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I. INTRODUCTION

Magnetism and conventional superconductivity have
been known for a long time. Nevertheless, the per-
fect diamagnetic property of superconductors caused a
thought that superconductivity was incompatible with
ferromagnetism. However, in 1979, Steglich and et al.
first discovered superconductivity in the first heavy-
fermion material CeCu2Si2 [1]. In the 1980s, super-
conductivity was found in U-based heavy-fermion com-
pounds, e.g., UBe13 (1983) [2] and UPt3 (1984) [3].
In these heavy fermion compounds which usually con-
tain the rare-earth element cerium (Ce) and uranium
(U), superconductivity may coexist with antiferromag-
netic (AFM) order, and neighboring electron spins ar-
range in an antiparallel configuration only under high
pressure and at very low temperature. Another break-
through was the discovery of UGe2 in 2000, and after
that, UIr, URhGe, and UCoGe with coexisting ferro-
magnetism (FM) and superconductivity (SC). In these
materials, superconductivity was observed at tempera-
tures below the Curie temperature without expelling the
ferromagnetic order. The research on heavy-fermion sys-
tems and other exotic materials showed for the first time
that competition between magnetic and superconduct-
ing orders turns out to be an important characteristic of
strongly correlated electron systems.

According to previous theories, magnetism is induced
by the spin moments of localized 4f , 5f electrons
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whereas superconductivity comes from the Cooper pairs
formed by conduction electrons. Such a discovery, to-
gether with a number of reliable experimental data about
the coherence length and the superconducting gap [4–7],
leads to the conclusion that 4f -electrons from Ce-atoms
and 5f -electrons from U-atoms are responsible for both
magnetism (AFM or FM) and SC. The Cooper pairs in
these metallic compounds belong to a spin-triplet, and
magnetic-fluctuation induced pairing is a possible mecha-
nism. In recent years, beside the experimental investiga-
tions that examined the dependence of the phase transi-
tion on the applied pressure and the magnetic field, other
theoretical research concentrated on finding the phase
transition mechanism, the natures of phases and the de-
pendences of the temperature of the phase transition and
of the spontaneous magnetization moment on the param-
eters of the materials. Different mechanisms, such as
coupled charge density waves and spin density waves [8,
9], magnon exchange [10], electron interaction mediated
by ferromagnetically aligned localized moments [11,12],
screened phonon interactions [13], d-electron exchange
[14], M-trigger [15, 16], the multiband model [17–20],
etc., have been proposed. These theoretical works have
tackled this important issue and provided invaluable in-
formation about the interplay between AFM, FM and
conventional SC, and unconventional SC in the coexis-
tence states. Specially, the phenomenological Ginzburg-
Landau model proposed by Shopova and et al. [15,16,
21–23] has described the coexistence of superconductiv-
ity and ferromagnetic orders in U-based compounds well.

The above consideration motivates transforming the
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fermionic field theory to an effective one based on cou-
pling fields that are expressed in terms of order parame-
ter fields for different channels. The main purpose of this
paper is the formulation of a microscopic two-component
Ginzburg-Landau (G-L) functional that can describe the
coexistence of different phases. In our research, through
the mean-field theory and the functional integral formal-
ism, we will split microscopic Hamiltonian into possible
channels; then, we can get a functional that only depends
on the order parameters. Based on the specific problem
of ferromagnetic superconductivity for UGe2 systems, we
will determine the formal performance of the G-L func-
tional for a two order-parameter system through calcu-
lations based on the Green function. Analytical calcula-
tions were carried out to show correspondence between
Shopova’s phenomenological model and our microscopic
model.

The paper is structured as follows: Sec. II reviews
the phenomenological Ginzburg-Landau model with two
magnetization and superconducting order parameters
when both iM. (d× d∗)-linear and |d|2 . |M|2-quadratic
couplings of the magnetization to the superconduct-
ing order parameter are taken into account, and the
anisotropies are ignored. The uniform phases and the
phase diagram in this case were investigated in Ref. 15.
Here, we summarize the main results in order to make
a clear comparison with the new results presented
in Sec. III, which discusses the competition between
the AFM, FM and SC orders on phenomenological
grounds. We present our microscopic model and derive
the Ginzburg-Landau functional in which the coefficients
that couple the FM and the SC order parameters are
clarified. Finally, Sec. IV summarize the results and pro-
vides a general discussion. The two appendices contain
additional technical details of the derivations discussed
in the main text. Some of the results reported in this
work have been presented in a shorter publication [24].

II. THE PHENOMENOLOGICAL GINZBURG
- LANDAU MODEL

In this section, we briefly review the main experimen-
tal results for UGe2 and consider the phenomenologi-
cal Ginzburg-Landau model with two order parameters,
which was proposed by Shopova and Uzunov [15]. The
main results for the Meissner phases in spin-triplet fer-
romagnetic superconductors are summarized in order to
make clear the role of the phenomenological Ginzburg-
Landau model for describing the coexistence of super-
conductivity and ferromagnetic orders in UGe2.

