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Abstract

The lepton flavor violating decay of the Standard Model-like Higgs boson (LFVHD), h — purt, is
discussed in seesaw models at the one-loop level. Based on particular analytic expressions of Passarino—
Veltman functions, the two unitary and ’t Hooft Feynman gauges are used to compute the branching ratio
of LFVHD and compare with results reported recently. In the minimal seesaw (MSS) model, the branching
ratio was investigated in the whole valid range 1079-10!5 GeV of new neutrino mass scale mpg. Using
the Casas—Ibarra parameterization, this branching ratio enhances with large and increasing m;. But the
maximal value can reach only order of 10— 11, Interesting relations of LFEVHD predicted by the MSS and
inverse seesaw (ISS) model are discussed. The ratio between two LFVHD branching ratios predicted by the
ISS and MSS is simply m% 6“';2’ where px is the small neutrino mass scale in the ISS. The consistence
between different calculations is shown precisely from analytical approach.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

After the Higgs boson was observed by ATLAS and CMS [1], the LFVHD has been searched
experimentally [2], where upper bounds for branching ratios (Brs) of the decays & — ut, et are
order of @(1072). Signals of LEVHD at future colliders have been discussed, where sensitivities
for detecting these channel decays are shown to be 107> in the near future [3]. Up to now, the
lepton flavor violating (LFV) decays of the standard-model-like and new Higgs bosons have been
investigated in many models beyond the standard model (SM) [4—14]. Among them, the MSS
[15] is the simplest that can explain successfully the recent neutrino data. Naturally, the mixing
between different flavor neutrinos leads to many LFV processes from loop corrections. But it
predicts very suppressed branching ratios (Br) of LFV decays of charged leptons. Recent studies
on the Br of LFVHD were also shown to be very small [6]. In contrast, the ISS [16], another
simple extension of the SM, predicts much larger values of LFV branching ratios, including
those of LFVHD [7,8]. In fact, the Br of LFVHD in the ISS were calculated in many different
ways in order to guarantee the consistence of the LFVHD amplitudes.

We stress that understanding the mechanism for generating loop corrections to Brs of LFVHD
in simple models like the MSS and ISS is very important for studying LFVHD processes in other
complicated models. That is why LFVHD predicted by these two models were discussed in
many works, for example [4-9]. In the ISS, recent results in [7] showed that branching ratios of
LFVHD increase with increasing values of very heavy neutrino masses when the Casas—Ibarra
method [17] was applied to formulating the Yukawa couplings of heavy neutrinos.! But the
Brs are always constrained by upper bounds because of the perturbative limit of the Yukawa
couplings. Using the mass insertion approximation, a recent study [8] also calculated the Br of
LFVHD in the ISS model in both unitary and 't Hooft Feynman, where previous results in [7]
were confirmed to be well consistent in the region of parameters containing large new neutrino
mass scale m,,. The above discussions indicate that although one-loop contributions in both MSS
and ISS arise from the same set of Feynman diagrams, the two models predict very different Br
values. The reason is the appearance of a small mass scale wy in the ISS, which gives tiny
contributions to the heavy neutrino masses, but affects strongly on the neutrino mixing matrix.
Hence there should exist simple relations between two expressions of Brs predicted by the two
models. These interesting relations were not discussed previously, therefore will be focused in
this work. We will show that if m,, is large enough, the ratio between Brs of LFVHD of the
ISS and MSS is order of m% ()u}z, enough to explain clearly the LFVHD difference between two
models.

Regarding the MSS, LEVHD was discussed mainly in ranges of 10°~107 GeV [4.6], while
the valid range of the new neutrino mass scale is from O107%) GeV to O(10") GeV. In ad-
dition, a good estimation made in Ref. [4] suggested that the Br may enhance with increasing
masses of heavy neutrinos, even when the Casas—Ibarra parameterization is used. We note that
this parameterization are now still widely used to investigate the signal of seesaw models at re-
cent colliders [18]. As a result, possibilities that large Brs of LFVHD may exist in ranges of
new neutrino mass scales that were not mentioned previously. Therefore, studies the LFVHD
in the whole valid range as well as new approaches to compare well-known results and confirm
consistent analytic formulas for calculating Br of LFVHD in seesaw models are still interesting
and necessary. These are main scopes of this work. In particular, in order to guarantee the stabil-

1" We thank Dr. E. Arganda for this comment.
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ity of numerical results at very large values of m,,, LFVHD processes will be computed using
analytic expressions of Passarino—Veltman functions (PV functions) given in ref. [13]. Using a
Mathematica code based on these functions, we found that it is much easier and more convenient
to increase the precision than using available numerical packages such as Looptools [27]. This
makes our calculation different from all previous works. In addition, the one-loop contributions
to LFVHD in both unitary and 't Hooft Feynman gauges will be constructed using notations in
[13]. Then we cross-check the consistence between total amplitudes calculated in two gauges,
and the ones established in previous works [4,6,7]. A detailed checking divergence cancellation
will be presented analytically. For the MSS, after showing that Br of LFVHD is suppressed with
small m,,, we will pay attention mainly to the region with large m,.. To guarantee the con-
sistence of our investigation on LFVHD in the MSS, the connection between analytic formulas
of LFVHD amplitudes in the two models MSS and ISS will be discussed deeply. In this work,
Yukawa couplings of new neutrinos are only investigated following the Casas—Ibarra parame-
terization [17]. This parameterization was used to investigate independently LFVHD processes
predicted by the MSS and ISS in Refs. [6,7], where other important properties of LFVHD were
presented in details.

Our work is arranged as follows. Sec. 2 establishes notations and couplings of a general see-
saw model needed for studying LFVHD. In Sec. 3, we construct LFVHD amplitudes in two
unitary and 't Hooft Feynman gauges using notations of PV functions given in [13]. Then we
prove the divergent cancellation and the consistence between two expressions of the LFVHD
amplitudes. In Sec. 4, we show the choice of parameterizing the neutrino mixing matrices. After
that, the Brs of LFVHD are numerically investigated. We will focus on new results of LFVHD
in the MSS, and interesting relations between the Brs predicted by two models MSS and ISS.
Sec. 5 summarizes new results of this work.

