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Four different spin structures of two electrons and of two holes situated on the lowest Landau levels (LLLs) are
taken into account to investigate possible bound states of the two-dimensional magnetic biexciton formed of two
magnetoexcitons with opposite wave vectors and antiparallel dipole moments. The singlet and triplet states of
the spins of two electrons and of two holes separately, as well as of two para- and two ortho-magnetoexcitons are
considered. The general expressions describing the binding energy of the bound states and the normalization

conditions characterized by the effective spin parameter 7 = +1, +1/2 for the corresponding wave functions are
derived. The most favorable of the four considered spin configurations happened to be the triplet-triplet spin
structure of two electrons and of two holes. In its frame a metastable bound state with activation barrier
comparable with two ionization potentials of the magnetoexciton is revealed.

1. Introduction

Excitons and biexcitons in a strong magnetic field have been studied
in Refs. [1-4] using similarity of hydrogen atoms and hydrogen mole-
cule with excitons and biexcitons [5,6]. Assuming nuclei (holes) to be
sufficiently heavy to neglect their Landau quantization states, it was
shown [3,4] that in a strong magnetic field transition to the triplet
metastable state *IT, can explain the alternative excitonic bound state,
which was revealed in the form of “X-line” in the optical spectra in
experimental studies of the stressed Ge crystal in a strong magnetic field
[7]. According to Refs. [8,9] the Coulomb exchange electron-hole in-
teraction can lead to the formation of the para and ortho excitonic
states, which influence the binding energy of the biexciton. It is ex-
pected that the triplet-triplet spin states of two-dimensional magnetic
excitons can also form a metastable bound state of the magnetic biex-
citon similar to that proposed in Refs. [3,4]. Like it was found for a
hydrogen molecule [3,4], one can also expect that in a strong magnetic
field the binding energy of a biexciton can be quite large if the electron
in one of the excitons occupies the excited Landau level.

For 2D magnetoexcitons only the spinless magnetoexciton-magne-
toexciton interaction was considered and until recently the influence of
spin configurations was not taken into account. Already in the papers
[10-12] it was established that the magnetoexciton formed of electrons
and holes lying on the lowest Landau levels (LLLs), being bound in the
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states with in-plane wave vectors a = 0, form an ideal, noninteracting
gas. 2D electrons and holes moving with the resultant wave vector
E‘ = 0 on the layer surface in the perpendicular magnetic field are
subjected to the Landau quantization with the same gyration points for
the Landau gauge description. They have the quantum orbits with the
same radii, which do not depend on the electron and hole masses, but
only on the magnetic length. The bound states of such e-h pairs with

wave vector k; = 0, being bound by the direct Coulomb interaction look
as the completely neutral compound particles. Therefore, magne-

=3
toexcitons with k; = 0 cannot form a bound state. Only two magne-

toexcitons with opposite nonzero wave vectors ¥ and — k can form
bound states with the resultant wave vector equal to zero. This possi-
bility is investigated in the present paper.

In Ref. [13] it was shown that the interaction between two mag-
netoexcitons with wave vectors H\ = 0 can appear taking into account
the influence of the excited Landau levels (ELLs) as well as the Rashba
spin-orbit coupling (RSOC) generated by the perpendicular external
electric field parallel to the magnetic field. Note, that all interactions
and bound states investigated in the present paper have nothing to do
with these supplementary influences and are based on the direct Cou-
lomb interaction of electrons and holes with arbitrary masses situated
on their LLLs. In the present paper we consider only the direct Coulomb
electron-hole interaction accompanied by the successive kinematic

Received 7 February 2019; Received in revised form 17 April 2019; Accepted 16 July 2019

Available online 12 August 2019
1386-9477/ © 2019 Elsevier B.V. All rights reserved.


http://www.sciencedirect.com/science/journal/13869477
https://www.elsevier.com/locate/physe
https://doi.org/10.1016/j.physe.2019.113638
https://doi.org/10.1016/j.physe.2019.113638
mailto:eboard_mjps@phys.asm.md
https://doi.org/10.1016/j.physe.2019.113638
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physe.2019.113638&domain=pdf

LV. Podlesny, et al.

exchange between two electrons or between two holes. We will assume
that the influence of the Lorentz force and of the external magnetic field
is much stronger than the Coulomb electron-hole interaction. The
Lorentz force in its turn gives rise to the Landau quantization of each
particle, and to a localized electron cloud. . The Landau quantization
state is characterized by the cyclotron energy, by the radius of the orbit
depending on the magnetic length only, as well as by the position of this
orbit in the space. The gyration point for each orbit is determined by
the wave vector of each particle. By this reason the position of mag-

netoexcitons depend on its resulting wave vector ¥ with the vector d
between two electron clouds, which is perpendicular to the wave vector
¥ and its value is proportional to IX1. Since the Coulomb interaction,
which is responsible for the formation of the magnetoexciton, depends
on the distance d, it depends on k, which means a strong dependence
between the center of mass motion and the relative motion. This is a
specific property of magnetoexcitons, unlike the Wannier-Mott ex-
citons. The magnetoexciton can be viewed as electrical dipole with
center of mass motion k and the arm of the electric dipole d. If two
centers of quantization are overlapping and have coinciding gyration
points (the radii of these orbits do not depend on the mass), then they
are exactly the same for the electron and for the hole and two over-
lapping clouds form a completely neutral particle. This property is
known as a “hidden symmetry”. The interaction between two such
magnetoexcitons with k = 0 equals exactly to zero.

Considerable progress has been achieved [12,14,15] in under-
standing the nature of the many-body ground state of interacting
electrons and holes under the conditions of the fractional quantum Hall
effect (FQHE) and integer quantum Hall effect (IQHE). In particular,
Paquet et al. [12] have considered possibility of the Bose condensation
of magnetoexcitons for the conditions of filling factors in the range
0 <v < 1, whereas the two-dimensional electron-hole fluid in the
FQHE regime was discussed by the authors of Ref. [14]. The theory of
magnetoexcitons under the condition of breaking charge symmetry was
proposed by Apalkov and Rashba [15].

In the present paper we describe a coplanar system of two electrons
and two holes in a strong perpendicular magnetic field, when the notion
of filling factor is not suitable. We consider the possibility of two
magnetoexcitons to form the bound state of the molecular type — the
magnetic biexciton. Because the wave vectors and the distances be-
tween two magnetoexcitons are interconnected due to the Heisenberg's
uncertainty relation, there are large distances with small wave vectors
and with small dipole moments, as well as small distances with large
dipole moments. Since in the molecule these two dipoles are changing
their arms and the distances between each other, they cannot be con-
sidered as two rigid dipoles.