1. Experiments

The experimental research on UGe2 [4,5,25,26] shows
that at ambient pressure, UGe2 is an itinerant ferromag-

net whose Curie temperature is Tc = 52 K, and the
spontaneous moment is µs = 1.4µB/U − atom. The
easy axis is the a-axis in the orthorhombic crystal [8].
With increasing pressure, the system passes through two
successive quantum phase transitions, one from the fer-
romagnetism phase to the FM-SC phase at P = 1 GPa,
and the other at higher pressure Pc = 1.6 GPa to the
paramagnetism phase. The superconducting phase exists
entirely within the ferromagnetic domain at low temper-
atures and pressure intervals between 1.0 and 1.6 GPa
with a maximum superconducting transition tempera-
ture Tsc = 0.8 K near 1.2 GPa. Two distinct ferromag-
netic phases, usually denoted by FM2 and FM1 with dif-
ferent magnitudes of the magnetic moments, exist. With
increasing pressure, the magnetic ground state switches
from a highly polarized phase (FM2, µ = 1.5µB) to a
weakly polarized phase (FM1, µ = 0.9µB) at a pressure
of Px = 1.2 GPa; the phase line ends where Tx = Tsc

has its maximal value. When the pressure is increased,
the order of the transition from FM1 to the paramag-
netic phase changes from second order to first order at
the tricritical point Tcr on the T (P ) diagram. With fur-
ther increases in P , both TFM and TFS decrease and
disappear almost simultaneously at a pressure around
P ∼ 1.7 GPa.

2. Meissner phases in spin-triplet ferromagnetic
superconductors

If we follow Shopova and Uzunov [15], and ignoring
the anisotropy of both Cooper pairs and crystals, the
phenomenological Ginzburg-Landau energy functional of
the triplet ferromagnetic superconductor is as follows:

fGL(d,M) = as |d|2 +
bs
2
|d|4 + af |M|2 +

bf
2
|M|4

+iγ0M. (d× d∗) + δ0 |d|2 |M|2 . (1)

In Eq. (1), the first two terms describe the supercon-
ductivity for M = H = 0, the next two terms de-
scribe the free energy of a ferromagnetic phase which
is considered as having uniaxial anisotropy of the Ising
type, and last two terms describe the interaction between
the ferromagnetic order parameter M and the super-
conducting order parameter d. Where bs, bf > 0 and
as = αs(T − Ts), the parameter af is slightly modi-

fied by choosing af = αf

[
Tn − Tnf (P )

]
in which n = 1

gives the standard form of af and n = 2 applies for
other models. αs, αf are positive material parameters,
Ts is the critical temperature of a standard second-order
phase transition which may take place at M = H = 0,
and the temperature Tf is the critical temperature of
the ferromagnet. The parameter γ0 for ferromagnetic
superconductors may take both positive and negative
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values. In general, the values of the material parame-
ters (Ts, Tf , as, bs, af , bf , γ0) depend on the choice of the
concrete substance and on thermodynamic parameters
such as the temperature T and the pressure P .

Next, Shopova and Uzunov redefined, for convenience,
the free energy in Eq. (1) in a dimensionless form as f =

fGL/
(
bfM

4
0

)
, where M0 = [αfTf0/bf ]

1/2
is the value of

the magnetizationM corresponding to the pure magnetic
subsystem ψ = 0 at T = P = 0 and Tf0 = Tf (0). The
order parameters assume the scaling m = M/M0 and

ϕ = d/
[
(bf/b)

1/4
M0

]
, and as a result, the free energy

becomes

f = rφ2+
1

2
φ4+tm2+

1

2
m4+2γφ1φ2 sin θm+δφ2m2, (2)

where φ = |d|, φj = |dj |, and θ = θ1 − θ2 is the phase
angle between the complex d1 = φ1e

iθ1 and d2 = φ2e
iθ2 .

The dimensionless parameters t, r, γ and δ in Eq. (2) are
given by

r = κ
(
T̃ − T̃s(P )

)
;

t = T̃ − T̃f (P ) = T̃ − 1 + P̃ ;

γ = γ0/ [αfTf0/b]
1/2

;

δ = δ0/ (bbf )
1/2

,

(3)

where κ = αsb
1/2
f /αfb

1/2 and P̃ = P/Pc. The reduced

temperatures are T̃ = T/Tf0, T̃f (P ) = Tf (P )/Tf0 and

T̃s = Ts(P )/Tf0. The analysis involves making simple
assumptions for the P dependences of the t, r, γ and δ
parameters in Eq. (2). In particular, only Tf has a sig-
nificant P dependence, described by

T̃f (P ) = (1− P̃ )1/n,

where P̃ = P/P0 and P0 is a characteristic pressure de-
duced later. In UGe2 the P0 values are very close to the
critical pressure Pc at which both the ferromagnetic and
the superconducting orders vanish, but in other systems,
this is not necessarily the case. The linear dependence
of T̃f on P̃ (n = 1) agrees well with the experimentally
measured pressure dependence for UGe2.

Finally, the conditions of equilibrium and the stable
phases for the UGe2 system which has the free energy
given by Eq. (2) are used to outline the (t, r) phase di-
agram, which indicates the domains of stability for the
N, FM and FS phases. The results are presented in an
analytical form; only a small part of phase diagram is
calculated numerically.

The phase diagram for concrete parameters of γ and δ
is shown in Fig. 1. The domains of stability of the N, FM
and FS phases are indicated. DCB is the line of demar-
cation between two domains of stability of the FM and
FS phases, where the curve DC (the dashed line, to the
left of point C) is the second-order phase transition and
the line CB is the first-order phase transition. The phase

Fig. 1. (Color online) Phase diagram in the (t, r) plane for
γ = 0.49, δ = 0.84

transition between the N and the FS phases is first-order
and goes along the equilibrium line BA. The vertical
dashed line coinciding with the r-axis above B, which is
the line of demarcation between two domains of stability
for the FM and N phases, indicates the N-FM phase tran-
sition to be of second order. A and C are tricritical points
of the phase transitions; B is the triple point. An ana-
lytical calculation also show that the superconducting
critical temperature Tm and the corresponding pressure
Pm for UGe2 when γ = 0.49, δ = 0.84, κ = 5, Tf0 = 52,
and Pc = 1.6, together with Ts = 0, are Tm = 0.743 K
and Pm = 1.44 GPa, respectively. These values are in
relative agreement with the main experimental findings.

