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Abstract. We apply the Popov-Fedotov formalism for investigating magnetic properties of
the spin S = 1 Heisenberg antiferomagnetic (HAF) on a Bravais lattice. Mapping spin-1
lattice systems on three-component auxiliary fermions with imaginary chemical potential and
transforming to a local coordinate system allow us to express a sublattice magnetization, free
energy and other thermodynamical quantities in unique forms for different lattice structures
in various magnetically ordered phases. We compare them with the results obtained when the
local constraint is disregarded. A comparison with the case of S = 1/2 is also discussed.

1. Introduction

The fact that spin operators satisfy the non-canonical commutation relations poses a great
difficulty to study theoretically quantum spin systems, because it leads to the absence of Wick
theorem [1], so it is impossible to apply a standard perturbation technique directly for spin
operators. One of the ways to resolve this problem is to represent the spin operators in terms
of the auxiliary Fermi or Bose-operators [1]. However, any representation of spin operators as
a bilinear combination of auxiliary operators makes the Hilbert space for spin operators larger.
As a result, one must remove the spurious unphysical states by imposing some constraint on the
auxiliary operators for each lattice site. In general it is very difficult to treat the local constraint
exactly. One simple common approximation is to replace the local constraint by a so-called global
constraint, where the number of auxiliary particles is taken to be on average for the whole lattice
system. Popov-Fedotov proposed a method for quantum spin systems with S =1/2 and S =1
free of the local constraint problem [2], introducing some proper imaginary chemical potential.

They demonstrated that if the usual Fermionic Matsubara frequencies w = %’r (n+ %) are
replaced by w = %’r (n + i) for S =1/2 and by w = %’T (n + %) for S = 1 then the contributions

of the unphysical states cancel each other and give no contribution to the partition function.
Later, the extention of the Popov-Fedotov formalism for arbitrary spin was done by Veits et al
[3]. In fact, this paper is basically of a methodologically nature. The concret calculations then
have been performed for various spin systems with S = 1/2: three dimensional ferromagnetic
Heisenberg model [4], Heisenberg antiferromagnet on a d-dimensional hypercubical [5, 6] and
a triangular [7] lattice. However, many real magnets have spin quantum number S = 1, in
particular the well studied experimentally material NiGaSy4. Besides, the spin quantum number
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S can play a considerable role in the various magnetic phenomena. A well-known example of
this kind is the Haldane phase for S = 1/2 one dimensional Heisenberg model, which is absent in
his S = 1/2 counter parts [8]. It is thus of great interest to apply the Popov-Fedotov formalism
to spin systems with S = 1. In this report, we derive the general expressions of a sublattice
magnetization, free energy and other thermodynamical quantities in unique forms for a Bravais
lattice in a magnetically ordered state. The plan of the report is the following. In section II we
introduce the model and the formalism. The mean field approximation is considered in section
III. The fluctuations around a mean-field state are investigated in section IV. The last section
is devoted to conclusion and discussions.

2. Formulation
We consider a general antiferromagnetic Heisenberg Hamiltonian on a Bravais lattice given by:

Hg =Y J;S:.5 (1)
]
where 5’; denotes the S = 1 spin vector operator. The interaction between the sites are

antiferromagnetic (J;; > 0). In the general frustrated lattice described by Hamiltionan (1) the
classical ground states have long range order, which may be parametrized by some magnetic
ordering vector ) [9]. We assume that the spins are planar in the plane Ozz and are described
as follows [9]:

S, =9 (ﬂ'sin @ﬁ + ¥ cos @ﬂ) (2)

where i, U are two orthonormal unit vectors in the plane Oxz. The vector Q defines the relative
orientation of the spins on the lattice, namely an angle between the vectors S; and S; is given
by: .

0ij = 0i — 0 = Q (Fi — 7)) (3)
Inserting S; into Hamiltonian (1) we get the classical energy in terms of the ordering vector Q
as folows:

Eq= %NS2J (Q’) (4)

where N is site number of the lattice and J (Q) is the Fourier transform of the exchange integral:
5\ 1 —iQ(7—7;
J (Q) = NZJUG Q% —7%) (5)
ij

The magnetic ordering vector Cj can be obtained by minimizing (5) with respect to Q , i.e by

setting 88Jc(2§) =0,a=x,z.