Spin waves in the IQHE regime were studied in Ref. [16], where the
authors mentioned similarity between magnetoexcitons and the spin
waves. Spin waves appear under the conditions of completely filled
LLLs, whereas the magnetoexcitons are described under the conditions
of nearly empty Landau levels. Using numerical diagonalization
method, it was shown [16], that two spin waves moving in-plane in
opposite directions with antiparallel electric dipoles repulse each other,
but moving in the same direction with parallel dipole moments do at-
tract each other.

A localized wave function is necessary to describe a bound state. For
this purpose the wave function of relative motion is selected to obtain
the minimum energy of the Coulomb interaction in the frame of four
localized particles forming the molecule. It was found that this can be
achieved [22] when the relative motion function has a maximum on the
ring in the momentum space and a minimum in the center. Such ap-
proach was not discussed in Ref. [16]. In the present paper we show
that a new quasi-bimagnetoexciton state is possible, which is formed by
two magnetoexcitons moving in opposite directions inside the bound
state changing continuously the antiparallel arms and the distances
between the dipoles.
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Interesting candidates to study the properties of two-dimensional
spatially indirect excitons in a strong magnetic field are the graphene
layers and superlattices with alternating electron and hole layers con-
sisting of semiconducting quantum wells (QWs) [17-21]. The authors
of [17,18] have shown that the Bose-Einstein condensation of magne-
toexcitons in such multilayered systems happened to be unstable and
the formation of the biexcitons was taken into account. Assuming a
repulsive interaction of the magnetobiexcitons it was shown [17,18]
that their BEC is possible but takes place at zero temperature. Instead of
it at T=0 the Berezinskii-Kosterlitz-Thouless phase transition and the
superfluidity are possible. The problem considered in Refs. [17,18] was
the influence of a strong perpendicular magnetic field on the spatially
indirect Wannier-Mott excitons in the superlattices with alternating
electron and hole layers. Such structures are characterized by the dipole
moments of the indirect magnetoexcitons having opposite directions
and perpendicular to the layers. On the contrary, in the present paper
we consider coplanar magnetoexcitons for which the Lorentz force
plays a decisive role. They do not have interlayer dipole moments and
acquire only the in-plane dipole moments perpendicular to their in-
plane wave vectors. It is naturally to denote the possible bound states of
the coplanar magnetoexcitons as “bimagnetoexcitons”. The term
“magnetobiexcitons” used in Refs. [17,18] is more appropriate to the
Wannier-Mott excitons in heterostructures under the influence of the
external magnetic field.

We show that the most interesting spin configurations appear when
the spins of two electrons and the effective spins of two holes form the
singlet or triplet configurations separately. The spin structure of four
particles can be obtained combining the singlet structure for electrons
and the singlet structure for holes, as well as the triplet structure for
electrons and the triplet structure for holes. The mixed spin structures
are forbidden due to the hidden symmetry. Another possibility is to
combine relatively to each other the spin of electron and of the hole
inside each magnetoexciton. In this case they can form para-exciton or
ortho-exciton from one side, and para or ortho exciton from another
side, which interact either as two para-magnetoexcitons, or two ortho-
magnetoexcitons forming a molecule state.

The possibility of two magnetoexcitons to form a bound state is
examined using the Feynman diagrams for the interactions between
particles. For a “stationary” case, when all particles exist before and
after the Coulomb scattering, the Feynman diagrams consist of four
lines: two solid lines representing the behavior of electrons and two
dashed lines representing evolution of two holes in the frame of bound
states. All matrix elements containing the Coulomb interaction integrals
are calculated in the exact analytical form. The total energy of Coulomb
interacting particles depends on the parameter a of the variational
wave function and shows the existence of the metastable state with a
sufficiently high energy barrier of approximately two ionization po-
tentials of free magnetoexcitons. The mean distance between magne-
toexcitons in the bound state is R ~ ly~/a, where I, is the magnetic
length. The calculations with more cumbersome wave function corre-
sponding to the bound state with resulting spin S = 0 formed by two
ortho-magnetoexcitons, as well as by two para-magnetoexcitons con-
firmed results obtained earlier in Refs. [22,23]. They allow to better
understand the uniqueness of previously studied triplet-triplet spin
configuration and its importance for similar biexciton spin structures in
the absence of the magnetic field.

The paper is organized as follows. In Section 2 the Hamiltonian of
2D electrons with spins and heavy holes with effective spins situated on
their LLLs and interacting through the Coulomb interactions is in-
troduced. The analytical and numerical solutions are presented in
Section 3. The obtained results are analyzed in Section 4. We concluded
in Section 5.
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2. The Hamiltonian of the electron-hole system and the wave
functions of the 2D quasi-bimagnetoexcitons

The description of 2D electrons and holes is considered in the
Landau gauge, in which the charged particles have a free motion in one
in-plane direction described by the plane waves with one-dimensional
wave numbers p and g and undergo the quantized oscillations around
the gyration points in the perpendicular direction. The quantum num-
bers n, = n, = 0 of the Landau quantized levels for electrons and holes
will be omitted below. The creation and annihilation operators for
electrons and for holes are denoted as a; o» Qpo and b q o bgo, corre-
spondingly. These operators have a supplementary spin label o = +1/2,
which describes the spin projections of the conduction electrons and of
the effective spin of the heavy holes.

We consider the Hamiltonian describing the Coulomb interaction of
the 2D electrons and holes situated on their LLLs. For simplicity, we will
neglect the electron-hole exchange interaction leading to the splitting of
the ortho and para magnetoexciton energy levels. Nevertheless the spin
structure of the para and ortho magnetoexcitons will be taken into
account, but without the RSOC. Then the Hamiltonian can be written in
the form

HE = 155 W@)B@)p(=Q) - K. — K,

o
P =A@ ~p@: W@ = e
6@ =3,,¢vtal R ST I0)
@ =B b g brgp.5 K =5 )

N
where ¢, is the dielectric constant, is the layer surface area. 4,(Q) and

ﬁh(a) are the electron and hole plasmon operators correspondingly.
The Hamiltonian (1) can be transcribed in the way

HELL = ML gLLL 4 L
HeZo =3 z"Q Zp q 2oy V@ )eilQXlezele@ g 03,01 4,05 0g+x.020p—Qx.c1-
"LLﬁ - ZQ ZP q Zal a2 w (Q Jeidx ol e - 2lg bli a1 bq1 2 b'}*QXvUZbP*QxYUI’
HM = - 28 2ipg oo, V(@ )ele(’”q)l @} o1 b 03 bg+0028p—Qran-
(2)

The interaction coefficients depend only on the difference (p — q)
for the electron-electron (e — ¢) and the hole-hole (h — h) interactions,
and on the sum (p + q) for the electron-hole (e — h) interactions. The
magnetoexciton creation operator introduced in Ref. [12] but with spin
labels [23,24] is

5% —t+72h 2 lz, 0= \'eB

o (?, 5, ):h) -
3

N
Here k (ky, k,) is the vector of the center of mass in-plane motion, ¢
is the unidimensional vector of the relative e — h motion with the

s [hc
— Y ekiigt b* N= 1 = .
\/N Z K K

function of the relative motion e/ in the momentum representation,
which leads to the §(y — k,?) function of the relative motion in the real
space representation. N is the degree of the degeneracy of the Landau
quantization levels, which is proportional to S. B is the magnetic field
strength, and ¥,, X, = £1/2 are the spin quantum numbers.

