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Abstract
In this paper, we examine the three-level optical Stark effect of excitons in InGaAs/InAlAs
quantum dots using renormalized wavefunction formulation. The system was assumed to be
irradiated by two lasers in which a strong laser dynamically couples electron-quantized levels,
while a weaker laser probes interband absorption. Our results show that, in the presence of the
resonant strong laser, two new absorption peaks of excitons appear in the absorption spectrum as
a clear indication of the effect. In addition, we propose that the formation of the effect in low-
dimensional structures could have connection to the splitting of electron levels. Furthermore, we
seek to explain the essential dependence of the amplitude and position of two peaks on pump
field detuning.
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1. Introduction

Semiconductor low-dimensional structures have become
more appealing to the scientific community in recent decades
due to their extraordinary electronic, optical, thermal, and
mechanical properties compared to their bulk counterparts
[1–5]. The advantages of these structures include high surface
areas and possession of quantum size effects, which yield
surface effects and discrete energy spectra as well as confined
wave functions of electrons and holes [4, 5]. Such structures
can be applied to the production of devices, e.g., laser diodes
[6–8], photodectectors [9, 10], THz emitters [11–13], field-
effect transistors [14, 15], energy storage, and high-perfor-
mance conversions [16, 17]. In these structures, quantum dots
(QDs) exhibit more promising properties and applications
than higher-dimensional structures such as quantum wells
[18–20].

The optical Stark effect of excitons in low-dimensional
structures was first discovered in semiconductor quantum

wells in 1986 [21], and has been studied extensively since
then [22–26]. This effect has considerably transformed the
absorption spectra of excitons and therefore has made sig-
nificant change to applications such as creating a new optical
switching. The optical Stark effect in quantum wells is clas-
sified into two groups, including two-level and three-level
Stark effects. While the former is a light-induced effect [27],
the latter is the result of coupling of two excited states [28].
Moreover, since the three-level Stark effect requires lower-
intensity laser sources of much lower photon energy in
interband transitions, it occurs more readily and is more
applicable than the two-level counterpart. Characterization of
the three-level Stark effect in quantum wells can be performed
using the theory of three-level nonlinear susceptibility [24] or
by a renormalized wavefunction formulation [28]. The
renormalization method is shown to provide a clearer view
inside the effect.

Recently, there have been several experimental projects
related to the optical Stark effect in semiconductor QDs
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[29–33]. These works emphasized future devices of quantum
computation such as ultrafast all-optical switching, hybrid
phototransistors, and entangled photon pairs. Interestingly,
the characteristics of the devices were found to be sig-
nificantly affected by the optical Stark effect. However, there
has been no extensive theoretical study on the three-level
optical Stark effect in semiconductor QDs. Hence, it is
imperative to investigate how the effect influences semi-
conductor QDs due to relevant interests in basic physics as
well as optimization of devices.

Nanostructures made from In0.53Ga0.47As/In0.52Al0.48As
layers were reported to have advantages such as large con-
duction-band discontinuity, about 500 meV [34], which can
be treated as an infinite barrier for the electrons in these
structures. Furthermore, these structures can be doped with Si
atoms more readily so as to raise the densities of electron gas.
They can also be used in ultralow-loss fiber communications
systems due to their short-wavelength infrared working range
at 2–4 μm [34].

In this paper, we monitor the three-level optical Stark
effect of excitons in In0.53Ga0.47As/In0.52Al0.48As QDs in
renormalized wavefunction formulation as for quantum wells.
Sections 2 and 3 are devoted to the formulation of the basic
equations and the analysis of three-level optical Stark effect in
the QDs. Section 4 summarizes our approach and presents
key results.