2. General formalism and couplings for LFVHD

The general seesaw model is different from the Standard Model (SM) by K additional right-
handed neutrinos, Ng ; ~ (1,1,0) with I = 1,2, ..., K [19]. The new Lagrangian part is

. 1
—AL=Y, a1¥L,adNR 1 + E(NR,I)CMN,IJNR,J +hec., (H

where a =1,2,3; I, J =1,2,..,K; ¥p 4 = (vL,a,eL,a)T are SU(2); lepton doublets and
(Nr.1)¢ = CNRJT. The Higgs bosons are also doublets ¢ = (GJr ,(h+iGz+ v)/\/f)T and 5 =
iop¢™. Each of them consists of three Goldstone bosons of W= and Z bosons; a neutral CP-even
Higgs boson & and the vacuum expectation value (VEV), (¢) = Lz =174 GeV (v =246 GeV).

Notations for flavor states of active neutrinos are vy = (vp,1, VL2, I)L,g)T and (vp)¢ =
((ve,1)¢, (v 2)¢, (vL,g)C)T. Notations for new neutrinos are Ng = (Ng.1, NR.2, .- NR’K)T,
and (Ngr)° = ((Nr.,1), (Nr2)°, ..., (NR,K)C)T. In the bases of the original neutrinos, v; =
(v, (Np)T and (v’L)C = ((v)¢, Np)T, the Lagrangian part (1) generates the following mass
term for neutrinos,

1— X 1—-/ 0 Mp .
LV =V, MW, +hc. ==V V)¢ +hec., 2

mass 2 L ( L) 2 L Mg MN ( L) ( )
where My is a symmetric and non-singular K x K matrix, and Mp is a 3 x K matrix, (Mp),; =

Yy.a1{¢). The matrix M" is symmetric, therefore it can be diagonalized via (K + 3) x (K + 3)
matrix, U", satisfying the unitary condition, U"TU" = I. We define
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vI aqvyrv v .
U "MU =M =d1ag0nal(m,,l,mnz,mn3,mn4,...,mn(KH)), 3)

where m,, (i =1,2, ..., K + 3) are mass eigenvalues of the (K 4 3) mass eigenstates ny, ;, i.e.
physical states of neutrinos. Three light active neutrinos are ny, , with a = 1, 2, 3. The relation
between the flavor and mass eigenstates are

v, =U""ng, and (vy)*=U"(nr)", 4

where np= (nL)l YL 2y eey nL,K+3)T.

In calculation, we will use a general notation of four-component (Dirac) spinor, n; (i =
1,2, .., K + 3), for all active and exotic neutrinos. Specifically, a Majorana fermion n; is de-
fined as n; = (np,;, (ny;))T = n{ = (n;)°. The chiral components are ny ; = Prn; and
ngi= Pgn; = (np;)¢, where Pp gr = thys are chiral operators. The similar definitions for the
original neutrino states are v, = (vp 4, (VL.0)¢ YN = ((Ngr.1)C, NRJ)T, and v = (v, N)T.
The relations in (4) are rewritten as follows,

/ / vk / / v .
PLvl-va’l-zUij ne.j, andPRvizvR’izUijnR,j, i,j=1,2,... K +3, ®))

where more precise expressions are v , = Prv, = U ny ;, (Ng, ) = PLv}Jr3 = U(“,*+3)jnL,j,
WLa) = PRv’ = UVnR i»and Ng ;= PRU}+3 = U(UI_,,_3)JnRj I=1,2,3,..,K).

As usual, the covariant derivative is D, = 9, —igT“W* —ig'Y B,,. We emphasize that the
signs in D, will result in signs of couplings hGjE W* and 2,v, W™ Correspondmgly, the lepton
flavor v101atmg (LFV) couplings of W* boson to leptons are,

1 —_ g8 — _
E]zl; = ”ﬂL,aVﬂD,ul//L,a D) E (VL,aVMeL,aW: +eL,aV#VL,aW/L)
= % (Ul v" PeaWi + ULeay" Puns Wy ). ©6)

wherea=1,2,3;and j=1,2,..., K + 3.
The Yukawa couplings that contribute to LFVHD are

1 —_—~
‘C;p = Ye, I/fL,a‘/J)eR atYy ale,a(bNR,l +h.c.
«/—mea

ea

/’l_a e, + (UV GWnL ]eRa+U GWeR allL ])

+ Yv al [_GWeL,aNR,I —GY/Nr.1eL.q]

+—h [((MD)arvL.aNr,1 + (Mp)} Nr.1vL.a]- (7)
v\/—
Using (Mp)ar = a(1+3), and Ng j = vR (143)° the last line in (7) changes in to the new form,
—hn, [ a(1+3)Um U(1+3)] Pr + M’ (,+3)U(,+3)1U PL] n;. It can be proved that

M;(1+3)U U(1+3)1 Pr + Ma(1+3)U(1+3)zUv P = <Z Ugi UU*) mni Pp +my; PR) )

®)

which was given in [6,7]. A proof is as follows, based on the following properties of M" and U"
defined in Egs. (2) and (3),
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Table 1
Couplings relating with LFVHD in seesaw models. Here, C;; = 23:1 UC"I. U,f]?k. The pg, p+ and p_ are incoming

momenta of £, G;FV and G, respectively.

Vertex Coupling Vertex Coupling
Com?
_ . _ igm
hWTHW =Y igmy gy hGa,GW —2m“}/'
hG Wk £ (p+ = o)y hGy W F (o= p-)u
njeq le_ ﬁ Uzlz}t 14 PL ean; Wl: i}?_ U(l:l* ’ PL
neaGYy fm UY (mey PR —mn, Pr) 2an; Gy, fmw UV¥ (me, P — mn; PR)
hmgn j 2mW [C,j (PLmn, + Prmy; ) hegeq Ig;”;f

+Cf (PLmnj + PRmni)]

:jb =0, M(v]+3)(1+3) =(mn)i1J, M;(1+3) =(Mp)al, M(v]+3)a = (M[))Iay
vitu =1, M'=U"*M"U"", andM"*=U'M"U'T. )

The first term in the left hand side of Eq. (8) will change exactly into the second term in the right
hand side of Eq. (8), after mediate steps of transformation, namely

Y T _
Ma(1+3)U U(1+3)/ (UU*MUUU )a([+3) U;iU(vI+3)j = U;;mnkUk(Ha)Uavl U(v1+3)j

K+3
T il
Uv iMny ( Z Ull)l Ulj Z Ull)b Ubj)