The wave function of the magnetoexciton is

Yo (k Ze, 2h)> = (k Ze, Eh)l()) a:510) = b;;10) = 0,

@
where |0) is the ground state of the system. The 2D magnetoexciton with
wave vector k. # 0 has the form of an electric dipole with the arm
d = ki} oriented perpendicularly to the wave vector ¥ . As it was shown
in Refs. [10-12] two magnetoexcitons with wave vectors ? =0 are
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similar to the neutral compound of particles, have no the dipole mo-
ments and do not interact through the Coulomb forces. On the contrary,

- -
two magnetoexcitons with nonzero wave vectors k; and k, do interact
opening the possibility to form bimagnetoexcitons. The wave function

N
of two magnetoexcitons with quantum numbers |k, %, ;, Z,,) and

N
‘—k , Ze2, Zna)can be written as

— —
z)bex,ex k, Ze1s Zn1s -k, 22> 22 >

== Z etky(t= S)ZOa at bf b |0).

k kx kx
2 1 x—fxz‘ez —s—fz‘hz —t+72h1 (5)

The wave function of the quasi-bimagnetoexciton with wave vector
- -
k = Oas a bound state of two magnetoexcitons with wave vectors k

.
and — k and spin quantum numbers %, , X 1, 2,5, 2y can be con-
structed as a superposition of the wave functions (5) introducing the

=

wave function ¢, | k | of the relative motion, which can play the role of

the variational function determining the minimal energy of the bi-
-

magnetoexciton, as well as the density Igon(k [ of the magnetoexcitons

taking part in the formation of the bound state. In Refs. [8,9] it was
shown that the spin configurations of the bound states depend essen-
tially on the ratio between the ortho-para exciton splitting and the
binding energy of the biexciton. In a strong magnetic field these values
are unknown for the magnetoexciton formation and one of the purpose
is to determine one of them.

We will consider four different spin structures of the bound states.
First of all we will construct the symmetric and antisymmetric super-
positions of two electron spin states and two hole effective spin states in
the form

1 1
’_5 E (n)2e+1/2a‘(2 ;(Ze E Z

)E V2] 5 bl s me = 21 = 21,
N Se=x1/2 Ip=+1/2

2

(6)

In more general case we can take four different combinations of the
bound states of the type

i
[Ybimex Os Tes Ds Pn)) = Drems1r2 @T 2L g1y ()T T %(k)

1
2N32
x zlseiky(t—s)lga'\' b al bt »t 0).

& ke kx kx
452 s=5=Ye —s—75,=Xp —t+35.2p (7)

Their normalization integrals are

Poimex 05 o> N> P Bpimex (05 Wos s @) = 1 + 1,7, — (4, + 1) Lu();

Ly@) = 5 ¥ 33 4 De ( )e“kw k)i,

(®

where a is the variational parameter. One can see that in the case
7, = =1, the normalization integrals vanish and remain the unique
possibilities: 7, = 1, =7 = +1.

Below we will suppose that both pairs of spins (%,;, X,,) and
(Zn1, Zn2) are simultaneously in the states with the same
n, = 1, = = x1. The bimagnetoexciton wave functions in these con-
ditions are

|¢bimgx 0,7, ¢n)>

1 S+ e iky (t=$)1§ o t ¥
=N 222: ()t h“ann(k) Ze’y(’ Mogh, ab
o Zh K

X X
Ls [+2,Ze s=> Ze

b b 0).
,rk ~Zn 7z+k2‘2 10) 9)

Due to the hidden symmetry in the system related with the same
radii of the Landau quantization orbits for electrons and for holes,
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which depend only on the magnetic length I/, and do not depend on the
effective masses m, and my, their normalization integrals are

(Dpimex 05 15 @) Wpimex 0, 1, @) = 2(1 = nLy(@)). (10)

Side by side with correlation of spins in the frame of two electrons
and of two holes one can consider the correlations of spins in the frame
of each electron-hole pair forming the magnetoexciton.

The wave function of the para magnetoexciton looks as

)=

It corresponds to the resultant spin of the e-h pair S = 0 with the
projection S, = 0.

E e‘kyﬂoa‘t b* . 10).

to=+1/2 20 THpe (11)

There are three wave functions 1, ,,

k, S, S, | of the ortho mag-

netoexciton with resultant spin S = 1 and its projections S, = 0, +1

e 1 t
Itbex,or(k’ 1’0) =N Z[,a:il/z elkytlo( 1)U+1/2a kx b k,—ol()}’

+5,0 —l+5

g 1 ikytld o T +
Ilbex,or(k ’ 1’ il) = W z[,n7=t1/2 elkytloa kx Tb ke Tlo)
g, ey 12)

The molecular states formed by two bound para magnetoexcitons
can be described by the functions

ppr (0, @)

1 -
e Bl
k

b’ 0).
—t+k2x,—51 ‘ > (13)

Z Zelky(t 3)10a e at N b

ky
01,02=%1/2 st +5.01 5=5.,02 7577 —0>

They are characterized by the resultant spin () of four bound par-
ticles equal to zero (S = 0). Their normalization integrals are

<¢b€yy€ex (o, %)Wbl;}sex(o’ ¢n)> =2-Ly(a). 14)

Following [8,9,25,26] two ortho magnetoexcitons forming the
bound states with the resultant spin S = 0 may be constructed in the
form of the invariant including all three wave functions of both ortho-
magnetoexcitons in the form

e (0, @) = szcon(?)[w (k 10)1Pexor( K, LO)*

‘('bex or(k 1 1) ex or( ) + ‘(pexor(k 1 _l)lpexor(k’ 1’1)‘()):

=
k |eiky - I a’f T bt I +
3N3 s Z”qon( z+""¢ PR SRETEL N ¥

+ + T f t
kx kx kx a kx as_kx b kx ko

bt b —
71 s=5ub =s=t —f+7,T +551 R e S

af i t
a' b +
t+k"¢ R PN ) —t+"7x,1]

T b o b wal al b b Ho).
L T T WRtEL SRR S ) 10)

t+k7x,Tas—kx
(15)
Their normalization integrals are
(Do (0, @) e (0, @,)) = 2 + Ly (ax). (16)