2. Model and theory

2.1. Model

We use isotropic, direct band gap, parabolic two-band semi-
conductors. QDs are assumed to be spherical, with an infinite
potential barrier that confines all particles inside (see page 5
of [35] and ref [36]). Those assumptions would simplify
analytical calculations without undermining the model’s
reliability, and would be especially suitable to small dots with
large band offsets. Consider a QD confined in an infinite
spherical potential well U r( ) with the dot radius R such as
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where r is the magnitude of the position vector of the electron
from the dot center. The total wavefunction of electrons and
holes are given as
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where


u rc v, ( ) is the periodic Bloch function located near the
center of the Brillouin zone, with c and v signifying the con-
duction and valence band, respectively. The envelope wave-
function of the electrons and holes in the spherical coordinates
is given as follows (see pages 11–15 in reference [35]):

q f q fY = Y =

r r Y f r, , , , 3e h e h

lm nl
, ,( ) ( ) ( ) ( ) ( )

where n, l, m are quantum numbers and q fY ,lm ( ) is the
spherical harmonic function. The normalized radial part of this

wave function is
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where j rl ( ) is the spherical Bessel function and cnl is its zero-
points. The corresponding energies of electron and hole are
determined respectively by
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where m ,e mh are the effective masses of electron and hole in
bulk semiconductor, and Eg is the bandgap of the
semiconductor.

Then we compute the interaction Hamiltonian between
the electron and the electromagnetic field. The pump and
probe lasers can be described by

= w-
 
E t nA e , 7x

i tx( ) ( )

where A ,x wx are the magnitude and frequency of the laser
wave, respectively; x represents pump or probe laser. Using a
radiation gauge with =


divA 0 and F = 0 (see page 117 of

[35], and also ref [37]) we are able to determine vector
potential to be

w
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When the electromagnetic field is not so strong that we can
omit higher-order terms, and Coulomb gauge is applied, the
electron–electromagnetic field interaction Hamiltonian can be
written as [37, 38]
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where e, m ,0 and

p are the charge, bare mass, and momentum

of the electron, respectively. Substituting equation (8) into
(9), we have
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The matrix element for an optical transition from the
initial state ñi∣ to the final state ñf ,∣ in the presence of the just-
discussed laser, is then determine by
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2.2. Matrix element for optical transition between electron
levels

In order to investigate optical transitions in QDs, we need the
transition rates or the absorption probabilities in a unit of
time, which can be calculated using Fermi’s golden rule. We
therefore have to work with the matrix element for optical
transition that appears in the formula of Fermi’s golden rule.
In the three-level model, the lowest level corresponds to the
first quantized state of the hole in the valence band, while the
other two levels are associated with the lowest quantized
states of electrons in the conduction band (figure 1). There-
fore, in order to investigate the three-level optical Stark effect,
we need to consider both the intersubband transition between
electron levels of a strong pump laser and the interband
transition between two lowest levels of hole and electron of a
probe laser. When both lasers operate simultaneously, the
strong pump laser provides a mixing state with renormalized
wavefunction, while the probe counterpart yields the three-
level optical Stark effect.

We first calculate matrix element for the optical inter-
subband transition between electron levels ñ1∣ and ñ2∣ under
the effect of a pump laser denoted by a thick dashed arrow in
figure 1(a). The two corresponding states are then described
by the total wavefunctions with the same Bloch function
u r ,c ( ) and the initial state and the final state are determined
by

⎪
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As mentioned in the previous section, pump laser is assumed
to be
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where Ap is the magnitude of pump wave. Combining
equations (10) and (14) then substituting into equation (11),
we have the matrix element for an intersubband transition

between two electron quantized levels of s1 and p1
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In order to calculate the optical transition rates, we will need
the momentum matrix element between the band states,
which was given as follows for the intersubband transition
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Supposing the polarization of the light is parallel to the z-axis,
we have
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Similar calculations would yield an equation system
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where *V21 is the complex conjugate of V21.