=1 b=1
UV my, (8 — USTUY.
ak Y ai™ vy \ Okj kb~ bj

= Ui Ugimn; — Ui Uy ( akm”kUkb) = Uy Ugimn; — Uy Up,

=U;l~U;<*mnj. (10)

From (10), the second term in the left hand side of (8) can be derived easily, M), ( 14+3) U (”1*+3)l. X
ES

U“l’;k = [Ma(1+3) Uy, U(1+3)l] [U;] U;l*m,,l.] =U); U;;m,,i. Finally, the Feynman rule for

the vertex (8) with two Majorana leptons hAn;n; must be expressed in a symmetric form,”
namely —ﬁ Zi’jn_i[(mn,C,/ +my,C} ) P+ (m,, Cij +my, Cl*]> PR] nj, where Cjj =
Yo ULUL 4210,

The couplings relating with G;—LV are proved the same way, namely

— __V2 — - -
Yoarer,aNr,1Gy = —MplareL,aNr,1Gy = —=——U,; eaPrniGy,.
v «/_ 2mw
The vertices relating to LFVHD are collected in Table 1. We note that the coupling hG;‘r,Gﬁ, in
Table 1 is consistent with that given in [8,25].
The effective Lagrangian of the LFVHD is written as LEFV — (A LwPrt + AR PrT) +
h.c., where Ay, r are scalar factors arising from loop contributions. The partial decay width is

2 We thank Dr. E. Arganda for showing us this point.
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Ba_eq
h
n;
(Pa +pb)
W+ €
P
(a) (b) (c) (d)
Fig. 1. Feynman diagrams contributing to LFVHD in the unitary gauge.
Fh—put)=Fth—>p tH+Th—ptc )'\'—(|AL| +|AR|) (1)

where mj, >> mo, m3 and m»,, m3 being masses of muon and tau, respectively. The on-shell con-
ditions for external momenta are pg = mg (@a=2,3)and p% =(pr+p3)’= m%, my = 125 GeV.
Next, Ay g with be calculated at one-loop level, in two gauges of unitary and ’t Hooft Feynman.

3. Analytic amplitudes and divergence cancellation
3.1. Amplitude in the unitary gauge and divergence cancellation

In the unitary gauge, the Feynman diagrams for a decay 7 — e‘e;r (a < b) are presented

in Fig. 1. The loop contributions are written as Ay g = A(L” r T A(Lb Rt A(LC';,d), where the

three terms come from private contributions of diagrams 1a), 1b), and sum of contributions from
two diagrams c) and d), respectively. The analytic expressions of contributions from the three
diagrams 1a), c), and d) can be derived directly from [13], except the diagram 1b) containing the
coupling An;n ;. An analytic expression of A( ) is derived in Appendix C. We have used Form
[23] to cross-check our results. In addition, the total Ay, R is consistent with the result calculated
in the 't Hooft Feynman gauge, as we will show later. Expressions of LFVHD contributions in
the unitary gauge are

(a) _ gma V¥ v[ 2( @1 _ p) (2))_ 2p(2)
A= odniml, ;Uai Upi (M, \ B1” — By " — By m, By

+ (me —i—mh) mnl_ Co— [Zm%‘, (Zm%‘, +m,%l_ —i—mézZ - mi) +m,21im}21] Cy

+ [Zm%y (mi - m%) —l—m,z,m%] C2] ,

3 K+3

A == Uity (o (B + B+ B ) )

W =l

+ (2’”%&/ + mi) mﬁ[_ Co— [Zm%v (m% ) + mzmi] Ci

+ [Zm%v (2m%v + mii —m2 + mlz,) + milmi] Cz} ,

3 K+3

AD = —rg TSy, [C,- J [m,?” BY +m2 B —m2 m},Co
TEmy 52
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+ [Zmnlm +2mW (m,% +mﬁ> — (mﬁmi —I—mﬁ_mi)] Cl]
+ Ciimp;my, [3(12) +B(1) m, Co + <4mW +m2 +m —m2 —mb) Cl]]

(b) g’my 2 p@ 2 pU2) 22
Ap =—64 2mw Z U;i*Ugj {Cij [—mnjB1 +my By~ —m;, myCo

— [2mnimnj + 2mW(m,2” + mﬁj) - (m,zlimlz7 + mﬁjmi)] Cz]

g, [Bém — B —m?,Co— (4m%v +m2, +mﬁj —m2 — m,%) Cz]} ,

(12)
and
g3m K+3 m2
A = BN Uy = [ (2mdy w2 ) (B + B
64m2%m Pyt (m2 — my) !
1 2 1 2

+m23()+m23{)—2m,§i (B(())—B(() ))] (13)
ACHD) _ Mg Ma pc+d), (14)

mp
Regarding A(L )R, the contributions from B(l) =B m(m%‘,, m,%l_) and Bl(z) are zeros because, for
A k
example, B( ) contains a factor Z Ub]mn, UV = (Uv*Mva‘)b =M}F=0.
Divergence cancellation in the total amphtude is explained as follows. From divergent parts
of the PV functions in Appendix A, the divergent parts of A(L “ and A(Lb) are

(@) g’myg & 2 (23 21
. V¥ v
P = "Gy, 2 Vo [ (50) oz
_ 38 mu & vk
12872m ZU U
. ) gma &L VXTIV FTVUXT TV 1
DAY} =~ D DUt ULUL Uy (miy 5 Ac +miy A
i,j=1c=1
K+3 3
+ Z ZUU*UV*UV Ub]mnlmn/ A
i,j=1c=1
g m K+3 3
a VE TV V%
= asman B | 22 2 UiUGUL Uby (i, + 20
i,j=1c=1
K+3 3
+ Z ZUU*UU*UU Ubjzmn,mn/ , 15)
ij=1c=1

where the unitary property of U" is used to cancel the second term of Div[Ag‘)], namely
&P uruy, = (U'UY),, = 0. The second term of Div[A'”] vanishes because
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Y UFUY my, = (U”*M‘,U"T> = M. =0 withall a, c =1, 2, 3. We simplify the first term

ac

of Div[A(Lb)] based on the following equalities

K+3 3 K+3 3 K+3
VkTTV TTVRTIV VEkTV Vk TV
S S m2 UNULUSUY =YY m UL, EUCjUbj
i,j=1c=1 i=1 c=1
K+3 3 K+3

