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D. Borah and B. Karmakar [1] have proposed an A4 flavoured linear seesaw model to realise light Dirac
neutrinos. In this comment article, we show that some neutrino Yukawa interactions were missed in
the model Ref. [1], thus implying that a different formula would be needed to determine the effective
neutrino mass matrix, with significantly different results. Our result shows that, unlike stated in Ref. [1],
that the inverted neutrino mass spectrum is not ruled out.

© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

A recent study made by D. Borah and B. Karmakar [1] has pro-
posed an A4 flavoured linear seesaw model to realise light Dirac
neutrinos. That model predicts in terms of neutrino mass hier-
archy, the leptonic Dirac CP phase, octant of atmospheric mixing
angle as well as absolute neutrino masses.

In the A4 flavoured linear seesaw model of Ref. [1], the Yukawa
terms N Ng(Ve,6" + Vs; 68 + Yoy &) and Sy Sr(ve&' + ys 08 +
ya4¢2) must exist in the neutrino sector since they are invariant
under all symmetries of the model. Therefore, the two correspond-
ing contributions have to be added in Eq. (22) of Ref. [1] and the
mixing between the heavy neutrinos N;-Ng and S;-Sg are gener-
ated at renormalizable level, with the corresponding mass matrices
MnNnN, Mss given by:

X3 0 s3+4as
Mnn = 0 X3 0 ,
S3 —as 0 X3 (1)
X4 0 sg+ay
Mss = 0 X4 0 ,

S4 — a4 0 X4

where
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X3 =Yg Ve, S3 = Ys3Vs, 43 = Ya3 Vs,
X4 =Yg Ve, S4 = Y54 Vs, A4 = Y, Vs-

(2)

In this case, the full neutrino mass matrix has the following form

0 mVN MUS 0 MD
Mer= | my Mnn Mpys | = (MT Mg ) (3)

! !

M,s Mys Mss b
m’ M M
Mp = (myn Mys), M= <M9N>, Mg = ( M MA;;)
VS NS
(4)

which implies that the light Dirac neutrinos mass matrix can be
written as [3]:

A1+A; 0 Bi+B;
my = —MpMy'M}, = 0 A 0 , (5)
Bs+Bs 0 A3+ Ay

where the different entries are given by:

A= (a'bx1 +ab’x; — bb'x3 —aa'xs)/ (X1x2 — X3X4),
A1 = (a’bxy +ab’xy — bb'x3 —ad'xs) [(a1 — $1)(az + $2)
—(a3 — $3)(as + S4) — X1X2 + X3X4] /¢,

Ay = [ad'(as + s4) — a'b(ay + s1) +ab’(az + s2) — bb' (a3 + 53)]
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x [(a2 — s2)X1 + (a1 — s1)X2 — (a4 — s4)X3 — (a3 — S3)X4] /ax,
A3z = (a’'bxq +ab’x, — bb'x3 — ad'xs) [(a1 + s1)(az — $2)
—(as +s3)(aq — S4) — X1X2 + X3X4] /0,
Ay =[b(—a1a' +azb’ +d's; —b's3) +a(asa’ —azb’ +b's;
—a'sg) ] x [(@2 +s2)%1 + (@1 +51)%2 — (@4 + S4)3
—(a3 +s3)x4] /,
By =[d'b(ay +s1) +ab’(az + s2) — bb’ (a3 + s3) — aa’'(as + s4) ]

x [(a 4 s1)(az — s2) + (a3 +53)(—a4q + 54) — X1X2

+x3x4] /0,
By = (a’bxq +ab’x; — bb'x3 — aa'x4) [(az + s2)X1 + (a1 + $1)X2
—(ag +s4)x3 — (a3 + s3)x4] /2, (6)

o = (axX1 — S2X1 + A1X2 — S1X2 — 04X3 + S4X3 — A3X4 + S3X4)
x [(az +52)X1 + (a1 + 51)X2 — (a4 + 54)X3 — (a3 + 53)X4]
+[(a1 +s1)(a2 — s2) + (a3 + 53)(—a4 + S4) — X1X2 + X3X4]
x [(a1 —s1)(a2 +52) + (—a3 + 53) (a4 + S4) — X1X2 + X3X4].
(7)
!