In principle, there may exist several ordering vector Cj, minimizing the two-variable function
J (Q) . In order to incorporate the fluctuations in a unique way for all possible order phases, we

folow Miyake [10], introducing a local coordinate system on each site i, where the local z axis is
oriented along its classical direction. This transformation reads:

z _ g2 . g’ Gin .
S7 = S7 cosf; — S sinb;

5% = S7 sin6; — S¥' cos b; (6)
sY =Y.
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Substituting (6) in (1), we get the following Hamiltonian, which is anisotropic on the spin space:

1

_ af qa o
Hs=—3 PPt (7)
aB
where:
Jl;;c JZZ =X = —Jij COSHij
Jij = Yy = —Jy (8)
ijfﬁ — —J?g? = W;j = —J;jsin b

J Jyx—Jyz—Jzy—O

The tranformation (6) allows us to introduce only one type of auxiliary particles for all lattice
sites rather than one type for each magnetic sublattice. Following Popov-Fedotov [2], the S =1

spin vector operators are written in terms of Fermi operators ZE, fin (=1,2,3)

5'; = fizTaﬁfiB (a =1, 273) (9)

where the 7,3 vector components are S =1 (323) matrices :

010 . 0 1 0 0 0
Sp=— (i 01 |:8=—"=| - 0 1];8.= 0 0 (10)
V2 0 i o V2 0 —i 0 0 -1

1
0
0
Here and in the following we put # = 1 . The cost of the representation (9) is the extention of
the Hilbert space into unphysical sectors, which have to be eliminated by imposing a constraint

for each site :

As it was shown by Popov-Fedotov [2], this can be done by means of introducing the projection
operator P = ¢*NF with Np = > f;glfm being number operator and p = i%, 8 = kT being

(10%
the imaginary chemical potential. The partition of a spin system with Hamiltonian H, can be
expressed in term of Fermi operators as follows:

7 = <\;g> o i (12)

here Hp is Hamiltonian H, in the fermionic representation (9). The appearence of the imaginary
chemical potential in (12) results in that the corresponding Matsubara frequencies for Popov-

Fedotov fermions read as:
27 (4 L (13)
Wnp=—|n+~=
I5} 3

The partition fuction Z in (12) can be treated following the standard fuctional integral formalism
similar to the case of S = 1/2 [6, 7] The main differences are that instead of Pauli (2x2) matrices
and Matsubara frequencies p = 5 (n + ) we have to deal with the spin S = 1 (3x3) matrices
(10) and Matsubara frequencies given by (13). The calculations are lenghthy but straightforward,
so we only list here the main steps. Firstly, we express the partition fuction as path integral
over Grassmann variables 7);q 1)io and transform the Heisenberg Hamiltonian (7) into bilinear
fermionic expression by introducing a Hubbard Stratonovich decoupling;:

3 s )
7 = ( ) Zo fHD &5 [ D [flias mia € — 5[} i mial

fo— 111D ] 1

(14)
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( S[ @iy N zaanux] So [@]""Sl [(Pz;nwnnzoa]
o) = [dr 7)ol (T
So @] Ofd {UZAIA/( D oM )} 1)
B

S1 [aaﬁiaa 7]204 E)/‘d {Z 777,04 ) ( :U') 771(1( ) + 'Z)\ 772'@(7')7'06)\57]@‘5(7')(,0?(7')}

where 7 is an imaginary time and g; stands for the auxiliary Bose field, which plays the role of
the staggered magnetization. Then we perform integration over the Grassmann variables to get:

7 — <\}§>NZ10/D[@] e~ SerrlPil (16)

where the effective action Sess [F;] is given by:
Seys [8i] = 8o [#i] — Indet K; (17)
The matrix K; in the frequency representation reads:

R ) i ~ 1.
K; (w1, ws) = (—zwl — 35> O wod + 57 i (w1 — wa) (18)

where I is (3x3) unit matrix.
Decomposing the matrix K into nonperturbation and perturbation parts:

K=K,+M (19)

and expanding T'r (ln K ) in a Taylor series:
A : N A
r (1n K) = Tr (1n K) + Ty — (K;IM) (20)
n=1

We can calculate the partition function in a given order of M . The explicit forms of K, and
M depend on the way of decomposing the Hubbard Stratonovich auxilary field ¢; . In the
following we set:

Fi () = Gio (2 = 0) + 05 (Q) (21)

where J;, is the mean field part and 6 (£2) is the fluctuation part of the auxilary field ; (2) .
Substituting (21) in (18), the expression (19) gives:

KO = <iw1f + F@}o> 5w1w251j

: (22
M = 705; (w1 — wa) 6 = T6F; () 03

In order to calculate the sublattice magnetization we add a local magnetic field B; to Hamiltonian
(7) and let B; = 0 at the end of final calculations. Then at the one-loop approximation one
derives the effective action as follows:

_ q(0) (1) (2)
Serf =gy + 5., 5.7 (23)

1 v N
0 A A — v
ngfj)‘ 9 Z}\ (%‘o + Bz') (J )Z] (90]0 + B ) — Indet K, (24)
1AV
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S =3 [(J_I)AV (€3, + B}) 6% (0) + 503 (0) (cpgo n B;) (J‘l)’.\."]

ij ij

N (25)
—Tr (K‘ M)
1 1 N N 2
SE =3 3 (TN 80} (—9)8¢) (-9) +§TT<KO_1M> (26)
iJAy,Q2

The mean field ¢ is chosen by minimizing the effective action in the application of the least
action principle.
Setting 5@;[ (w) = 0p? (w)£0¢? (w) , the partition function can be decomposed into a product
of three terms:
Z =Zyp Ly Ly (27)

where Zjr is the mean field contribution, Z,, and Z,_ are the fluctuation contributions for
the longitudinal part d¢* (w) and the transverse parts dp™* (w),d¢p~ (w) . Consequently, the free
energy may be written in the following way:

F=Fyrp+06F,,+6F_ (28)

3. Mean field approximation
Minimizing the efective action according the least action principle, we derive the mean field
equations for the auxiliary fields ¢ :

9Se
o =0 (29)
0§ 52 =0
From Egs. (23) - (26) and (29) we get:
S (5, + B)) b0+ K (2) =0 (30)
B?j
Where K¢, (£2) is defined as follows:
> K§ ()0 () = ~Tr (K ') (31)
i,0,82
From the definition of a magnetization per site i:
F 1
me = or _ 4 7z (32)

P 9B BOBY

one can find the relation between the local magnetization m§* and the auxiliary field ¢ . In
particular, from (25) and (32), the mean field magnetization m, related to the auxiliary field
;o as follows:

o+ B ==Y m I (33)
JB
From (30) and (33), we obtain:
mg, = K7i; (34)
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Because we are working in the local coordinates with the classical magnetization pointing along
the z-axis, thus, in the mean field approximation:

mg = m;,0a,z
’ 35
{ (p% = gpioéohz ( )
Taking into account Egs. (35), from (31) we get:

Klz =2 Z 90%0 6& zéQ ,0 (36)

’LO

For a Bravais lattice, all the sites are equivalent, so: ¢, = ¢,;m,;, = m, . The sum over the
modified Matsubara frequencies can be carried out by the contour integration trick and gives:

Kféz‘ (Q) =A (‘Po) 501,259,0 (37)

with A (p,) being:

2sh

A(p,) = __ 2shBpo
1+ 2coshfBp,

Together with Eqgs. (33) and (34), it leads to the following equation for the mean-field

magnetization:

(38)

me = A (Amy,) (39)
where:

A=—J (Q) (40)

Note that in the case of everage projection (= 0) , the sum over the fermionic Matsubara
frequencies in (36) gives:

K7 (Q) = —thﬁgo (41)
Then instead of Eq. (39) one has:
Mo = —th <B)‘2m"> (42)
Accordingly the equations (39) and (42) result in different critical temperature:
exact-constraint : T = %A (43)

average-constraint : To = 5

From (43) we obtains: % = % for S = 1, while for the case of S = 1/2 one has T—g =2 [5-7].