2.3. Exciton absorption in the absence of the pump laser

We will find the matrix element for optical transition between
the two lowest levels of hole and electron ñ0∣ and ñ1∣ or
exciton absorption under the effect of a probe laser in the
absence of the pump laser, as depicted by a thin dashed arrow
in figure 1(b). It is an interband transition, so two corresp-
onding states are described by the total wavefunctions with
the different Bloch function. Hence, the initial state and final
states are determined by
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As mentioned in the previous section, probe laser is assumed
to be
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Therefore, combining equations (10) and (21) and then sub-
stituting into equation (11), we can deduce the matrix element
for an interband transition between two quantized levels of

-s1 state of electron and hole as follows
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m
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s
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s
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where pcv is the polarization matrix element between con-
duction and valence band. From that we can deduce the

Figure 1. The three-level model: ñ0∣ is the level of hole, ñ1∣ and ñ2∣
are the electron levels. Optical transition by: (a) pump laser photon
wp between ñ1∣ and ñ2 ,∣ denoted by a thick dashed arrow; (b) probe
laser photon wt between ñ0∣ and ñ1 ,∣ denoted by a thin dashed arrow.
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transition rate under the effect of a probe laser [39]
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We then apply the well-known ‘Lorentz line’ function [40] to
calculate the approximated form of the transition rate
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where G is the phenomenological linewidth of absorption
peak; note that we use a monochrome probe laser;
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2.4. Exciton absorption in the presence of the pump laser

We find the absorption spectra of the excitons by irradiating a
probe laser in the presence of a pump laser whose frequency
is nearly equal to the energy difference between two electron
levels (figure 2). In order to observe the three-level optical
Stark effect in the QDs, some conditions must be satisfied.
Firstly, the pump laser intensity must be significantly stronger
than the probe laser. Secondly, the detuning of the pump laser
to the electron levels must be much smaller than the fre-
quency of the pump laser and band gap of active material in
QDs

/w wD   E . 26p g ( )

In the presence of a pump laser, the wavefunction of the
electron is renormalized as
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of electrons and En are the energy eigenvalues before the time
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V12 is the matrix element of the intersubband transition
between the =n 1 and =n 2 sublevels of electrons under the
action of the pump wave, as presented in section 2.1,
equation (18). V12 is a function of radius of QD, and thus is
different from the cases of bulk semiconductor and quantum
wells that are independent of the size of the considered
structures.

The matrix element corresponding to this transition
between 1 s-state of hole and the coupling (mixed) state of
electrons under the effect of the probe laser is given as
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where Y

rs mix

e
1 ( )( ) is the renormalized electron wavefunction

of the first level. Then we can find the transition rate as

Figure 2. Three-level model in the simultaneous presence of a pump and probe laser: (a) optical transitions are expected to be observed as
usual; (b) scenario is revealed from calculation. Vertical dashed arrows mean the same as in figure 1. +ñ1∣ and -ñ1∣ are the splitting levels of
the first level of electrons after the pump laser is turned on.
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follows [39]
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Here, we omit the crossing terms due to the small contribution
to the spectrum resulting from the least overlap of the delta
functions. Performing a similar procedure as in the previous
section, we get the approximated form of the transition rate
[40]
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where G  0 is the phenomenological linewidth as men-
tioned before. As illustrated in equation (33), the transition
rate depends directly on many parameters of the system:
effective masses of electron and hole, polarized parameter,
detuning between pump laser and two electron quantized
energy levels, QD size, intensity of pump laser, as well as
profile of absorption peak, etc. From equation (33), we can
expect that there will be two exciton peaks in the absorption
spectra as a result of the indeterminate form of two terms of
this equation. The schematic diagram of possible excitations
is presented in figure 2(b), while figure 2(a) shows the
schematic diagram of usual optical transitions. Both original
electron levels are split under the strong electric field of a
pump wave. Using equations (27) to (30), we can determine
the splitting levels of the first original level of electron,
corresponding to states +ñ1∣ and -ñ1∣ , as
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Furthermore, the splitting levels of the second original level
of electron, corresponding to states +ñ2∣ and -ñ2∣ , are given
by
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Moreover, the conservation of the energy-level average
between the original states and the shifting and splitting states
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can be deduced from equations (34) and (35). However, the
splitting levels of the second original level of electron +E2 and

-E2 were omitted from the diagram in figure 2(b) since the
selection rule for the interband transition in QDs limits the
contribution of these levels to the optical Stark effect.