Taking into account the expressions for normalization integrals
(10), (14) and (16), the bound states for four spin structures can be
written in the universal form
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(Poimex 05 15 B [WPpimex (0, 1, 9,)) = 2(1 — Ly (@), 7 =+1;
@820, @IIPEL, (0, 8)) = 2(1 = Ly(@)), 7 =3;
(Dmer (0, @IPrer (0, @) = 2(1 = yLn(@), 7= —3. an

All of them have the expression
(Poimex (05 05 B [Ppimex (0 7, @) = 2(1 — nLp(a)) with 7 = +1,
n=+1/2. (18)
The chosen variational wave functions of the relative motion in the
momentum and in the real space representations ¢, (F) and 1), @),

their normalization conditions and the main parameters are

o) = (4a) 2= g, (x) = (8a) " *x%e=; x = ki,

1 —>2
N 2T | P K

(r)_fqa( )e"”dzk —fxdx(p (x)]o( )

0

= [xdx|p, ()P =1,
0

rZ 2
Taall - o
where J;(z) is the Bessel function of the zeroth order.
The selected trial wave functions depend only on the modulus
-
k = 1k l.gy(x) has the maximum at the point x = 0, the mean value
X2 = 1/(2a), the radius of the quantum state P ) equalstoa = 2lyJa.

The function ¢, (?) has the maximum on the 2D ring with the radius

k. = 1/(Ip~/a). In the real space the function ¢, (r) has the maximum at
the point 1y = 0, the positive values up till the point n = a, where it
changes sign and achieves the minimum at the point r, = [o+/8a. Its
absolute value at the minimum is much smaller than it is in the max-
imum.

Calculating the overlapping integrals L,(x), we obtain

2

Ln(@) = f s [ 5y (9 () La(@) = — i (@) = —— 2
0 0

ey

(20)

Fig. 1 shows the normalization integrals (1 — 7L,(x)). As one can
see the factor (1 — Ly(a)) vanishes at the point & = 1/2, which leads to
a singularity of the inverse function. The inverse normalization integral
(1 — Ly(a))7! is regular at any values of a.

It should be mentioned that the case 7, = 7, =7 = +1 is the only
possibility, because in the opposite case 7, = —7), the wave function of
the type (9) and its normalization integrals vanish.

3. Binding energies of the lowest states of 2D bimagnetoexcitons
The expectation values of the Hamiltonian (2) averaged with the
-
wave function (9) characterized by the wave vector k = 0, values of
n = +1, +1/2, and by the trial wave functions ¢, (?) equal to

<1ibbimex(0, n, an)|HCI70LuLl|1,[)bimex(0, n, qon))
(Poimex 05 15 B [Ppimex (0, 1, ,)) (21)

Ebimex(o’ n, ¢n) =

Fig. 2 shows the Feynman diagrams describing the direct Coulomb
interactions between electrons and holes accompanied with successive
kinematic exchanges of homogeneous particles.

Here we deal with the Feynman diagrams with participation of two
pairs, rather than with one pair. Since two pairs of the particles take
part in the Coulomb interaction, alongside with the direct interaction,
the exchange interaction can take place. Therefore there can exist not
only Coulomb direct dynamical interaction of two particles, but
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(1=nL, (@) (1-7L,(@))
12 o a) 2,0 b)
1 1,8 4
0.8 + O 1,6 -
0,6 - 149 2
] 2
04 1.2
’ 0
1,0 1
02 +
| o 0.8 (04
5 ; ; ; ; ; 0 ; ; ; ; ;
Fig. 1. The normalization integrals with n = 0, 2 in dependence of the parameter « in the cases: a) » = 1 and b)y = -1
a) way four different spin structures of the molecule turn out to be suc-
cessfully represented in a unified manner (22). Unlike our previous
work [22], here we consider four instead of two spin structures.
0> The average values of the partial Hamiltonians HXL and H{L cal-
culated with the functions (9) can be expressed by
(Bpimex O 1 SIHLE Wy (0, 7 8,)) = B 05 1 SV HL Py (0, 7, ,))
- — .
S ¥ 25 2z W (@) (D¢,(Q — H)eisr000lg

Fig. 2. The Feynman diagrams describing the direct Coulomb electron-hole
interaction in the frame of the metastable bound state of two magnetoexcitons:
a) with an intersection, and b) accompanied by the successive kinematic ex-
change between two electrons [25-27].

subsequently it can be accompanied by kinematic exchange interaction
of two homogeneous particles. There is the Coulomb direct interaction
between electrons and electrons, between holes and holes, and between
electrons and holes accompanied by the exchange interaction of
homogeneous particles — either by two electrons, or by two holes. The
case of zero intersections in the diagrams and one intersection for
electrons is shown in Fig. 2a and b, correspondingly. The case of double
intersections with holes participation is also possible and will be con-
sidered below. The intrinsic exchange electron-hole interaction in the
frame of one e-h pair is not taken into account. This means that after the
Coulomb scattering process the electron is transformed into the hole
and the hole into the electron. In these conditions the Coulomb charge-
charge interaction is transformed into the dipole-dipole interaction,
which is much smaller than the exciton binding energy.

The terms described by these diagrams as well as the similar one
describing the electron-electron and the hole-hole Coulomb interactions
are gathered in two groups introducing the spin structure index 7 as it is
shown in the scheme below

Feynman diagrams Feynman diagrams
(Bpimex (0, 1, SHELL Wpinex (0, 7, #,)) = ( without or with two ) + 7 with one s
intersections intersection

(Bpimex O, D Ppimex 0, M) = 2(1 = 7Ln(@))
(22)

with 7 =1 describing the triplet-triplet spin structures of 2e+2h,
n = —1 for singlet-singlet spin structures of 2e+2h; n = 1/2, —1/2for
ortho-ortho and para-para magnetoexcitons, correspondingly. In this

— 235 5e X W Q) (D¢, (K exp
{il(lz[(kay - kax) + (Mny - Vvax) + (kx%y - kyyvx)]}-
(23)

Using the polar coordinates we can write

- X - -

k = (kx, ky) = k(cos ¢, sinp); klo =72, klp =2z;

— A — -

Q =(Qx, Q) =Q(cos 6, sin0); Qlo=y; Qlp=y;

X = (x> %y) = x(cos P, sin P); 710 =%; xlp = x;

(Qxky — Qyky)1¢ = QkIg (sin ¢ cos 6 — cos @ sin 6) = yz sin(p — 0) = z; sing;
(6xQy — %,QI¢ = Qg (sin 6 cos 3 — cos O sin ) = xy sin(6 — P) = z, sint;
(kyxy — kyx)I¢ = kxlg (sin i cos @ — cos P sin @) = xz sin(p — @) = z3 sint,