In both cases of S =1/2 and S = 1 the critical temperature for the case of exact constraint is

higher than for average one. This is due to thermal fluctuations into unphysical spinless states

in the case of global constraint, which reduce the magnetic moment. In the case of spin .S = 1/2

the number of physical states in the Fock space of the auxiliary fermion N, = 2 (one particle

states), while two states are unphysmal (the vacuum and the two-particle states): Ny, = 2.

Assuming T ~ N— T~ W’ it results in the ratio £& = 2 for S = 1/2 . For the case
ph h Te

of spin S = 1, two states are unphysical (the vacuum and the three-particle states): Ny, =
2. Due to the particle—hole symmetry of the spin Hamiltonian the three one-particle and three

two-particle states are physical: Np;, = 6. Thus, one has for the S =1 case: % = %. However,

at zero temperature both constraint methods give the same result:

i = li N, = 1 44
a0k 0 T oK (44)



41st Vietnam National Conference on Theoretical Physics IOP Publishing
IOP Conlf. Series: Journal of Physics: Conf. Series 865 (2017) 012015 doi:10.1088/1742-6596/865/1/012015

Free energy in mean-field approximation can be expressed in terms of the magnetization in the
following way, letting the fictive magnetic field B = 0:
For exact constraint (u = imw/303) :

Nim?2 2
Fyrp = );mo ~3 In (2coshfAm, + 1) (45)
For global constraint (x = 0) :
N xm2 2 BAR
Fup = 2 — > ln( 2cosh—— 4
MF B) 3 H< cos 9 ) (46)

4. Fluctuation contributions
Due to the Eq. (30), the first order fluctuation contributions vanish: SMe; = 0. The effective
action in the second order of fluctuation (26) may be rewriten in the form:

S =3 ZDC“ﬁ )38 (—Q) 6] () (47)
1Ja,8
where: 5
DY (Q) = (715 (@) + K5 () (48)

In the local coordinates in the mean field approximation we have wi = 0,97, = ¢, for every
site i, therefore the kernel ng? () has only three nonzero components:

]{12
K 4
335 ( ;k;1 (iw + ko) (Zw+9+k¢0)5 o
0
1 k(k+1)
K3y 4;;;_: (iw + ko) ( Zw+9+(k+1)%)5” o
1
1 2—k(k-1)
” 1
Ky 422 (iw + ko) ( zw—i-Q—i-(k—l)(Po)éJ o

Summing over the modified Matsubara frequencies, by mean of contour integration method,the
above eqs give:

K55, () = — (4387 (o) — VI~ 387 (2,)) dodiy (52)
Ky @) = (8;) @ = 52, (53)

The fluctuation corrections to the partition function Zfl are quadratic in the field variable
5@?, dp; ,0p7 and can be carried out:

—-1/2

Zp = / D (5] e~ Sets164] [detf)zj} = 7, [det (f + Jy Ko )}_1/ ’ (54)
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The components of the exchange matrix jij may be given in the terms of X;;, Y;;, W;; as follows:

Lq+ f:— Xij = Yi;

Sy =yt = Xty
. T (55)
b = J - —JE = 5 = Wy

After Fourier the components of the exchange interaction in (55) read:

x4 (1(7-0) 19 (74)
Y (p)=-J () (56)
v -0 19) 1 (5-9)

From the Eqgs. (52) (54) and (56) we obtain the fluctuation contributions to the free energy:

1
5Fg::ﬂ§§:lnA@ﬂ (57)
peEBZ
0Fy_=—= > In—2 (58)
B pEBZ Sh%

where:

moK5*W? (p)
Po +meX (P)
E(p) = \/(% +moX (P)) (o + moY (D)) (60)