=> ) mp USULU U )3 = Zm UUYL. (16)

i=1 c=1

Similarly, we have ZIK]'SI _2m2 U"*U" U Uy = ZK+3 2m? Ui Up;. Inserting these
two results into DiV[A(h)] will give DlV[A( )] + DlV[A(a)] 0. With A(C+d) the divergent parts
of the two terms sz ( ) and m bB ) vanish because of the GIM mechanism, while two sums

[Bl(l) + B](2)] and [B(()U — B(()z)] are finite. Hence, A is finite. A g has the same conclusion.
3.2. Amplitude in the 't Hooft Feynman gauge

In the "t Hooft Feynman gauge, there are ten form factors F' L(i,)R, (i =1,2,..,10) corresponding
to ten diagrams shown in Fig. 1 of Refs. [6,7]. The total contribution is Ay g = Z}gl F i R

Formulas of F L(  in terms of PV functions defined in [13] are as follows,

K+3
gm 2
D S L CAC R L)

_ <m2m2 +mbm2 —Zmimﬁj)Cl]

+<m m;, +mbm —2m mﬁj)

+ My, C I:Bél2) +m%vC0 - m,%i +mﬁj —m2 - m%) Cz]} ,

K+3

3
FO _ ﬂ Z Bme] x zmw

L
64m2 le

x {cij[m2 co— (m2, +m2) 1] +mama, iy (Co—20p ],

g3mb K+3
2
mW i,j=1

x {cij[m2,Co+ (m2, +m2 ) Co] 4+ muma, €55 (Co+20)} (17)
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_ﬂl(ifB B} [4m c] FO &M KZHB B | —amd,
T e B S R edn2m3, = ”’[ W 2]’
ﬂ%Bme —m2 Co+ (2m2 —m2 ) €1 —m2C
z_ﬂKfB Bj:m? [B<‘2)+3m Co+ (2m2 —2m2 —m2) C
B e o+ (2 = 2mj =) €
(m,%i + Zmi) Cg] ,
_ &M KiSB Bi;m3y, | B 4 3m2 Co — 2
64772m 2 ai Dp; W[ 0 (m + m)C

- (Zmﬁ - ml% - mez) Cz] )

) _
FR

L

PO _ _

M _
FL

© _
F L

(®)
F;7 =

FO __

R

X

(10)
FL

(10) _
FR

FO _ _

K+3
g mp
6471’ Z Ba,BmeW [ mziCo —i—mgCl — <2m3 — m,zzl) Cz] ,
g3m K+3
B BuiByy xmi [m2 (Co— €y +mica),
6472m W r
g3mb K+3
W Z BaiB;i X mi I:mﬁl (C() + C2) — mgCI:I , (18)
Woi=1
K+3
gma (D Z)mwmb BV,  FD_"ap0
A2 3 Z R — FL y
6472my, m2 —m?) mp
K+3
gma . (D —=2)mym; @ © _ Ma )
73 Fy'=—F;", 19
64 2 A2 2 ; a b) R mp L ( )
3 K+3 2
m mj,
~L£ 7 BBy [2m, B = (m2, +m2) B("],
64 2my, P (m2 b)
3 K+3
A S
64m2m3, = P m2 — m2)
[m,zzl_ (mﬁ +mi> B(gl) — mﬁ (m,zll +mi) Bl(l)] ,
g3m K+3 1
= m BaiBZim |:m2 (m +mb) B(z) +mb (m +m )B(z)]
W i=1 b
g mp K+3
2 2
e ) DL ey [2m2 B + (w2, +m) B (20)
W i=1 a my
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where B,; = U"* B* = Ub”j, Cij=>._,U,U, and D =4 — 2¢ is the integral dimension

at ’ cj’
defined in Appendix A Although F L(7 R and F 29 r contain B-functions, they are finite because of
the GIM mechanism. Hence it can be replaced with D = 4. Because Bélz) = Bélz) (mW, mW) in

F 1({,4) and F £5) do not depend on m,, , therefore vanish because of the GIM mechanism. They will
be ignored from now on.

Although our notations of PV functions are different from those in [6,7], transformations
between two sets of notations are, (see a detailed proving in Appendix B)

Co<>Cy, Ci<=Ci2—Ci1, Cr<Cp,
12 1,2
B§'? < Bo(myy, myy), Bo(m2, m2), By'? (M3, M*) < Bo(m, . M, M%),

1 2
BV (M2, M?) < —Bi(m}, M3, M%), B (M2, M?) < Bi(m} M3, M?). 1)

The PV functions used in our work were checked to be consistent with Looptools [27], see details
in [14]. The differences between our results and those shown in [7] are minus signs in F g% and

F ISS)R Our formulas are consistent with the results presented in Ref. (8], where the authors
confirmed that these signs do not affect the results given in Ref. [7].

Now we will check the consistence between total amplitudes calculated in two gauges. Re-
garding to triangle diagrams with two internal neutrino lines, the deviation of contributions in
two gauge are determined as follows,

3 K+3
b 1 2 g Mgy 1
SIZA(L)_(FL()+FL( )> 4 3 1672 Z Ba,BhJC,]m B( )(mw,mle
i,j=1
g3 K+3
) D, 2 2
- 4m3 16772 Z Bm Bbl <B (mn ’ mW) Bl( (mn,-’ mW)) 5 (22)

i=1

where useful equalities of B-functions are used [22]. In addition, C;; in the first line of (22) is
simplified using the same trick given in (16). Similarly, other deviations are

6
=A% - "FY

k=3
g3 K+3
— 2 p(2) 2 (€8] [€))] ?2)
T amd, 1671221:8“’31” [_mbBl — i (BO ~ Bt B )]
10 g3 m, K53
+d k 2 2
3= AT S FP = o7 > BaiBy; [ i +m? B, (23)
k=7 i=1

where By 12 = Bo,l,z(mﬁi , m%v). Then, it can be seen easily that §; + 8, + 63 = 0. Hence, the
total amplitudes calculated in two gauges are the same.