24)
where we introduced denotations
h=9p—6b=0—Y, =9 —@;2 =YZ 2 = X 23 = XZ. (25)
In the polar coordinates the expression (23) becomes
Wbimes O, 7 S Wi 0,7, $)) = 2 85 Ty W@y () (Q — el sim 2
- % ¥5 Sz Sf W Q) (D¢, (K)explizy sin i + iz sin tp + iz sinty), j = e, h.
(26)

In the same denotations the average e-h Hamiltonian is

Bimex O 7, $) HEE Wpimer (0, 1, 8)) = =3 T Tz W (@)t (e (@ — 3)-

- % 25 23 W Q) I8, (DR cos(za sin )+

+ % 35 Sz I% W (@) (), (0)lcos(zz sin 1)cos(z3 sin ) + cos(z, sin )cos(zs sin 13)].
27)

The average value of the full Coulomb interaction Hamiltonian (2)
can be expressed as
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<¢bimcx(0’ 7, qon)lHCéoLuLlllpbimex(O’ 7, an)> = %Eg 27 W(6)¢:(7)X

X 3,@ = (2 — 1) = £ T T W Q) g, GO

x cos(z, sint) + % PRPIEDN W(a)cpj g, (?)x
X [cos(z, sin t,)cos(z3 sin ;) + cos(z; sin ) cos(z3 sin t3)—
—exp(ig sinf + iz, sint, + iz3 sint)].
28)
To obtain Eq. (28) we used well known formulas [28,29].
ezsint = Jo(z) + 2, [T (@)cos(2ke) + ily_1(z)sin(2k — 1)t];
cos(z sin £) = Jy(z) + 2 ) | Tk (z)cos(2kt);
e?ost = Io(z) + 2, L (z)cos kt,
29
where J,(z) and I,(z) are the Bessel functions. Taking into account that

. - - - L=
the functions W (Q ), ¢,(%) and ¢,| k | depend only on the modulilQ],

=
1| and |k |, we obtain after integration over the angles @, 6 and ¢

2 2 2

1 1 1 21 sin £1 iz Sin t5 .iza si

;f d¢;f dSEf dipel@1 SIN 11122 SIN 12123 SIN 3 = o (21) ] (z2)Jo
0 0 0

(23) + 2 X321 Tk (21) ok (22) ok (23);

2 2 2
ﬁf d¢$f deif dyp cos(z; sin £;)cos(z3 sin 13) = Jo(z)Jo(z3), i = 1,2;
0 0 0

1 2 1 2 1 27

;f d¢~;f degf dip cos(z; sin ;) = Jo(zy), i = 1,2,3;
0 0 0
2

2m
oo [ dE- [ dpe? cosO by SnC=) = o (xy) Iy (2a0) + 2 55 Jok () ok (2509);
0 0

1 2 1 2 ) o)
L [ do [ dye2 cos@=) = [ (2axy).
2 0 2r 0 (30)

The angle integration excluding the trial function g, (X — ¥'|) leads
to the expression

5 oo yz
Wi O 1 GOV W 0.7, 9)) = =45 ). S dye 2
0
oo 2 2 ) yzoo 1 2
X {xdxlgon(x)l JoG) + 4(ﬁ){dye‘7{xdx¢:(x);{ dox
1 27 N N ) . 2\ ® y2
X o f dy, (X =y (e @9 — 1) 4+ 47)(52—10)f dye=7x
0 0

x [ xdxg! (x) f zdzg, (@) o (3o (x-2) + Jo (x-2)Jo (-2)—
0 0
— Jo ey (e2) o (-2) — 2 257, Joe (ey) ok (6-2) Ik (v°2)), 31D

where. X - Y| = \/xz + y? — 2xy cos(6 — ¥).
The calculations of integrals in Egs. (31) and (21) for the particular

N

E (9,1, 9) a)
2

1

-1
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cases of variational wave functions ¢,(x) and ¢,(x) in the analytical
form are presented in the Appendix.

4. The electron structure of the 2D quasi-bimagnetoexciton

As it was shown previously [10-12] the interaction of two 2D
magnetoexcitons with wave vectors ¥ = 0, composed of the electrons
and holes lying on the LLLs vanishes because they look as two neutral
compound particles. The interactions between them can appear under
the influence of the ELLs as well as of the RSOC [13]. In the absence of
these factors only two magnetoexcitons with the wave vectors ¥ #0
can interact through the Coulomb forces and can form a quasi-mole-
cular state. The molecule composed of two magnetoexcitons with an-
tiparallel wave vectors % and — K has the structure of two antiparallel
dipoles bound together and oriented with equal probability in any di-
rection of the layer plane. Such possibility is achieved introducing the
trial wave function of the relative motion of two magnetoexcitons in the

frame of the molecule ¢, % , which depends on the modulus. k.

Figs. 3 and 4 show the total energies of two bound 2D magne-
toexcitons in units 2], for the variational wave functions ¢, (x) and ¢, (x),
correspondingly. Such presentation facilitates the comparison of the
obtained results with the energy of two free magnetoexcitons with wave
vectors. ? =0.

The numerical function

calculations made for the

®, (? = (8a®)V2(kly)?e—=®o’ allow to obtain the full energies of the

bound states in dependence on the parameter a of the trial wave
function in four cases with 7 = +1, +1/2 corresponding to two elec-
trons and holes spin structures. In four spin configurations the full en-
ergies of the bound states are greater than — 2I; for all values of a. All
these states are unstable as regards the dissociation in two free mag-
netoexcitons with k = 0. In spite of this, a deep metastable bound state
with the activation barrier comparable with two magnetoexciton ioni-
zation potentials 2I; in the case = 1 and a = 0.5 is revealed. In the
opposite case ) = —1 and a = 3.4 only a shallow metastable bound state
is observed. As one can see from Fig. 4, all bound states obtained with
the trial functions ¢,(x) are unstable.

Recall that in for the hydrogen molecule [31] the two-electron wave
function written as a product of the orbital wave function depending on
the electrons space coordinates and the spinor-type wave function de-
pending on their spin coordinates can be either combination of the
symmetric orbital wave function multiplied by the antisymmetric
spinor function gives corresponding to the singlet 12; strongly bound
molecular state, which is the ground state of H, molecule. In the anti-
symmetric 5+ case the energy between atoms decreases monotonically
as the distance between the nuclei increases, corresponding to the

-050 E_(9,, 7, @) b)
~0.55 !