Here my, =al, m;, =d'l, M,s =bl, M, =b'I and X3 4, a3 4,53 4 are
given by Eq. (2) and all the other parameters (e.g., X1,2,a1,2, 51,2,...)
are the same as in Ref. [1].

To diagonalise the light active neutrino mass matrix m, in
Eq. (5), we define a Hermitian matrix M, given by

mi; 0 my3
M :mjmv = 0 mpy O s (8)
TTl’lk3 0 mss

where

mi1 = (A1 + A2)(A7 + A3) + (B3 + B4)(B3 + BY),

my; =A%,

m33 = (A3 + A4) (A3 + A}) + (B1 + B2) (B} + B3),

mq3 = (A7 + A3)(B1+ B2) + (A3 + A4) (B3 + B}), 9)

with A, A123 4 and By are defined in Egs. (6) and (7).

The mass matrix M is diagonalized by the rotation matrix U3
given by Eq. (21) of Ref. [1] and the light active neutrino masses
mj , 5 are given by

1
m%.s =3 (mn +ms33 & \/(mn — m33)? +4|m13|2) =A=B,

m% =mpyy. (10)

We see that the leptonic mixing matrix in this case is the same
as in Ref. [1], however, the expressions of neutrino masses are
different from each other. For instance, in the case of normal neu-
trino mass hierarchy, by taking the best fit values on neutrino
mass squared differences given in Ref. [2], Am3, =m3 —m? =
7.53 x 107%eV? and Am2, =m% —m? =2.51 x 1073eV?, we find
the solution: A =0.00121735eV + my,, B=—0.00129265¢€V.

The absolute values of neutrino masses as well as the neu-
trino mass ordering is still unknown, however, we can use the
neutrino oscillation experimental data for normal hierarchy given
in Ref. [2] to find: m, ~ 0.0087eV. In this case, the parame-
ters A, B and the other neutrino masses are explicitly given as
A =1.29304 x 103eV, B = —1.29265 x 10~3eV, m; = 6.245 x
10~%eV, m3 = 5.08497 x 10~2eV. Then, the resulting sum of neu-
trino masses takes the form Y m, ~ 0.06017 eV, which is consis-
tent with the current cosmological constraints m, < 0.17 eV given
in Ref. [4].

On the other hand, in the inverted neutrino mass spectrum
[2], Am3, =m3 —m? =7.53 x 107%eV? and Am%, =m% —m3 =
—2.56 x 1073eV?, we obtain: A = —0.00131765eV + my;, B =
0.00124235eV. Then, in the scenario of inverted neutrino mass
ordering, we find m; = 0.051eV, with the parameters A, B and
the other neutrino masses given as A = 1.28335 x 103eV,B =
1.24235 x 1073eV, my; = 5.02563 x 1072eV, m3 = 6.40312 x
10=3eV. Thus, we find that the sum of neutrino masses takes the
form Y m, ~ 0.107659 eV, which is consistent with the current
cosmological constraints of Ref. [4]. This result is completely dif-
ferent from the one obtained in Ref. [1] where the inverted neutrino
mass hierarchy is not allowed.

1. Conclusion

We have shown that some neutrino Yukawa terms must be
added in the A4 flavoured linear seesaw model of Ref. [1]. When
these terms are included, the obtained results are significantly dif-
ferent than the ones reported in Ref. [1]. Namely, in the normal
neutrino mass spectrum, the leptonic mixing matrix in the case
where the missed Yukawa terms are added is the same as in [1],
however, the expressions for neutrino masses are different from
each other. On the other hand, in the inverted neutrino mass spec-
trum, our result is completely different from the one obtained in
Ref. [1] and the sum of neutrino masses satisfies the current cos-
mological constraints, thus implying, unlike stated in Ref. [1] that
this scenario is not ruled out.
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