The phenomenological Ginzburg-Landau model,
Eq. (1), not only successfully describes the domains of
stability of the N, FM and FS phases but also shows
the dependence of phase transition temperature T on
the pressure P . The model and its extended models
used in many works of Shopova and et al. [15, 16,
21–23] have provided invaluable information about the
interplay between the FM and the triplet SC phases in
the coexistence states of U-based compounds.

In the next section, we develop a microscopic approach
on the basic of the mean-field theory and the functional
integral formalism, we will establish the two-component
Ginzburg-Landau functional to show the correlation be-
tween the ferromagnetic and triplet superconducting or-
der parameters. Moreover the meanings of the constants
encountered in the phenomenological theory will be clar-
ified.

III. MICROSCOPIC DERIVATION OF THE
GINZBURG-LANDAU FUNCTIONAL

FOR A FERROMAGNETIC
SUPERCONDUCTOR

The competition between the superconductivity and
the magnetism orders has been one of the central issues
in heavy fermion systems. In particular, one usually is
interested in materials showing the coexistence of SC and
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ferromagnetic (FM) or antiferromagnetic (AF) order in
uranium-based heavy fermions intermetallic compounds.
These materials contain a periodic array of uranium ions.
The strong interactions of the localized 5f moments with
the light conduction electrons of the other constituent
metal atoms give rise to the formation of heavy quasi-
particles with an effective mass m∗ up to several hun-
dred times larger than that of a usual metal. When
these materials are cooled from high temperatures, lo-
calized moments seem to decrease progressively due to
local spin fluctuations. When a characteristic energy
associated with the spin fluctuations is dominated by
the indirect Ruderman-Kittel-Kasuya-Yosida type inter-
action between incompletely compensated atomic mo-
ments on different sites, the materials may undergo a
magnetic phase transition at a finite temperature. In
some materials, the heavy quasiparticles condense into
the SC state at very low temperatures due to residual
interactions among them. This seems to indicate that
the attractive effective interaction between the strongly
renormalized heavy quasiparticles in UGe2 is not pro-
vided by the electron-phonon interaction as in ordinary
superconductors, but rather is mediated by electronic
spin fluctuations. In the vicinity of a ferromagnetic
quantum critical point, critical magnetic fluctuations
can mediate superconductivity by pairing the electrons
in spin-triplet Cooper pairs, that is, equal-spin pairing
states that have a nonzero total spin angular momentum
(S = 1): |↑↑〉 (L = 1, Sz = 1), |↓↓〉 (L = 1, Sz = −1),

and (|↑↓〉+ |↓↑〉) /
√

2 (L = 1, Sz = 0). These spin-triplet
Cooper pairs have quantum states with parallel electron
spins; therefore, they can survive in the presence of mag-
netic moments.

1. The Hamiltonian-model and mean-field ap-
proximation

Our starting point is an interacting fermion model. In
the terms of second quantization, the Hamiltonian of the
system can be written as

H = H0 +H1, (4)

where,

H0 =
∑
σ

∑
k

εσ(k)ψ†σ(k)ψσ(k). (5)

Here, H0 is the unperturbed Hamiltonian describing the
system of free fermions; ψσ(k) and ψ†σ(k) are the anni-
hilation and the creation operators of the fermions with
spin projections σ =↑, ↓ respectively; εσ(k) is the disper-

sion of the free fermions;

H1 =
∑

σ1,σ2,σ′1,σ
′
2

∑
k,k′,q

Vσ1σ2σ′1σ
′
2
(k,k′,q)

×ψ†σ1
(k− q

2
)ψ†σ2

(k′+
q

2
)ψσ′2(k′− q

2
)ψσ′1(k+

q

2
).

(6)

Here, H1 is a generic effective two-body interaction term
of interacting fermions written in the normal order.
Vσ1σ2σ′1σ

′
2
(k,k′,q) are general pair scattering matrix ele-

ments, which may cover the contributions of different in-
teractions in the system, such as electron - phonon, spin
- spin, ..., and even impurity - electron and impurity
- impurity interactions. From both mathematical and
physical aspects, the generic effective interaction term is
very complicated and has no exact and explicit analytical
expression.

In order to convert our Hamiltonian into an effectively
non-interacting one, we decouple the quartic fermion
term into quadratic ones. Different approximations can
be used to tackle this task. In the low-temperature re-
gion where the elementary excitations are dominant, the
fluctuations around the average value of the order pa-
rameter are so small that the second-order fluctuation
term can be neglected and the simplest method is the
mean-field approximation. At least, there are three in-
equivalent choices of pairing up the fermionic operators
can be used to construct the fermionic bilinear term
of the generic two-body interaction. Those are pair-
ings in the direct channel (ψ†ψ)σ1σ′1

(k,−q, τ), in the ex-

change channel (ψ†ψ)σ2σ′1
(k′,k,q, τ), and in the cooper

channel (ψψ)σ′2σ′1(k′,k,q) and (ψψ)†σ2σ1
(k′,k,−q) [27].

