,

𝑅𝑦∗ = 𝑚∗
𝑒𝑒

4∕2𝜖2𝑠 = 11.61 meV. The oscillator lengths for electrons
holes) in the absence of magnetic fields 𝑙𝑒,ℎ = (𝑚∗

𝑒,ℎ𝜔𝑒,ℎ)
−1∕2 are 4.8

m (3.5 nm). With the effective excitonic Bohr radius of about 13 nm,
hese parameters mean strong confinement of the particles in small
nAs/GaAs quantum dots.

To study of the effect of confinement on the binding energies, for
omparison we use two parameter sets, set 1 with 𝜔𝑒 = 49 meV, 𝑚∗

𝑒 =
.067𝑚𝑜, and 𝑚∗

ℎ = 0.25𝑚𝑜, and set 2 with 𝜔𝑒 = 49 meV, 𝑚∗
𝑒 = 0.067𝑚𝑜,

nd 𝑚∗
ℎ = 0.067𝑚𝑜. Denoting 𝑚𝑒 = 𝑚∗

𝑒∕𝑚𝑜, 𝑚ℎ = 𝑚∗
ℎ∕𝑚𝑜, we have for set

: 𝑚𝑒∕𝑚ℎ = 0.27, and for set 2: 𝑚𝑒∕𝑚ℎ = 1.
In Figs. 1–4 the binding energies of the negatively charged exciton

nd the negative trion in the ground state without magnetic fields as
unctions of electron-to-hole confinement ratio have been compared. To
ee the impact of the carrier masses, we compare the results for both
arameter sets with 𝑚𝑒∕𝑚ℎ = 0.27, and 𝑚𝑒∕𝑚ℎ = 1, respectively. For
he whole range of the electron-to-hole confinement ratio 𝜔𝑒∕𝜔ℎ, the
inding energy of the negative trion is always larger than that of the



Physica B: Physics of Condensed Matter 633 (2022) 413781N.H. Quang and N.Q. Huong

c

r

n
v
a
u

d
e
t
𝑚
t

Fig. 2. (Color online) Comparison of negative trion binding energies with the 𝑚𝑒∕𝑚ℎ =
0.27 and 𝑚𝑒∕𝑚ℎ = 1 as functions of electron-to-hole confinement ratio.

Fig. 3. (Color online) Comparison of binding energies for negative trions and neg-
atively charged excitons with the 𝑚𝑒∕𝑚ℎ = 0.27, as functions of electron-to-hole
onfinement ratio.

Fig. 4. (Color online) Comparison of binding energies for negative trions and nega-
tively charged excitons with the 𝑚𝑒∕𝑚ℎ = 1, as functions of electron-to-hole confinement
atio.

egatively charged exciton. From the graphs one can see that at small
alues of the electron-to-hole confinement ratio both negative trions
nd negatively charged excitons are bound systems but they become
nbound when the electron-to-hole confinement ratio increases.

For positively charged excitons and positive trions we get the similar
ifferences. In Figs. 5–8 the binding energies of the positively charged
xciton and positive trion in the ground states as functions of electron-
o-hole confinement ratio are compared with two parameter sets with
𝑒∕𝑚ℎ = 0.27 and 𝑚𝑒∕𝑚ℎ = 1. Again, the binding energy of the positive

rion is always larger than that of the positively charged excitons.
3

Fig. 5. (Color online) Comparison of positively charged exciton binding energies with
the 𝑚𝑒∕𝑚ℎ = 0.27 and 𝑚𝑒∕𝑚ℎ = 1, as functions of electron-to-hole confinement ratio.

Fig. 6. (Color online) Comparison of positive trion binding energies with the 𝑚𝑒∕𝑚ℎ =
0.27 and 𝑚𝑒∕𝑚ℎ = 1, as functions of electron-to-hole confinement ratio.

Fig. 7. (Color online) Comparison of binding energies for positive trions and positively
charged excitons with the 𝑚𝑒∕𝑚ℎ = 0.27, as functions of electron-to-hole confinement
ratio.

However in this case, opposite to the above case of negative trions
and negatively charged excitons, we observe the transition from anti-
binding to binding state of both the positive trion and the positively
charged exciton when increasing the electron-to-hole confinement ra-
tio. This happens due to the contributions of the hole–hole interaction,
which is larger than that of electron–electron interaction, to suppress
the electron–hole interaction. It is also interesting to note that our new
results can help to understand and clarify the sensitive changes in the
binding energy of trions in natural ensembles of InAs/GaAs quantum
dots with randomly fluctuating parameters [21].

On Figs. 9–10 the effect of magnetic fields on charged exciton states
has been shown. It is shown that magnetic fields increase the binding
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Fig. 8. (Color online) Comparison of binding energies for positive trions and positively
charged excitons with the 𝑚𝑒∕𝑚ℎ = 1, as functions of electron-to-hole confinement ratio.

Fig. 9. (Color online) Change of the negatively charged exciton binding energy as a
function of magnetic field.

Fig. 10. (Color online) Change of the positively charged exciton binding energy as a
function of magnetic field.

energy of the positively charged exciton but decrease the one of the
negatively charged exciton, although the effect is rather small.

In [14,15] we have analyzed the agreements between our results
using Hartree–Fock method and the experimental data for the biexciton
binding energy [19]. In this work in InAs/GaAs self-assembled quantum
dot we obtained a good agreement between our results and the exper-
imental data for the negatively and positively charged exciton binding
energies as well. Indeed, the value of electron-to-hole confinement
ratio in InAs/GaAs self-assembled quantum dot is 𝜔𝑒∕𝜔ℎ = 1.96, corre-
ponding to the values of the negatively and positively charged exciton
inding energies 0.58 (2𝑅𝑦∗) ≈ 6.73 meV and −0.62 (2𝑅𝑦∗) ≈ −7.2
4

eV, respectively. Our results agree very well with the experimental
alue of 6.2 ± 0.4 meV for negatively exciton and rather well with the
xperimental value interval of [-1 meV:-6 meV] for positively charged
xciton, respectively [19].

. Conclusion

In conclusion, in this work charged exciton and trion states in 2D
arabolic quantum dots have been compared the first time.

The binding energies of trions and charged excitons have been
tudied using unrestricted Hartree–Fock method for a full range of
lectron-to-hole confinement ratios. It is shown that in the ground state
f 2D InAs quantum dots, the binding energies of charged excitons and
rions can be either negative or positive, depending on the correlation
atio of the electron–hole confinement potential. Namely, at small
alues of the electron-to-hole confinement ratio both negative trions
nd negatively charged excitons are bound systems but they become
nbound when the electron-to-hole confinement ratio increases. How-
ver, the opposite happens for the positive trion and the positively
harged exciton, there occurs a transition from anti-binding to binding
tate when the electron-to-hole confinement ratio increases. Magnetic
ields increase the binding energy of positively charged excitons but
ecrease it for the case of negatively charged exciton, although the
ffect is rather small.

The results of this work show that charged excitons and trions are
ifferent quasi-particles and should not be considered the same. In all
ases, the binding energies of negative or positive trion systems are
enerally larger than that of the corresponding negatively or positively
harged excitons and are more preferable.

Our theoretical calculation results are in good agreements with the
xperimental data on the binding energies of negative and positive
harged excitons in small self-organized InAs/GaAs quantum dots.
ur results help to further clarify the properties of the elementary
xcitations and the differences between charged excitons and trions in
emiconductor quantum dots.
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