3 The correct Feynman rule for the coupling i7;n j gives consistent Fil ’lg) with those in Ref. [7].
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4. LFVHD in the minimal and inverse seesaw models
4.1. Parameterization the neutrino mixing matrix

To start, we consider a general expression of the neutrino mixing matrix U" [19],

U”=Q<g 8) 4)

where O is a 3 x K null matrix, U and V are 3 x 3 and K x K unitary matrices, respectively.
The Qis a (K + 3) x (K + 3) unitary matrix that can be formally written as

1 ppt
B 0o R\ (1-1iRR R )
Q—exp<_RT O>_< Rt —%RTR + O(R”), (25)

where R is a 3 x K matrix where absolute values of all elements are smaller than unity. The
unitary matrix U = Uppmns is the Pontecorvo—Maki—Nakagawa—Sakata (PMNS) matrix [30].
The mass matrices of neutrinos are written as follows,

My = diag(my,, mps, ..., Myg,3),
. ¥ P
my = Upninsd1ag(mny s My, miy)Upyns = Upninsto Upyis: (26)
where m,,; is the physical masses of all neutrinos,

is

C12€13 512€13 s1ze”
5 .
Upmns = | —s12c23 — cioso3s13¢’® ciaeas — siasmasize”®  sxsens
512823 — c1ac23s 3¢’ —ciasa3 — sipemsize’®  exzens
x diag(1, ¢'%, e'P), (27)

and cyp = €08 6yp, Sqp = sinb,p. In the normal hierarchy scheme, the best-fit values of neutrino
oscillation parameters are given as [20]*

Am3; =750 x 1075 eV2,  Am3; =2.457 x 1073 eV?,
57, =0.304, 533 = 0.452, 573 = 0.0218, (28)
2

2
where Am; =my

B=0.
The condition of seesaw mechanism for neutrino mass generation is |[Mp| < |My|, where
|Mp| and |My| denote characteristic scales of Mp and My, resulting in useful relations’ [19],

— m% | (a =2, 3). In this work, other parameters will be fixed as § =« =

R*~MpMy', —m,~-MpMy'MP,
. 1 1
V*MNVT:MN—i—ERTR*MN—i—EMNRTR. (29)

Based on the second relation in (29), the matrix Mp can be parameterized via a general K x 3
matrix &, which satisfies the only condition & T& = I3 [6,17,19], namely

4 Updated neutrino data can be found in [28]. But our main results are unchanged.
5 We thank LE Duc Ninh for pointing out factors 1/2 in the last relation in (29).
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12
Mb=iut (Mff,) & (n)"? Ulynss (30)

where Uy is an unitary matrix diagonalizing My, UICMN Uy = M;‘f, =diag(M1, M>, ..., Mg).

In the MSS mentioned in [4,6], the particle content is different from the Standard Model
(SM) by three additional right-handed neutrinos (K = 3), Ng ; ~ (1,1,0) with I =1, 2, 3. New
notations of neutrino mass matrices are mp = Mp, and my = My. They are the respective
3 x 3 Dirac and Majorana mass matrices corresponding to the first and second term of (1),
(mp)ij=Yy,i7(¢),and (mp);;y = mp,;y. The matrix mpy is real, symmetric and non-singular.

The mixing matrix in the ISS model considered in ref. [7] can be found approximately using
the above general discussion with K = 6. Relations of notations between two parameterizations
in [7] and [19] are

O Mg

Mp=@mp, O, MN=<MT 1x
R

) , My = Migh, (31)

where O is the 3 x 3 matrix with all elements being zeros. From the definition of the inverse
matrix, MIQIMN = MNMIQ1 = Ig, we derive that

a1 T\~
=M (MR) ) (32)
My 0
where M is defined as M = MRM;(IM; [7]. From (29), we then find that [19]
* __ -1 _ —1 T -1
R —MDMN = —mDM s mp MR s
-1
my =—MpMy'M% =mp (M,€) puxMg'm?hy =mpM~'m?. (33)

These two expressions are consistent with those given in [7,19], giving a parameterization of m p
as follows,

mlT) = Uj,diag(v M1, M2, /M3)E'y ';ZUU;MNS’ (34)

where Uy satisfies M = Uy, diag(M, M», M3)U;,, and &’ is a complex orthogonal matrix sat-
isfying £’€’T = I3. The mixing matrix U" now is a 9 x 9 matrix.

In order to compare and mark relations between LFVHD in two MSS and ISS models, we
will pay attention to only simply cases of choosing parameters. In the MSS model, the choice is
& = Uy = I3, leading to following simple expressions of Egs. in (29), namely

) -12 . )
My=My, R=-iUpsi>(My) . V=5 My=My+in. G5

In the ISS model, from (34) we see that m p is parameterized in terms of many free parameters,
hence it is enough to choose that uxy = wx 3. This parameter is a new scale making the most
important difference between the neutrino mixing matrices in the ISS and MSS. We also assume
that Mg = Mg = diag(Mg,, Mg,, Mg,) and &’ = I3. With |ix| < |[Mg| we have

MR 0 1 —il; I3
Uu=5L, M= ~ ). Ve —| . 36
wenmi= (5 v =
We can see that both M g (ISS) and My (MSS) play roles as e:xotic neutrino mass scales. There-
fore, they are identified as neutrino masses in both models, Mg = My = diag(m,,,, My, My).
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Fig. 2. Left panel: Br(h — eqep) as functions of my, with non-degenerate heavy neutrino masses. Right panel: The
dependence of Br(h — egep,) on the mixing matrix U"Y up to an order (’)(Rk) withk =2,4,6,8.

The differences between two models now are two mixing matrix V in (36) and R, and the py
scale, which does not appear in the MSS model. The px plays special roles in the ISS model via
its appearance in the second sub-matrix of the mixing matrix R given in (33). A simple relation
between largest elements of R matrices in two models is

RISS < /%Rmsg (37)
192/

where m,,, now is considered as exotic neutrino mass scale, m,, < m,; < my,. The relation (37)
is the main reason that explains why the Br of LFVHD predicted from the ISS is much larger
than that from the MSS.

In the following, we will discuss on LFVHD in the MSS model. The results of LFVHD in the
ISS model can be derived from discussion in the MSS model based on (37).