Nevertheless, the “right” choice of the decoupling field
should be only motivated by physical reasoning, i.e., one
has to proceed to derive an effective theory based on
the coupling field later. In the simplest case, without
the spin-dependences of the two-body matrix elements
(Vσ1σ2σ′1σ

′
2
(k,k′,q) = V (k,k′,q) ), the decoupling of all

three channels is possible, and all order parameters can
coexist in the system considered. In this case, theoret-
ical calculations, however, lead to different results. In
other words, an apparent ambiguity exists. In order to
avoid this fault, we have to include the spin-dependence
of the two-body matrix element Vσ1σ2σ′1σ

′
2
(k,k′,q) in the

microscopic model. The simplest physical reason for in-
cluding the spin-dependence of the two-body matrix ele-
ment is the contribution of exchange bosons reflecting the
interactions between conducting electrons and bosonic
background fluctuations which cause the rise of selected
competing channels. Depending on how the spin indices
are split (σ, σ′ are ↓↓, ↑↑ or ↓↑ ± ↑↓), we will have a
singlet superconducting order or a triplet superconduct-
ing order, a ferromagnetic order or an antiferromagnetic
order. If the order is singlet, the system can exist in
an antiferromagnetic phase and singlet superconducting
phase as in CeRhIn5 and CeIrIn5. If the order is triplet,
the system can fully exist in an ferromagnetic phase plus
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triplet superconducting phase as in UGe2 without de-
pending on whether the electron is localized or not. That
is why, for this problem, the generic effective two-body
interaction term H1

[
ψ†, ψ

]
can be broken down to a

summation of two possible fermionic bilinear terms with
arbitrary parameters {γi}, where i ∈ {d,C}, as

H1

[
ψ†, ψ

]
= γ2

dH
d
1

[
ψ†, ψ

]
+ γ2

CH
C
1

[
ψ†, ψ

]
, (7)

where the Hamiltonians Hd
1 and HC

1 are the generic two-
body interaction (they are responsible for magnetism
and superconductivity, respectively) rewritten in differ-
ent fermionic bilinear terms:

Hd
1 =

∑
σ1,σ2,σ′1,σ

′
2

∑
k,k′,q

ψ†σ1
(k− q

2
)ψσ′1(k +

q

2
)

× (Vd)σ1σ2σ′1σ
′
2

(k,k′,q)ψ†σ2
(k′+

q

2
)ψσ′2(k′− q

2
),

(8)

HC
1 =

∑
σ1,σ2,σ′1,σ

′
2

∑
k,k′,q

ψ†σ1
(k− q

2
)ψ†σ2

(k′ +
q

2
)

× (VC)σ1σ2σ′1σ
′
2

(k,k′,q)ψσ′2(k′− q

2
)ψσ′1(k+

q

2
).

(9)

Here, the values of the parameters γi should satisfy the
identity

γ2
d + γ2

C = 1. (10)

This identity ensures that the potential
Vσ1σ2σ′1σ

′
2
(k,k′,q) can be written in many ways,

but sum of there ways has to be equal to the initial
potential. We can find parameters γi by minimizing the
Ginzburg-Landau free-energy functional with respect to
γi.

For definiteness, we take the interaction matrix in the
simple form

(Vd)σ1σ2σ′1σ
′
2

(k,k′,q) = (Vd) (k,k′,q)σσ1σ′1
.σσ2σ′2

(11)

with a constant (Vd) (k,k′,q) = Vd. Then, we define the
spin-density-wave (SDW) order parameter as

Mσ1σ′1
(k,q) =

∑
k′,σ2,σ′2

(Vd) (k,k′,q)σσ2σ′2

×
〈
ψ†σ2

(k′ +
q

2
)ψσ′2(k′ − q

2
)
〉
. (12)

Here σ
(i)
ss′ denotes the (ss′) element of the ith Pauli ma-

trix with s, s′ = ±1, and σ = x̂σx+ŷσy+ẑσz denotes the
vector that has the usual Pauli matrices are components.
We consider also superconducting (SC) interaction only
in the triplet channel, i.e.,

(VC)σ1σ2σ′1σ
′
2

(k,k′,q)

= (VC) (k,k′,q) (iσσy)σ1σ2
(iσσy)

†
σ′1σ
′
2

(13)

with a constant (VC) (k,k′,q) = VC . The triplet order
parameter is

4σ1σ2(k,q) =−
∑

k′,σ′1σ
′
2

Vσ1σ2σ′1σ
′
2
(k,k′,q)

×
〈
ψσ′2(k′ − q

2
)ψσ′1(k +

q

2
)
〉

= [i (d(k)σ)σy]σ1σ2
.

(14)

Using the forms of SC and SDW order parameters, we
write the interaction parts in quadratic forms as

Hd
1 =

∑
σ1,σ2

∑
k,q

[
(M.σ)σ1σ2

ψ†σ1
(k− q

2
)ψσ2

(k +
q

2
)

+(M.σ)†σ1σ2
ψ†σ1

(k +
q

2
)ψσ2(k− q

2
)
]

+
M2

Vd
,

(15)

HC
1 =

∑
σ1,σ2

∑
k,k′,q

[
4σ1σ2

(k,q)ψ†σ1
(k− q

2
)ψ†σ2

(k′ +
q

2
)

+4∗σ1σ2
(k,q)ψσ1

(k +
q

2
)ψσ2

(k′ − q

2
)
]

+
|4|2

VC
.