~0.60
~0.65

-0.70

-0.75

—-0.80

—-0.85

0 10 20 30 40 50

— —
Fig. 3. Total energies of the bound states of two 2D magnetoexcitons with wave vectors k and — k, with different spin structures n = +1, =+1/2 and with the
variational wave function ¢, (k), in dependence on the parameter a: a) » = 1, 1/2;b) 7 = —1, —1/2. The total energies are normalized to the value 2I;, where ], is the

-
ionization potential of a free magnetoexciton with wave vector k = 0. The energy of two free magnetoexcitons with k = 0 is represented by the (dotted) line.
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Fig. 4. The total energy of two bound 2D magnetoexcitons with the trial wave function ¢, (x) for different spin structures # = +1 in dependence on the parameter a:

a)n=1,by=-1

mutual repulsion of the two atoms. The situation becomes completely
different in the case of hydrogen atoms in a strong magnetic field, when
the triplet term becomes a ground state with possibility of a deep po-
tential well in interatomic interaction [3,4]. Comparing the obtained
results for four spin configurations we can notice that neither ortho-
ortho configuration or para-para configuration proved to be less fa-
vorable for the formation of the metastable bound state.

The metastable bound state with a lifetime of about few picose-
conds, and possibility of a new luminescence band due to the radiative
recombination of one electron-hole pair and the conversion of the
metastable bound state into the para-magnetoexciton and the emission
of the photon was predicted in Refs. [22,23]. The new luminescence
band should be at the higher energy side compared to the para-mag-
netoexciton luminescence line.

5. Discussion and conclusions

Bound states of two magnetoexcitons with opposite wave vectors ¥
and — k were investigated in the lowest Landau levels approximation,
neglecting by the influence of the excited Landau levels. The electrons
and the heavy holes are situated on the LLLs with the cyclotron energies
greater than the binding energy of the 2D Wannier-Mott exciton. The
spin states of two electrons and the effective spins of two heavy holes
were combined to form states characterized by the parameter 7 with
four different values 7 = +£1, =+1/2 corresponding to four different spin
structures: triplet-triplet, singlet-singlet, ortho-ortho and para-para.
Each magnetoexciton with wave vector X # 0 looks as an electric di-
pole with the length of the arm between the electron and the hole equal
to d = ki. The arm is oriented in-plane perpendicular to the wave
vector k. The bound state is formed by two quickly changing dipoles
with antiparallel arms and with total wave vector equal to zero. The
bound pair of two dipoles is oriented arbitrary in the plane of the layer
and characterized by the trial wave function of the relative motion

®, (?], which depends only on the modulus IFI. The numerical calcu-

lations used the trial wave function ¢, (k) = (8a)/ 2(kly)2e*®0” and
show the absence of stable molecular bound states in all four spin or-
ientations 7 = +1, =+1/2. Only metastable bound states were revealed.
One of them is a deep bound state for 7 = 1 and a = 0.5 characterized
by the activation barrier comparable with two magnetoexciton

Appendix

ionization potentials 2. For = —1 and « = 3.4 only a shallow me-
tastable bound state can be formed.

The wave function ¢, (k) is characterized by the maximum of ex-
citon density in the point k = 0, where the interaction of excitons is
zero, and has small probability to find excitons in the range , where
their interaction is different from zero. Due to such contradictory fac-
tors the resulting Coulomb interaction is very small as compared to the
case, when the wave function has maximum on the ring in the mo-
mentum space. This fact is consistent with the influence of the hidden
symmetry [10,15].

The variants with para-para and ortho-ortho magnetexcitons have
no considerable energy barriers and cannot form metastable bound
states, as in the case of triplet-triplet spin combination.

Let us compare the bimagnetoexciton with the hydrogen molecule.
In the case of the magnetoexcitons the bound quasi-molecular states are
formed by four components of two electrons and two holes. Our singlet-
singlet spin structure of two electrons and of two holes in the biexciton
corresponds to the singlet structure of two electrons in the hydrogen
molecule, whereas the triplet-triplet spin structure corresponds to the
triplet structure in the hydrogen molecule. In our case the energy
branch of the Coulomb interaction corresponding to the singlet-singlet
spin structure with 7 = —1 is lower than the energy branch corre-
sponding to the triplet-triplet spin structure with 7 = 1. In the hydrogen
molecule the singlet structure is also situated lower on the energy scale
than the triplet structure. There is a close similarity between two mo-
lecules. In spite of it, in the bimagnetoexciton case in the LLLs ap-
proximation only one deep metastable bound state was revealed in the
triplet-triplet spin structure with the trial wave function ¢,(x) and
a = 0.5. In this case the quasi-stable bound state does exist and the
formation of the quasi-bimagnetoexciton takes place, however, its en-
ergy is higher than of two free magnetoexcitons. The existence of the
metastable bound state, as well as the absence of the stable bound state
in the structure of the 2D bimagnetoexciton are the manifestation of the
hidden symmetry in the system. It is reflected especially in the calcu-
lations of the encountered normalization integrals.
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To calculate integrals (31) we consider first the trial wave function ¢, (x) in the form

-2 2,2
9, (X =V = Ba)AX =y Pe =TT = (8ad)/2e-="+¥))x

x [x2 4 92 = 200, 2 o) + 2 35, e Gaoo)eos (k@ = @)

(A1)



LV. Podlesny, et al. Physica E: Low-dimensional Systems and Nanostructures 115 (2020) 113638

Using the integrals (30), one can obtain the expression
1 2 1 2 = N ) . 1 2 2
27{ dez—ﬂ{ A, (IX =y (™ sin@-9) _ 1) = (8a3)/2e~* & %

x {(x + yH [ (o () — DI (2axy) + E:;ljzk(w)lzk@axy)]—
- 20 [ () — DEQooy) + T, Joe (0) b1 (2009) -
= 23 kT () L (200x)} "

Here the derivatives of the Bessel functions I,(z) and J,(z) of the integer order were used [28-30].