4.2. Discussion on LFVHD

In the MSS model, our investigation will use three physical masses of exotic neutrinos,
Mp, s, as free parameters. The matrix Mp can be derived from relations (30), i.e. Mp =

iUpvins (Ml‘f,n%,)l/ %, As a result, the mixing matrix U” is written as a function of physical
neutrino masses and Uppmns. To determine constrains of heavy neutrino masses m,,,, we base on
relations in (29), which suggest that m,,, x m,, >~ |Mp|? < 67 x 1742, because of the perturba-
tive limit of the Yukawa couplings Y, ;; [7]. Combing with the active neutrino data given in (28),

where at least one active neutrino mass is not smaller than ,/ Am%l =5 x 107! GeV, we get

an upper constrain, m,, < 8 x 1015 GeV, when m,,, < Am%l. The lower constrain is m,, >
IMp| > my, >5x 10~!'! GeV. Numerical illustrations are shown in Fig. 2, where three heavy

neutrino masses are non-degenerate, 3m,, = 2m,; = myq, and m,, = 10712 GeV « Am%l.
The left panel of Fig. 2 presents Br(h — e,ep) as functions of m,.. Unlike previous
works such as [4,6], heavy neutrinos masses were not considered at the interesting scale
above 10'0 GeV, where leptogenesis can be successful explained in the MSS frame work
[29]. More important, large values of heavy neutrinos may give large Br of LFVHD, as we
have seen numerically. Unfortunately, values of m,, < 8 x 1015 GeV gives an upper bound
Br(h — urt) < O(10~'"). For other two decays, we get the relations Br(h — et) >~ Br(h —
UT) = (m%/mi)Br(h — ep) ~ 287 x Br(h — eun). Hence, we just focus on the Br(h — ut).
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The right panel of Fig. 2 shows values of Br(h — 1) in the whole valid range of m,, namely
10710 < My, < 8 X 10" [GeV], where U" is considered up to O(R¥). Each curve separates into
three different parts. In the part with very heavy exotic neutrino masses, m% o > m%, m%v, ie.
mpue > O (104), we found a simple relation: Br(h — ut) =6.3 x 10’44mﬁ6 [GeV?]. On the other
hand, for the part with very small exotic neutrino masses, m,%ﬁ < mi, m%, ie my, <O (10_3),
8.7 x 10732
(my, GeV)*’
O(RZ). This will lead to the maximal values of Br(h — ut) < 10~'", the same order with large
Mpg ~ O(10'%) GeV. If the matrix € is calculated more exactly, the Br(h — wut) will decrease
significantly with small m,,., but will not change with large m,,,. This can be explained from the
conditions of the matrix €2, which is written in terms of the power series in R. If m,,, is small,
R ~ /Imy|/my, will be large as m,, — |[Mp| — |m,|. The calculation will be less accurate
with smaller power k included in 2. We consider more cases of U" where the matrix €2 in (25) is
considered up to order O(R?). We conclude that the Br(h — 1) is very suppressed with small
masses of exotic neutrinos. In contrast, large m, results in |R| <« 1. Therefore, it is enough
to consider the mixing matrix U" with order of O(R?) in the region where mug > 0.1 GeV. In
conclusion, to find large Br(h — p7), we just consider the region with large m,.

To explain why large Br(h — 1) corresponds to large m,, we pay attention to the prop-
erties of the mixing matrix U", the PV-functions and factors relating with them in the expres-

there appears a new relation: Br(h — ut) = when the matrix €2 is calculated up to

sions of A(La,)R, A(Lb’)R, and A(Lc:;d). When m% ;> m,zl m%v, the terms with factors m% , will give
dominant contributions. The PV functions containing m% , will have the following properties:

Bo,l,z(mﬁi) = 0(10), C0‘1,2(m,%i) ~ ln(m,%o)/mf%. Hence the largest contributions will come

2 (a+c+d,b) 4 2
in AL’R

6 and n, 6

: )
from m%6Bo,1,2 ~m Co12~[In mﬁﬁ]m in AL’R. The largest com-
|7ty |

mné

ponent of the matrix R satisfies R ~ O ( ) As a result, the mixing matrix elements in

Af’;‘drd) and A<Lb’)R will results in the following factors: U} , 3 Up; 13 = |Rar |2 ~ LT_:()I There

. .
Ui Uelre3Upiraa) ™~ % Hence the largest contri-
bution to the total gives Ay g ~ my,, with very large m,,, implying Br(h — ut) ~ m,% o The
2

ni

are new factors in the Aib’)R: U;(*I +3)

correlations between terms with and without factors m
,%l_ are dominant with tiny m,, but they are very suppressed with large n,,.

The above discussions lead to new interesting results for LFVHD predicted by the MSS
model, which were not concerned previously: i) the Br can reach values of order 10~!'! with
large values of heavy neutrino masses satisfying the perturbative limit; ii) the Br enhances with
increasing m,, above 10° GeV. In addition, the maximal Br(h — ut) reaches the values of
10-3-10732 with My € [102, 10*] GeV. We will show the relation between these interesting
values and maximal values of Br(k — 1) predicted by the ISS.

We realize that the property of Br(h — ut) ~ m% . agrees very well with the approximate
expression shown in [4]. In particular, Br(h — urt) ~ mﬁﬁ X |FN|2, where Fy ~ RZ ~ m;ﬁl
relating with active-heavy neutrino mixing elements in U". We believe that large values of the
Br predicted in [4] arise from the reason that recent neutrino oscillation data could not be applied
at that times. The numerical values of Fy chosen in [4] may keep large contributions that should

vanish because of the GIM mechanism.

are shown in the Fig. 3. Terms without
factors m
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Fig. 3. Comparing different contributions to Br(h — u7) as functions of heaviest exotic neutrino mass mp, where
3mp, =2mpgs =mpg, f1 = (no terms with m,zli )/total, and f> = (only terms with m%i )/total.

Although the maximal Br of LFVHD predicted by the MSS is much smaller than the pre-
diction from the ISS model given in [6,7], the behave of the curve presenting Br(h — ut)
shown in Fig. 3 have the same form with Br(2 — wu7) calculated in the ISS. The reason is
as follows. If the exotic neutrino masses are fixed the same values in the two models, m =
Mpg = diag(my,, my5, my), the important quantity making different contributions to LFVHD is
the parametrization of mp, see two Eqgs. (30) and (34) for the MSS and ISS, respectively. This
leads to the different structures of the R matrices. The largest components of R in the MSS are

R%SS ~ % with I > 3, while those in the ISS are R;S,S ~ |m“ . Hence, in general the ISS
716

mixing factors are larger than those of MSS a common factor llr:i';fll .
Br of LFVHD by the ISS be much larger than the prediction by the MSS, provided large m,,,

but small 11 x. Unlike the MSS, where mass scale m,,, can be as large as 0(1015) GeV, values of
My in the ISS are constrained by relation (33), i.e. mj |, |/ux = |mp|* < 174> x 67 [GeV]?.
Hence, small (1 x will give small upper bounds of m;,,, and large Br(h — 1) will depend com-
plicatedly on these two parameters. The left panel of Fig. 4 shows possible values of Br(h — ut)
in the allowed regions of py and m,,. Our numerical results are well consistent with previous

work [7]. In addition, by adding a factor lm"ﬁl into RMSS and using the analytic expressions of
AIZISS

& We get a very consistent results of Br(2 — 1) predicted by the ISS, see an illustration in
the left panel of Fig. 4. This confirms again the consistence of our calculation for LFVHD in the
MSS and ISS.