(16)

In order to define the Ginzburg-Landau free energy,
we have to integrate out the fermionic fields of the
mean-field grand canonical partition function. For con-
venience, we rewrite Eqs. (15) and (16) in terms of com-
pact quadratic forms of the four-component spinor Ψ,
which is introduced as follows:

Ψ
(
k +

q

2

)
=
(
ψ↑(k + q

2 ) ψ↓(k + q
2 ) ψ†↑(−k + q

2 ) ψ†↓(−k + q
2 )
)T

,

(17)

Ψ†
(
k +

q

2

)
=
(
ψ†↑(k + q

2 ) ψ†↓(k + q
2 ) ψ↑(−k + q

2 ) ψ↓(−k + q
2 )
)
.

(18)

Now, the mean-field Hamiltonian can be written in the
bilinear form as

HMF =
1

2

∑
k,k′,q

Ψ†
(
k +

q

2

)
D(k,k′,q)Ψ

(
k′ − q

2

)

+

[
|4|2

VC
+

M2

Vd

]
, (19)
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where D(k,k′,q) is a 4× 4 matrix given by

D(k,k′,q)

=


−ε↑↑ − Φ↑↑ −Φ↑↓ F↑↑ F↑↓
−Φ↓↑ −ε↓↓ − Φ↓↓ F↓↑ F↓↓
F∗↑↑ F∗↑↓ ε↑↑ + Φ↑↑ Φ↑↓
F∗↓↑ F∗↓↓ Φ↓↑ ε↓↓ + Φ↓↓

 .

(20)

In Eq. (20), the two off-diagonal blocks of the matrix
D(k,k′,q) correspond to a purely triplet SC system, and
the two diagonal blocks contain the SDW field M that
couples fermions between the two bands of electrons and
holes. Here, for simplicity, these short notations are used:

Fσσ′ = 2γ2
C(∆)σ1σ2

(−k′,k,q),

F∗σσ′ = 2γ2
C(∆)∗σ2σ1

(−k,k′,−q),

(Φ)σσ′ = γ2
d ((M.σ)∗σ′σ(−k,−q) + (M.σ)σσ′(k,q)) .

(21)

2. Derivation of the free energy

To derive the free energy, we start with the grand
canonical partition function of the system, which can be
represented via a functional integral

Z =

∫
[Dψ]

[
Dψ†

]
e−S[ψ†,ψ], (22)

where the action S has the form

S =

β∫
0

dτ

[∑
σ

∑
k

ψ†σ(k, τ)∂τψσ(k, τ)+H
[
ψ†, ψ

]
(τ)

}
.

(23)

With the mean-field Hamiltonian in Eq. (19), the func-
tional integral in Eq. (22) has a Gaussian form, and
the fermionic fields can be integrated out. Then, the
Ginzburg-Landau free energy can be obtained in a
straightforward way, yielding

F =
|∆|2

VC
+

M2

Vd
−
∫

Ω

ln det
1

2

(
[G0]

−1
)
. (24)

In Eq. (24) the Greens function is given by

[G0]
−1

(k,k′,q) = iωnI4×4 + D(k,k′,q), where I4×4 is
the 4 × 4 identity matrix.

∫
Ω

= 1
β

∑
ωn

1
V

∑
k

∑
σi=↑,↓∑

αi=e,h

∑
qi,ωνi

is a notation of sum over momentum,

Matsubara frequencies, spin and the band indices of elec-
trons and holes. The inverse temperature and the vol-
ume of the system are denoted by β = 1/kBT and V ,
respectively. Vd is the exchange interaction constant,
and VC is the triplet SC coupling constant (the momen-
tum dependence of which we dropped for simplicity).

Here, we denoted the bosonic Matsubara frequencies by
ων = 2νπT , ν = 0,±1,±2, . . ., and fermionic ones by
ωn = (2n+ 1)πT , n = 0,±1,±2, . . .

Near the critical point, both the FM and the SC order
parameters are small, so a GL functional approach is
justified. In this case, by the expanding effective action
(see Appendix A) in the order parameters {M,∆} to
a quartic one that only includes terms allowed by the
symmetry of the system and retains minimum numbers
of the simplest terms to get the results with multiple
meanings, we will obtain the G-L free-energy functional
with the participation of two order parameters describing
the relationship between the spin-density-wave and the
superconductivity phases:

f(M,∆) = αf . |M.σ|2 +βf |M.σ|4 +αs |∆|2 +βs |∆|4

+ ufs. (M.σ) |∆|2 + vfs. |M.σ|2 |∆|2 . (25)

Here, both quadratic terms |M.σ|2 and |∆|2 must be

equivalent, and both quartic terms |M.σ|4 and |∆|4 too;
they describe each special channel. The other terms de-
scribe interactions between channels that result in the
coexistence of equilibrium phases. The microscopic ex-
pressions for the GL coefficients, which are functions of
temperature (and pressure etc.), are listed in Appendix
B.

In the remaining part of this paper, we will con-
vert the functional in Eq. (25) into the phenomenologi-
cal Ginzburg-Landau functional in Eq. (1) proposed by
Shopova and Uzunov [15] to investigate the coexistence
of magnetism and superconductivity in heavy fermions.
Concretely, we will use the approach presented in Ref. 15
to study the conditions causing the Meissner phase in the
presence of ferromagnetic order when no external mag-
netic field exists in UGe2.

3. Ginzburg-Landau energy functional for su-
perconductivity and ferromagnetism

Here, we are only interested in the uniform phases,
i.e, order parameters d and M that do not depend
on the spatial vector x. Therefore, we will neglect all
anisotropic terms that are additional Landau invariants
and gradient terms in the Ginzburg-Landau free-energy
functional of unconventional superconductors. In order
to present a detailed investigation of the coexistence of
Meissner superconductivity and ferromagnetic order, we
should focus on a particular problem that has enough
information from experiments to make a detailed com-
parison of the theoretical parameters with the existing
experimental data.