dl,(z) n dnp() n
—— =L@+ L+1); ——— = —h@) — hn1(2)-
& p, @) + Li1(2) & . (@) +1(@) (A3)
Taking into account Eq. (A2), the second term in the right hand side of the average value (31) can be transcribed in the following way
2\ ® yzoo . 2m 2m
(@ 7, ) = 4(;—10) S dve™s [ xdxg; () L [ doL [ dyx
0 0 0 0
X (% = F D 6 - 1) = 4( ) 6a)x
r fyz(lm)m 5 —2c0c> T dyy? ’yz(l“")m 3g-2000”
x 3 [ dye™ 24%) [ docde=2 Iy (xyp) o Qoxy) + f dyy?e™ 2% [ dxocde=2 Iy (xy) Ip (2axy)—
0 0 0 0
- fdye’yz(%*“)f d;ocse*Z“XZIO(ZODcy) -2f dy~ye’y2(%+“)f d)oc4e*2”210(xy)11(2axy)—
0 0 0 0
— T 2 —yz(l'*-w)oo 3 ,—20x? p R —yz(l+a)m 4,202
S dyy?e? 1) [ decde > (20xy) + 2f dy-ye™ 29 [ dooxte= 2L (2axy)+
0 0 0 0
+2f dye‘yz(%“")f dx-xSe—2 Y1 Joac (09 L (2c0y)—
0 0
—4f dy-ye? (i“")f e Dee1 J2k 09 b1 Qoy)+
0 0
+ 2 dyy2e ™’ (3+9) [ docde 7 T 1y () e (2e0)—
0 0
- % S dye’yz(%“‘) S dxx3e‘2”22f:1klzk () b o) }.
0 0 (A4
Similar calculations using the trial wave function g, (k) = Aae=*% result in
&(@y, 1, @) = —160:(%)‘/' dye‘yZ(%“‘)f doce—22x
0 0
2\ —yz(l+a)°o 200
x Iy (2axy) + 16 oo S dye™ 3+) [ doce 2" x
0 0
X [Jo o) Io Qooey) + 23| Jon (ep) L (2009) 1=
1 — 1
= —dh =+ 221 ) + 42 LR, ¢
;4P +da+l, 1
q= 8a s 6= 2 (A5)
The third contribution to the average value (31) is
ez (o) yz& N [se]
ale,n, a|= 4n(%)f dye™2 [ xdxp; (x) [ 2dze, (2)(Jo (Cey)o (x-2) + Jo (e-2)Jo (v-2)—
0 0 0
— R QeI (e2) o (-2) — 2 X, o () osc (6:2) I (v°2))=
ez [se) 200 (o)
= an (5, )8a) [ dye™ [ doce = [ dzzde = Uy (ey) o (x:2) + (62 (2)
0 0 0
= Jo ey e-2) o -2) — 2 Y| e ey g (6-2) ok (9-2) 1. (A6)
The first term in the average value (31), as well as the overlapping integrals L, () can be calculated analytically
A \p . P : Jaa 1 31
I3 .1, ) = =4 — dye™ 7 [ dxx|p,(x)| J = —4I- 1- + = ;
1(@2 7, a) (5010)‘{ lye 2 { |¢2( ) Jo(xp) 1 T+ 4 1+ 4 8 (1 + 4a) A7)

2 _ 1
- 2

2
I = (;TO)\E; Ly(a) = m-

Here I, is the ionization potential of the 2D magnetoexciton with wave vector k; = 0. It is convenient to rewrite Eq. (A7) in the form
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= 1 31
4a [1 T iva T §(1+4a)2]

Blppna) _ _al@pna
2L, 45 (1 — nLa(a)) x/1+—4oc[1 _ n(Zaz—llz)] ’

(a+1/(4))3 (A8)
For the trial function ¢,(x) we obtain more simple expression instead of Eq. (A7)
E(gpna) _ _alppna) _ Vi 1
2L 451 = nLo(a)) V1+4a (1 = nLo(a)) (A9)

In Eq. (A4) for &(p,, , a) there are three integrals containing only one modified Bessel function I, (2axy) with v = 0, 1, which depend on the
parameter a of the variational wave function ¢, (x)

12803 (142

(o) 0 5
1 = — [ dye™ (5+%) [ doxSe 22T, (2any) = — 25 B+ 2k 92
0 0

o 2(1 b 2 2r (2+5a)
L =—fdyy?” (5“")/' docde 2T (2axy) = —2
0

o 32&2.(1+a)5/2’

V2r (44 7a)

322 (112 (A10)

I =2 dyy-e?’ () Cagy) =
0

Another three integrals I;, Is and Iy containing the products of two Bessel functions of the type Jy(bx)I,(cx) and Jy(bx)I; (cx) were also calculated
analytically:

Iy = f dye " (5+9) f dse s, ()l 2ooy)=
0 0

1 3[1“’2( 342 %h
02(@ ©) + 242 — DI (g, o)+

T 3at

42-1) 5 3 4a?-1) 3 5
# U2 ilg 0) — 712q, 0 - #0101, c)},

Iy = [ dyy?e” (39) f diocde 2 () o (2000)=
0 0
3 a2 5 5
= ﬁ{IO/Z(q, c) + MTDIO/Z(C]’ c)—%fl/z(q, c)},
Ig = —Zf dyye_yz(%*-a)j‘ dxx4e—2ax2]0 (xy)11 (20ny):
0 0

(4a?-1)
16a

= - 5i{l(g, 0+ 13(g, ©) - 11(q, o-

3 o2 _ 5 5/
— %II/Z(q, c) — (41670(1)[1/2(‘1’ o) + %Izz(q, C)}

(A11)
Here were used notations [30].
e . [a-2)
5@ ) = ———5 1@ O = —=5 (@, 0 = — 5 17, ) = 2, C 9K (),
(q2+c2),‘2 (q2+L‘2) 2 (q2+c2) 2

3
1@ 0= 2 ) - k),

5 k25
1@ 0 = 1 [2E (80 - IE®) - 6 - BOK W],

3 k23
1@ 0= 1[5 10 - K0 - 0 - 2DEW),

5/ 125
L2(g, ¢) = | ;;S(ff;z) [ — k)1 = 8k)K (k) — (1 — 16k* + 16k*)E (k)],

s e
L(g.0) = m\/“ 202 + 5k = 8k4x
x (1 — kK (k) — 2(1 — 2k?)(1 + 4k? — 4k*)E (k)]. (A12)

The complete elliptic integrals of the first and second kinds K (k) and E (k) depend on the modulus k, which in its turn depends on the parameters
q and ¢ in the way

v, ,
ke L1 g | lrdasae 1
V2 e wer) g0 2 (A13)
In the range of the small values k < < 1, the series expansions of the functions K (k) and E (k) can be used
2 2
K(K) ~ 5(1 LN ik4); B ~ z(1 _KE_ i/&);
o2 4 64 o 2 4 64 (A14)

In this limit the apparent singular expressions in formulas (A10) can be transformed in the regular forms
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A - KK (K) - (1 - 2K)ER)] ~ %ﬂk(l - ng);
LA - k) - 8K (k) — (1 — 16k + 16k)E (k)] ~ %rk(1 - %SkZ);
1 105 5.
L@ + 5k — 8k)(1 — KK (k) — 21 — 2k)(1 + 4k — AkHE (k)] ~ “27k2 k - 0 (A15)
Using these expressions we obtain simplified formulas in the limit k — 0
a-2k%° 1575).
(1= 5%):
(A16)