In the Egs. (59) (60), the mean field auxiliary field ¢, in the presence of the fictive magnetic
field B is related to the magnetization mo as follows:

A(P) =1+ X (5) K§* + (59)

v, =—B — X(mo,+ BAm,) (61)

where: BKE* (—Mmy)
—Am
Am. — — 2 0 62
Mo = T T BAKS (— o) (62)
Taking the derivative of the free energy (57) (58) with respect to the fictive magnetic field, we
obtain the fluctuation contributions to the longitudinal ém,, and transerve dm,_ parts for the
magnetization as follows:

1 B, (P)
om*” = —— (63)

2N st A, (D)

zz __ _L Bo (ﬁ)
e 2N peBZ Ao (P) o

where: -
A, (p) =1+ pC, (X(@ + X(ﬁ)(zj))) (65)

W2(p)Co

2
Bo(ﬁ)zﬁ(X(ﬁHW) Do+ﬁm

X(5) — A
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C, and D, is given by:

C, = —é (4 Y/ 3mg) (67)

1
Do = ’I’TLoAmo (2 - m) (68)

The magnon energy reads:

{ o Sy (1 v )

When the single occupancy condition is disregarded the following replacement should be done
on the equations from (57) to (69):
Mo — ﬁlg

o

Using the following relations:

U= (wF) (71)

5
L (,OF | OF
Cy=—5 <235 + 5%2) (72)

it is straightforward to derive explicit expressions for internal energy U and specific heat C,
from the Eqs. (45), (57), (58), putting the fictive magnetic field B = 0.

5. Conclusions and Discussions

In this paper we have obtained the explicit expressions for the free energy of antiferromagnetic
Heisenberg model with S = 1 on a Bravais lattice by means of Popov-Fedotov formalism.
Working in a local coordinates and parametrizing a magnetically ordered phase by a magnetic
ordering vector Cj , we have derived the general equations of a sublattice magnetization and
free energy in unique forms for any Bravais lattice and any magnetically ordered state. For a
particular model, one need to find the ordering vectors @ , the quantities X (§),Y (), W () and
then one can apply directly the Eqs.(45), (57), (58). It is easy to check that at zero temperature
limit it does not matter whether the constraint is treated exactly or average. The magnetization
and the free energy are the same, as for the case S = 1/2. However, at finite temperature the
exact local constraint gives a significant effect. As an example we consider the antiferromagnetic
Heisenberg model on D-dimensional hypercubic and triangular lattice with nearest - neighbour
bonds.

The Fourier transform of the exchange interactions are given respectively as follows:

D
Juc (§) = 27 ) cos (73)
k=1
Jrrr (p) =2J (cosﬁx + 2cos % coS \égﬁy> (74)

Minimizing Jgc (p) and Jrgr (P) with respect to p', we find that the classical state is
described by ordering vectors Qpc = (m,m) for the D-dimensional hypercubic lattice and

Qrrr =27 (L, -L) for the triangular lattice. According to the Eqs. (40) and (56), we obtain:
37 V3
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For the hypercubic lattice:

{ Agc =2JD (75)
Xuc (p) = —Yuc (p) = Juc ()
For the triangular lattice:
{ Arrr = 3J (76)
Xrrr () = —5Yrre (P) = 37 (D)

Subtituting Egs. (75) and (76) in the Egs. in Section III, we obtain the magnetization and the
free energy for Neel state in the hypercubic lattice and for 120° spin structure in the triangular
lattice, taking into account the local constraint condition in one loop approximation. The
obtained expressions have a similar structure as for the case S = 1/2 [5-7]. Taking limit of
zero temperature T — 0K for the obtained equations, we get the same ground state energy
and sublattice magnetization derived in linear spin wave approximation by means of Holstein
Primakov representation [7].

The results of this report could be applied for investigating anisotropic Heisenberg models
beyond a nearest-neighbour bonds. It would be also interesting to extend the above results for
the case of arbitrary quantum spin number S and for a non-Bravais lattice. It is left for a future.
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