Now, we construct the specific Ginzburg-Landau free-
energy functional for UGe2 starting from Eq. (25). From
the definitions of the order parameters in Sec. II, we find
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that

∆k.∆
†
k = |d|2 σ0 + i (d× d)σ,

(M.σ) (M.σ)
†

= M2.σ0.
(26)

UGe2 is a ferromagnet that has an orthorhombic struc-
ture with magnetic moments oriented along one of the
crystallographic axes. If we choose a coordinate sys-
tem x//b, y//c, z//a, where the magnetic easy axis is
the a-axis, then M = (0, 0,M). Because of the pair-
breaking effect of the strong exchange field M, only the
Cooper pairs with parallel spins will survive. In this
case of equal-spin pairing, we can write vector d in the
form d = (d1, d2, 0), implying that the Cooper pair spin-
orientation points to the M direction. Then, we have

|M.σ|2 = M2.σ0,

|M.σ|4 = M4.σ0,

(M.σ) |∆|2 = |d|2 |M|σz + iM. (d× d∗)σ0,

(27)

by using the conditions of equilibrium and stable phases
for the coexistence of ferromagnetic and superconducting
order (FS phase) given by sin θ = −1 (for sin θ = 1, we
have another phase domain that is thermodynamically
equivalent, so we will not consider it here) and by φ1 =

φ2 = φ/
√

2 (where φ = |d|,φj = |dj |, and θ = θ1 − θ2

is the phase angle between the complex d1 = φ1e
iθ1 and

d2 = φ2e
iθ2); we also have

|∆|2 = |d|2 σ0 + |d|2 σz,
|∆|4 = 2 |d|4 σ0 + 2 |d|4 σz.

(28)

Substituting Eqs. (27) and (28) back in Eq. (25), we ob-
tain the G-L energy functional of the triplet ferromag-
netic superconductor as follows:

fGL(d,M) = af |M|2 +
bf
2
|M|4 + as |d|2 +

bs
2
|d|4

+ iγ0M. (d× d∗) + δ0 |d|2 |M|2 , (29)

where

af = αf ; bf = 2βf ; as = 2αs,

bs = 8βs; γ0 = 2ufs; δ0 = vfs.
(30)

The functional in Eq. (29) is the same as the phenomeno-
logical Ginzburg-Landau functional in Eq. (1) proposed
by Shopova and Uzunov [15] when we ignore effects of
anisotropy from both Cooper pairs and crystals, simul-
taneously restricting consideration of the uniform order
parameters. However, the functional in Eq. (29) has a
microscopic derivation that is established on the basic
of the mean-field theory and the functional integral for-
malism. The constants that couple with the FM and SC
order parameters in the microscopic theory are products
of the free Green functions of electrons and holes. They
can be summed over ωn = (2n+1)πβ and the wave vectors

k on the basis of the Taylor series expansion technique
and the application of the residue theorem.

IV. CONCLUSIONS AND DISCUSSION

We have microscopically derived the two-component
Ginzburg-Landau functional that describes the relation-
ship between the feromagnetic order parameter and the
superconducting order parameter. The model in Eq. (29)
is the same as Shopova’s phenomenological model and it
describes the coexistence of Meissner superconductivity
and ferromagnetic order in UGe2 well. In ferromagnetic
metal UGe2 systems, the interactions that lead to the
formations of superconducting (SC) and magnetic spin-
density-wave (SDW) orders, the pull and push of par-
ticles, are same, and as a result, influence each other.
In particular, the two orders may support each other
and lead to homogeneous local coexistence of SC and
SDW states, or one order may completely suppress the
other order, resulting in a state with spatially separated
regions of pure SDW or SC orders. The transitions be-
tween various states may also be either continuous sec-
ond order or abrupt first order.

The Ginzburg-Landau functional reveals not only that
the triplet gap amplitude couples quadratically with the
magnetization magnitude (|d|2 |M|2) but also that the
triplet d-vector couples linearly with the magnetization
direction (iM. (d× d∗)). The mean-field level in which
coupling forces the d-vector to align parallel or antipar-
allel to the magnetization is suitable. Although we focus
on a microscopic model that has been widely employed
in studies of ferromagnetic metal UGe2 systems, most of
our results follow from a Ginzburg-Landau analysis and,
as such, should be applicable to other systems of interest,
such as Ce-based and U-based compounds.
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APPENDIX A: MICROSCOPIC DERIVATION
OF THE TERMS IN THE G-L

FREE-ENERGY FUNCTIONAL FOR
FERROMAGNETISM AND
SUPERCONDUCTIVITY

In this appendix, we show how to calculate the terms
that appear in the GL functional for ferromagnetism
and superconductivity. Let’s start with the Ginzburg-
Landau free-energy functional

F =
|∆|2

VC
+

M2

Vd
−
∫

Ω

ln det
1

2

(
[G0]

−1
)
. (A1)
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By using the result of the calculation in Appendix A of
a previous paper [24], we have

ln det
1

2

(
[G0]

−1
)

= Tr ln
1

2

(
[G0]

−1
)

= ln

(
1

2

)
+ ln [Ge0]

−1
+ ln

[
Gh0
]−1

+
∑
N≥1

Tr [G]
N
,

(A2)

where

Tr [G]
N

= (−1)
N−1 1

N

[(
Ge 0
0 Gh

)(
Φee Feh
Fhe Φhh

)]N
= (−1)

N−1 1

N
Gα1
σ1σ1

(k, ωn)∆α1α2
σ1σ2

(q1, ων1)

×Gα2
σ2σ2

(k− q1, ωn − ων1)∆α2α3
σ2σ3

(q2, ων2) . . .