There is an interesting relation between two LFVHD amplitudes calculated in the two mod-
els, as drawn in the right panel of Fig. 4. Here, |AISS |pLXm and |AMSS|m’1 are considered as

functions of m,,. We have checked numerically that |AISS| UxMy,, 2 does not depend on py, and

consistent with conclusion in [7]. It can be seen as follows. The dependence of mp and RISS on

Mg and px can be separate into two parts. The first is the correlation between elements of these
matrices in order to give correct experimental values of active neutrino data. And the second is
the simple dependence on the scales of m,, and ux. In the ISS, R SIS = U;(,H) ~ ,u}l/z and
do not depend on m,,. Now, if we pay attention to the region with large My, the terms like
m Bo 1,2 are dominant c0ntr1but10ns to Ap g because of the factors m . As aresult, A(a+c+d)

containing a factor U} Uy, ~ iy U will give an overall factor u X Hence A(a+‘+d) Xm;ﬁ2
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Fig. 4. Left panel: contour plot of Br(h — p7) and |m p| as functions of mpg and wx, predicted from ISS framework.
The yellow region is excluded by large |mp| > 174+/6m GeV. Dashed black curves are from ISS prediction. Green
curves obtained from modifying MSS. The right panel: a comparison between different contributions from IA%[SS |my, 61

and |A5§S 7 Xm;62. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

may be constant, following the property of B-functions. On the other hand, A(b) contains
uyru "]*U v Ub] ~ ,uX or M,X , depending on both indices i and ] or only one larger than 3.
Because both A(”+C+d) and A(Lb  are still divergent, terms with 1y 2 must vanish in order to guar-

antee a finite A g. This results in a common factor ,uy)_(lm2 for Ay g.Intheright panel of Fig. 4,

) A(a+c+a’) -2

ne AP )R correspond to A = 0. But we checked numeri-

_ZA(a+c+d)

values of ;LXm and puxm

cally that m A L,r 18 independent with A.. In addition, we can see that wxm,

72A(b)

and puxm, always have opposite signs, which is consistent with the fact that divergences

contained in them are really canceled. Two absolute contributions from A(”+°+d) nd A(b LR are
the same order, and nearly degenerate with large m,. They start cancelmg strongly each other
from the electroweak range of m,,, giving a very small uxm,, . ZA L.r-Itis 107 5 times smaller

than values of puxm, ZA(b)

The above dlscussmn is the same for both models ISS and MSS, where m;61 Ay g is the func-
tion considered in the MSS. The numerical results are also shown in the right panel of the Fig. 4.
Consider a region 10 < m,, < 10* GeV, there is an equality that m, ' AYSS = APS xm, 2, im-

plying Bi'S(h — pt) = M—'?BrMSS(h — ut). From previous discussion, where BrMSS(h —
X

ut) < 10732, we can derive the maximal Br'SS(h — 1) < 10732 x O((10*/1079)%) =
O(1079).

We can also estimate the maximal value of Br(h — 1) based on the numerical result
shown in Fig. 4. If m,, > 10° GeV, we have Ag ~ 10_24 _lmz where small Ay is ignored.

—24

Equlvalently, we have Br(h — ut) ~ 10754 . The condmon of perturbative limit gives

nﬁ x5 x 107" /uy = |mp|* < 174* x 67, leadmg to ,uX 6 = O(10%%). Hence in the re-
gion of large m,, > 10° GeV, Br(h — ut) can reach maximal value of ©(1079). If My < 10°
GeV, the allowed region in the left panel of Fig. 4 shows that Br(h — ut) can reach values of
(9(10_7) only if m, is few TeV, uy is order of 1072 GeV, and mp gets values very close to the
perturbative limit.
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5. Conclusion

In this work, the LFVHD in the MSS and ISS models have been discussed where we have
focused on new aspects that were not shown in previous works. We calculated the amplitude of
the LFVHD using new analytical expressions of PV-functions discussed recently. From this we
have checked the consistence of our results in many different ways: comparing them with results
of previous works, calculating in two gauges of unitary and 't Hooft-Feynman, checking analyt-
ically the divergent cancellation of the total amplitude. In the MSS framework, we investigated
numerically the Br(k2 — wt) in the valid and large range of exotic neutrino mass scale, from
10719 GeV to 10'® GeV. When applying the Casas—Ibarra parameterization to Yukwa couplings
of heavy neutrinos, we found a new result that Br(h — ut) ~ m% . with large m,,, because the

mixing matrix elements affecting mostly the LFVHD amplitude by factors of m,;l/ 2 But in the
valid region of perturbative requiring m,, < 10'® GeV, the Br(h — j17) reaches maximal values
of O(10~!1), still far from the recent experimental consideration. Anyway, this may be a hint to
improve the MSS to more relevant models predicting higher values of Br(h — 1), for example
the ISS. In this model, the largest mixing factors contributing to LFVHD amplitude do not depend
on the exotic neutrino mass scale m,, but consist of a factor u;(l . Hence, if two models have the
same neutrino mass scale, and the neutrino mixing matrices obey the Casas—Ibarra parameteri-
zation, there will be a very simple relation that BR™SS(h — 17)/BRMSS (h — put) =~ m?2 GM;_(2~
This explains why the signal of LFVHD in the ISS is extremely significant than that in MSS. But
the perturbative condition does not allow both large m,, and small px, which can predict large
Br(h — ut). Hence, maximal Br(h — ut) is still O(1077) with few TeV of heavy neutrino
mass scale. Our discussion on LFEVHD of the MSS suggests that Br(4 — pt) may be large in
the extended versions of the MSS which allow very large m,. Finally, although we presented
here a different way to calculate the LFVHD, our numerical results for the ISS are well consistent
with those noted in previous works [7,8].
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Appendix A. One loop Passarino—Veltman functions