3 2y3
2 _3 (1 —2k%)
L*(q, ¢) = Z”k P12

_ 312\ 12 15
(1= 3K): (g, 0 = Pk, | L2
5, _ 105 K2 (1-2k2)5 .
Lg 0= Z e Bt k—o0.
The value of integrals If for different values of the parameter « for ¢ = (1 + 4a + 4a2)/(8a) and ¢ = 1/2 are represented in Fig. 5.
s, C)
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15/2"."
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Fig. 5. The table integrals If as function of « for different indices v and B. @), b), ¢), d): g = (4a? + 4o + 1)/(8a), ¢ = 1/2; e): ¢ = (1 + 4a + 4a)/(2(1 + 4a?)),

c=1/1 + 4a?).
The third contribution &(¢,, 7, «) in Eq. (A6) is determined by integrals I, Iy and I;. The integral I; equals to

(s 200 (s
b= [ dye™s [ doce = [ dzze = (Jy () (2) + o (2) o (72))=
0 0 0
AYT (4a? = 1) _ 2avm (4a2-3) _ 3a2ym
T G+ 1312 @2+ 1332 a@a?+ A2 (A17)
It was calculated taking into account that the product of two Bessel functions Jy (xz)J; (yz) can be transformed into the expression J, (xy)J, (xz) by
the interchange of the variables x 2 z, and using the integral [30]:
[+ 2
2 1 _x
f dzze ™ P* Jy(xz) = —e 4p.
' 2p (A18)
Two integrals Iy and Iy contain three Bessel functions
o 2 0 5}
v
Iy =— f dye™ 2 f drxde’ f dzz2e=" Ty () (2)Jo (2),
0 0 0 (A19)
(A20)

and
2 00 0
Yy
dye~s [ doce = [ deze Ty, () 02 (9.

oo
n 0 0 0

They are calculated using the formulas [28-30].

Ms

19:—2

I
—

10
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;dzze’“zzfo (=)o (vz) = 32 = )IO(XY)
0

S dxoeP¥J, (bx) I, (cx) = % exp(e2 —b? )JU (E),
0

4p 2p

[ bl (ex) = (. )
{ xF~le=%, (ex) g ©) (a2D)

The third contribution &(g,, 7, @), described by the formula (A6), in the case of the wave function ¢, (x) looks as

2
&(py, 1, @) = 167)0{( )[I7 + I+ 1. A22)

These integrals are more simple than in the case of the trial wave function ¢, (x) and equal to

3] 200 «
=2 f dye=r f dxxe—" f dzze =Ty ()] (2) =

I() 2 (q’ C)

2(1 + 4<x2)

/z(q, o),

=- f dye™ f dooxe™ f dzze Ty () o () o (2) =

1
T2 (1 + 4a2)
1 +4a?)

00 00 I
B=-2%7 f dyeﬁf dxxe f 226 Ty () Jon (2o (02) = ——5- 3% L2 (g, ),
0 0 0

_ l+da+4a?, c= 1
T 20+4d) T T Q+4d)’ (A23)

There are still four double integrals ;o — L5 in the composition of the expression (A4). They were calculated analytically exactly below. In all of
them as the first step was used the table integral [30].

(G
Zon(p, b, ¢) = f dhore P oy (bx) b (cx) = ipe » JZn(bc)

2p (A24)

and its derivatives

-2z, b, o) = -Lex - 2n+1+c_b2J
dp 2n s Uy - 2p2 P 4p 2n Zp

]2n+1(bc):| = [ docde P, (bx) by (cx);
0

2p 2p

® - 2
2@ b o) = S dxxe™P* Iy, (bx) Ly (¢, x)=
0
2 ;2
_ 1 £ =b be 2 —b? c2—b?
—;e 4p {Jzy,(g)[( % )(1+2n+ » )+ % ]—
b b2c? b
—_ —(4}1 +5 + )]2n+1( ;) + 8p ]2n+2( ;)}

2 . .
[_ﬁ + 2c ;]Zzn(P, b,e) = ./.dxx4 2 J2n(bx)12n+1(cx)—

2

1 € b’ c? —b
= ?e - 4p [2(” + 1) + ]JZn( p)
_ bL ( 2 —b )] (bc) b2 (bc)}
2n + 3+ Jon+1 ez
[4pz ») Ty » (A25)

In all these formulas it is necessary to substitute the parameters p=2x, b=y and c=2ay. They lead to the expressions
(¢ = b»)/(4p) = y*(4a? — 1)/(8a), (be)/(2p) = ¥*/2; ¢/(2p) = y/2; (bc?)/(4p?) = y3/4, (b%c)/(4p?) = y3/(8a), 1/(2p?) = 1/(8a?). Formulas (A25) make
possible to calculate the integral

> 2 (a®-1) 5
S docte™ > 1y () by (2009) = ée s VX
0

x5 [200+ 1+ Sy | (%) - [ (20434 —“yz)]x
xnn (%) + *(,)} -

The following integration over the variable y, using the table integral [30].
f % le ], (cz)dz = I (g, ©),
0 (A27)

gives the possibility to calculate the last four double integrals as follows:
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o0 1 ©
Lo =23, [ dyy2e"3 1) [ e, () Dy (2009)=
0 0

e 71)12 (g, ¢) —

8a

S Ly [<2n YL O + 1 G, c>],

h=—%", nf dye_yz(%m)f doce 2y, (xp) o (2000)=
0

1
40(3

[(1 +2n)12/ (g, ¢) + = D2 g, ¢) - Iizﬂ(q, C)];

hy=23%7, ./‘dye_yz(%m)f docse 2 Iy, () b (20000)=
0 0

4a

=5, [(1 + )+ zn)fsz(q, O+ 1+ n)“‘“ 1)12/2(q, O+

@a2-12 %,

BT n (@ c

@n+s) 2= 5 ,
) — HTIZnZ-H(q’ )~ e L (g, ©) + %Iz;.2+z(q, o |

o _2(1, % 2
Ly =—4 Z:‘;lfdyye Y (2+“)f doxx*e ™ Iy, (%) 1 2oxy)=

- - L [<n+1)1213(q, O+ S, 0 -

4a2

(2n+3) 1
o Izézﬂ(q, o) - (; +

el o L 1_#1/2
T2t T 2 J@+ )

In the case of the trial wave function ¢,(x) such integrals do not appear. The contributions to the energy spectrum expressed by the integrals
I, — L5 are shown in Fig. 6 in dependence on the parameter « of the trial wave function. ¢, (k).

1221\,
W)Izh+l(q’ o)+

15 1+ da + 4a?
+ glzzzzu @0 qg=""" :; .
(A28)

L0 I .

n - a)

05 A

.
LTI PP

LN UL ¥

o ., 02 04 06 ..---;"'9'}“"""" g
—04 | ‘Y, RETEREER RS
"l......|||||l“" -
1 13 L7 ’
-06 | 02 R4
*
'¢
-08 | KM
0
0
-10+ -04 ’
Fig. 6. The integrals I; — I3 in dependence on the parameter aof the trial wave function ¢, (k).
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