×GαNσNσN (k− q1 − · · · − qN−1, ωn − ων1 − · · · − ωνN−1
)

×∆αNα1
σNσ1

(−q1 − · · · − qN−1,−ων1 − · · · − ωνN−1
),

with

Φee = −Φ, Feh = F , Ge = Ge0,

Φhh = Φ, Fhe = F∗, Gh = Gh0 ,
(A3)

which have an explicit form as in Eq. (21), and

qN = −q1 − · · · − qN−1. (A4)

Tracing the matrix, retaining only pair order parameter
terms that have closed momentum, boson Matsubara fre-
quency, and spin, we obtain the following:

first-order expansion

Tr [G]
1

= Gα1
σ1σ1

Φα1α1
σ1σ1

= 2γ2
dG

α1
σ1σ1

(M.σ)σσ′(k,q), (A5)

quadratic expansion

Tr [G]
2

= −1

2
{ Gα1

σ1σ1
Φα1α1
σ1σ2

Gα1
σ2σ2

Φα1α1
σ2σ1

+Gα1
σ1σ1
Fα1α2
σ1σ2

Gα2
σ2σ2
Fα2α1
σ2σ1

}

= −
(
γ2

d

)2 (
Gα1
σ1σ1

(k, ωn)Gα1
σ2σ2

(k− q1, ωn − ων1)
)

×
[
(M.σ)∗σ1σ2

(q1, ων1)(M.σ)σ2σ1(−q1,−ων1)
]

− 1

2

(
2γ2

C

)2 (
Gα1
σ1σ1

(k, ωn)Gα2
σ2σ2

(k− q1, ωn − ων1)
)

×
[
(∆)∗σ1σ2

(q1, ων1)(∆)σ2σ1
(−q1,−ων1)

]
,

(A6)

cubic expansion

Tr [G]
3

=
1

3

{
3Geσ1σ1

Φeeσ1σ2
Geσ2σ2

Fehσ2σ3
Ghσ3σ3

Fheσ3σ1

+ 3Ghσ1σ1
Φhhσ1σ2

Ghσ2σ2
Fheσ2σ3

Geσ3σ3
Fehσ3σ1

}
= −2

(
γ2

d

) (
2γ2

C

)2{( Geσ1σ1
(k, ωn)Geσ1σ1

(k, ωn)
×Ghσ3σ3

(k− q3, ωn − ων3)

)

− 2
(
γ2

d

) (
2γ2

C

)2( Ghσ1σ1
(k, ωn)Ghσ1σ1

(k, ωn)
×Geσ3σ3

(k− q3, ωn − ων3)

)}
× (M.σ)σ1σ1

(0, 0)
[
(∆)∗σ1σ3

(q3, ων3)

×(∆)σ3σ1
(−q3,−ων2)] ,

(A7)

quartic expansion

Tr [G]
4

= −1

4

{
Gα1
σ1σ1

Φα1α1
σ1σ2

Gα1
σ2σ2

Φα1α1
σ2σ3

Gα1
σ3σ3

Φα1α1
σ3σ4

Gα1
σ4σ4

Φα1α1
σ4σ1

+ 4Gα1
σ1σ1

Φα1α1
σ1σ2

Gα1
σ2σ2

Φα1α1
σ2σ3

Gα1
σ3σ3
Fα1α2
σ3σ4

Gα2
σ4σ4
Fα2α1
σ4σ1

+Gα1
σ1σ1
Fα1α2
σ1σ2

Gα2
σ2σ2
Fα2α1
σ2σ3

Gα1
σ3σ3
Fα1α2
σ3σ4

Gα2
σ4σ4
Fα2α1
σ4σ1

}
= −2

(
γ2

d

)4
Gα1
σ1σ1

(k, ωn)Gα1
σ2σ2

(k− q1, ωn − ων1)

×Gα1
σ1σ1

(k, ωn)Gα1
σ4σ4

(k− q3, ωn − ων3)

×
[
(M.σ)∗σ1σ2

(q1, ων1)(M.σ)σ2σ1(−q1,−ων1)
]

×
[
(M.σ)∗σ1σ4

(q3, ων3)(M.σ)σ4σ1
(−q3,−ων3)

]
− 4

(
γ2

d

)2 (
2γ2

C

)2
Gα1
σ1σ1

(k, ωn)Gα1
σ2σ2

(k− q1, ωn − ων1)

×Gα1
σ1σ1

(k, ωn)Gα2
σ4σ4

(k− q3, ωn − ων3)

×
[
(M.σ)∗σ1σ2

(q1, ων1)(M.σ)σ2σ1(−q1,−ων1)
]

×
[
(∆)∗σ1σ4

(q3, ων3)(∆)σ4σ1
(−q3,−ων3)

]
− 1

2

(
2γ2

C

)4
Gα1
σ1σ1

(k, ωn)Gα2
σ2σ2

(k− q1, ωn − ων1)

×Gα1
σ1σ1

(k, ωn)Gα2
σ4σ4

(k− q3, ωn − ων3)

×
[
(∆)∗σ1σ2

(q1, ων1)(∆)σ2σ1
(−q1,−ων1)

]
×
[
(∆)∗σ1σ4

(q3, ων3)(∆)σ4σ1(−q3,−ων3)
]
.