Calculation in this section relates with one-loop diagrams in the Fig. 1. The analytic ex-
pressions of the PV-functions are given in [13] and they were derived from the general forms
given in [24], using only the conditions of very small masses of tau and muon. They are con-
sistent with [22]. The denominators of the propagators are denoted as Do = k? — Mg + i,
D = (k — p1)2 — M12 +ié and Dy = (k + pz)2 — M22 + i8, where § is infinitesimally a pos-
itive real quantity. The scalar integrals are defined as

(@) _
B\ =

Qrw*P [ dPk gy _ @rwP o dPk
in? DoD;” % in? DDy’
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_ 1 d*k
Co = Co(Mo, My, Mp) = m—zf DoD1 Dy’
where i = 1, 2. In addition, D =4 — 2¢ < 4 is the dimension of the integral; My, M|, M are
masses of virtual particles in the loop. The momenta satisfy conditions: p% = m%, p% = m% and
(p1+ p2)2 = mﬁ In this work, my, is the SM-like Higgs mass, m| 7 are lepton masses. The tensor
integrals are

Qrp)*P /dexk“ o
B*(pi; Mo, M;) = =B\"pl,
(pis Mo. M) =" DoD;
1 d*k x k™
CH=CHMy, M|, My) = — | ———— =C1p'+ CrpY.
(Mo, M1, M) inZ/DoDlDz 1Py +Capy

The PV functions are B(()l)l, B(m and Cy ;2. The functions Cy ;> are finite while the remains are
divergent. We define the common divergent part as A, = l +In4m — yg +1In u? where yg is the
Euler constant. Then the divergent parts of the above scalar factors are D1V[B(')] DiV[B(()lz) 1=
A, and Div[B{"] = —Div[BP] = 1 A..

For simplicity in calculation we use approximative forms of PV functions where p%, p% — 0.
The function Cy was given in [13] consistent with that discussed on [22], namely

1
Co= "3 [Ro(xo, x1) + Ro(xo, x2) — Ro(x0, x3)],

h
where Ro(xo, x;) = ng(xo — ) — Lzz(f(;’ x] ), Li>(z) is the di-logarithm function; x; » are solu-
. . m? M2+M ) M2 —M? —MZ2+is
tions of the equation x2 — = 2 )x + Myib _ =0;x0=—252;and x3 = —52—.
mh mh my Mi—My

Based on [26], the B-functions with small absolute values of external momenta can be written
in stable forms in numerical computations. Defining y;; (i, j = 1, 2) are solutions of the equation
yip? — y(p + M2 Mg) + Ml.2 — 18§ = 0. New functions f,(y) are defined as follows,

1
f,,(y)z(n—}-l)/dt t"1n<1—§>,
0

so that they can be evaluated numerically stable way by choosing

n—I

(1=y""")In s 01 r o if Iyl <10,
Jn(x) = )
In (1 - ;) + Zl=n+l ES| if [yl = 10.

The B-functions now can be expressed in terms of f;,(y), namely

2
BY = Ac—InM? =" fo(ij).
j=1

) 2
BY = (~1y [% (Ae _1an.2) — Zf()(yl'j) + % Zfl(yij)] .

k=1 k=1
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Finally, the B(()]z) and Cj > functions are determined as follows,

2
1
B(()u):Ae—lanz—i—Z—i—Zxkln(l ——>,

X,
k=1 k

1 2
Ci=— (86" = By + 3 - Mpco).
h

1 2 12
Cr=—— [B(g ) BS1Y  (m2 - Mg)co].
h
In our work above use the following notations, m| = m,, mr =myp, p1 = p, and py = pp.

Appendix B. Matching with notations in previous works

This section will show the equivalence given in (21). We recall notations used in [6-8] as
follows. The external momenta are p/,(—p5), and p’ for ingoing Higgs boson, outgoing leptons
e, and ep, respectively. The prime is used to distinguish from the notions that were used in
our work, especially those given in Appendix A. Three denominators of the propagators are
Dy = k*— m%, D} = (k+ p’z)2 — m% and D} = (k+ p} + p’2)2 — m% The one-loop-three-point
functions are defined as,

d*k {1, k*} i

= Chr Cly=Criph, +Cuap, ) B.1
@n)* ~ DyD| D), 167r2{0 w = CHP2 Tt C12P, B

The equivalence between above notations with those given in Appendix A are p} = p1 + pa2,
Ph=—p1, mi23= Mo 2. As aresult, we get D(/>‘1,2 = Dy,1,2, leading to Cy = Cp and C;’L =
C,,. But the scalar factors Cy1,12 and C > are different, namely C;L =Cin(=pip) + Cr2(p1p +
P2p) = (C12 — C11) p1y + Ci2 2oy Matching this with definition of C,, defined in Appendix A.
We obtain the equivalence for Cy > in (21). Other B-functions is proved easily so we omit here.

Appendix C. Form factors in unitary gauge for LFVHD

The contribution from diagram in Fig. 1b) to the LFVHD amplitude is

_ d*k . L[(—=K+ Pa) +my,
lM(b)Z WXH ([Ual MP) [ Dl ]

X [_lg ZC:/ mn,PL +mn/PR)+C (mnIPL+mn'PR)]

z[—(k+m> +m] (g i Kk
X (EUAJJVUPL) UbXD—OX guv—m—z

D,

w
PERR SR Pl k k
UV.*UV. h%e - X _ K
4sz]2:l; ai “bj (2ﬂ)4 DoD; D> <glw m%)v

X igy" Pp [(—4é + pa) + mni] [Cij (m,,l. P + My PR)
+ C}; (mn; P+ my, PR)] [+ po) +mn; | v" Prop.
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The final result is
3 K+3 3

i —
iMp=—5 x — urruy,
(b) 167'[2 4m:‘}’)V ijz_l ; ai ~ bj

X {ma[ﬂPva] [Cij (mi B{l) + mflj B(()lz) +2 [mim,zl/ +m%v(mﬁi + mﬁj)] Ci
—(m,zlimlz, + mﬁjmﬁ)Cl - mijm%vco)

+ C;kjmimj (B(()lz) + B{l) —m3,Co+ [4m%y + mi, + mﬁj —m? — mi] C1>]

+ [t Prop] [Ci ; (—mﬁj B® +m2 B —2 [mﬁimﬁj +m,(m2, + mﬁj)] Cs
—I—(m%l,m,% + mﬁjmg)cz - miim%VCO)

+ Ciimim; (B(()lz) - Bf2) —m%,Co — [4m%4, +mﬁi +mﬁj —m? - mg] CZ)]} .
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