(A8)

APPENDIX B: COEFFICIENTS IN THE G-L
FREE-ENERGY FUNCTIONAL FOR

FERROMAGNETISM AND
SUPERCONDUCTIVITY

This appendix demonstrates how to calculate the co-
efficients in the GL free-energy functional for ferromag-
netism and superconductivity. The coefficients to be con-
sidered are: αf , βf , αs, βs, ufs, and vfs. From now on,
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both the zero-temperature and the infinite-volume limits
are understood:

1
V

∑
k → 1

8π3

∫
k

dk;

limβ→∞
∂fe(ξk)
∂ξk

= −δ (ξk) = −δ
(

k2

2m
− k2

F

2m

)
= − 1

vF
δ (|k| − kF) . (B1)

Furthermore, the long-wavelength limit |qi| � kF will
also be assumed for some given transfer momentum qi.
Choosing a spherical coordinate system in k-space with
the angle between q and k being the polar angle θ, we
have

k.q = |k| . |q| . cos θ

= |k| . |q| .λ;

1
8π3

∫
k

dk =
1

8π3

∞∫
k=0

π∫
θ=0

2π∫
ϕ=0

k2dk sin θdθdϕ

=
1

4π2

∞∫
k=0

k2dk

+1∫
−1

dλ; (B2)

and

|q|2

2m
� |q| vF. (B3)

Denoting by N (0) the density of state at the Fermi en-
ergy, we find that

N (0) ≡ Z(EF) =
1

2π2

(
2m

~2

)3/2

E
1/2
F =

mkF

π2~2
=

3

2

n

µ
,

(B4)

and using the short notations∑
α1, α2 = e, h
α1 6= α2

1

V

∑
k

1

β

∑
ωn

≡
∑
a

,

1

V

∑
k

1

β

∑
ωn

≡
∑
b

.

(B5)

Carrying out the integration over momentum and fre-
quency, we obtain

αf

=
1

Vd
−
(
γ2

d

)2∑
a

Gα1
σ1σ1

(k, ωn)Gα1
σ2σ2

(k− q1, ωn − ων1)

≈ 1

Vd
−
(
γ2

d

)2 N (0)

2
× π ων1

vF |q1|
+O

[(
|q|
c

)2
]

;

(B6)

βf

= −2
(
γ2

d

)4
×
∑
a

(
Gα1
σ1σ1

(k, ωn)Gα1
σ2σ2

(k− q1, ωn − ων1)
×Gα1

σ1σ1
(k, ωn)Gα1

σ4σ4
(k− q3, ωn − ων3)

)
≈ 4N (0)× 1

vF |q1|
× 1

vF |q3|

×
[(π

2

)( ων1
vF |q1|

)
+
(π

2

)( ων3
vF |q3|

)]
,

(B7)

with the help of Eqs. (1.622.3) and (1.644.2) from Ref. 28
to reach the last equalities of (B6) and (B7). Also,

αs

=
1

VC

− 1

2

(
2γ2

C

)2∑
a

Gα1
σ1σ1

(k, ωn)Gα2
σ2σ2

(k− q1, ωn − ων1)

=
(
2γ2

C

)2 N (0)

2
ln

(
T

TC

)
+

1

2

(
2γ2

C

)2N (0)
1

6π2T 2

7

8
ζ(3)υ2

Fq
2,

(B8)

where

TC =

(
2γωD
π

)
e
− 2
VC.N(0) , (B9)

with the help of Eq. (3.527.3) from Ref. 28 to reach sec-
ond line of equality (B8). Furthermore,

βs

= −1

2

(
2γ2

C

)4
×
∑
a

(
Gα1
σ1σ1

(k, ωn)Gα2
σ2σ2

(k− q1, ωn − ων1)
×Gα1

σ1σ1
(k, ωn)Gα2

σ4σ4
(k− q3, ωn − ων3)

)
= −1

2

(
2γ2

C

)4
× 2N (0)

[
β2

π2

7

8
ζ (3)− 31

192

(
|q3| |kF|

m

)2
β4

π4
ζ (5)

− 31

192

(
|q1| |kF|

m

)2
β4

π4
ζ (5)

]
;

(B10)
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ufs

= 2γ2
d

(
2γ2

C

)2∑
b

{(
Ghσ1σ1

(k, ωn)Ghσ1σ1
(k, ωn)

×Geσ3σ3
(k− q3, ωn − ων3)

)

−
(
Geσ1σ1

(k, ωn)Geσ1σ1
(k, ωn)

×Ghσ3σ3
(k− q3, ωn − ων3)

)}

= 2γ2
d

(
2γ2

C

)2 × 2N (0)
β2

π2

7

8
ζ(3)

q2

2m
;

(B11)

vfs

= 4
(
γ2

d

)2 (
2γ2

C

)2
×
∑
a

(
Gα1
σ1σ1

(k, ωn)Gα1
σ2σ2

(k− q1, ωn − ων1)
Gα1
σ1σ1

(k, ωn)Gα2
σ4σ4

(k− q3, ωn − ων3)

)
= 4

(
γ2

d

)2 (
2γ2

C

)2
×N (0)

[
7

8

β2

π2
ζ (3)− 7

24
× 31

32

β4

π4
ζ (5) (|q1| vF)

2

− 7

24
× 31

32

β4

π4
ζ (5) (|q3| vF)

2

]
.

(B12)
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