Detailed explanations for the splitting of electron levels and
formation of the three-level optical Stark effect are given in
the next section.

3. Results and discussion

Now we apply our theory to consider the three-level optical
Stark effect of excitons in In0.53Ga0.47As/In0.52Al0.48As QDs.
The parameters used in the calculation are as follows. The
effective mass of electron and hole in the dot material
In0.53Ga0.47As are =m m0.042e 0 and =m m0.052 ;h 0 the
band gap of the dot material is Eg=750 meV; the pump laser
amplitude is /= ´A 4 10 V cmp

4 ; and the linewidth is
Γ=0.1 meV. A high-conduction band offset, which is about
500 meV, could serve as infinite potential for the electrons
moving in the dot.

We first examine the exciton absorption spectra to seek
the existence of the three-level optical Stark effect of excitons.
We begin with a simple case of a spherical QD with radius
60Ǻ and zero pump field detuning (figure 3). The dashed line
and solid line represent two cases under consideration: in the
absence and in the presence of the pump laser, respectively.
When the pump laser is absent, starting from equation (24),
we observe one original absorption peak only (the dashed
line), which signifies the transition between the two lowest
quantized energy levels of electron and hole. This observation
could be explained by the selection rule for the interband
transition. However, after irradiating a strong pump laser,
which is resonant with two quantized levels of electrons, there
appear two peaks of excitons in the absorption spectra as
expected from equation (33). These two peaks are located
symmetrically on both sides of the original peak (solid line,
figure 3). Interestingly, the shifting and splitting of spectral
peaks of excitons in the presence of a strong optical wave are
similar to those of spectral lines in an external electric field
seen in the Stark effect. In other words, the results provide
clear evidence of the existence of the three-level optical Stark
effect in this quantum structure, quite similar to the effect in
quantum well structures [21–26].

In order to investigate further this effect, we first consider
the influence of the pump field detuning on the peak profile.
The exciton absorption spectra in spherical QDs is rendered
with radius =R 60 A,̊ and in the presence of the pump
laser with detuning wD = 0 meV (thin solid line),

wD = 0.1 meV (thick solid line), and wD = 0.3 meV
(dashed line) (figure 4). In all cases, we observe two peaks of
excitons in the absorption spectra, though with different peak
height. Therefore, this observation also confirms the existence
of the three-level optical Stark effect.

It is really exciting to explore the origin of the effect. The
mechanism of this effect can be understood from the scheme
depicted in figure 2(b). Under a strong pump laser which is
resonant with two quantized levels of an electron, the lowest
state of the electron is renormalized and split into two sub-
levels, one being higher and another being lower compared to
the original level in the energy scale, obeying the energy
conservation. Therefore, when we probe the exciton, we do
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not see the original absorption peak. Instead, we notice two
new transitions from the hole level to these two renormalized
electron levels. Consequently, two new exciton peaks were
observed. This effect can be utilized to build an ultrafast
switching for future optical equipment. More specifically, by
turning on a strong laser, we can shift the absorption spectra
states back and forth between complete absorption and
transparency in femtoseconds.

However, there has been no precedent study that explains
the reasons why the first electron level splits under a strong
pump laser and leads to the formation of the three-level
optical Stark effect in low-dimensional structures. Therefore,
collective results from this study provide us more insights into
this phenomenon. This splitting resembles the one happening
during the Stark effect, except that it requires the existence of
a strong pump laser that is resonant with two quantized levels
of electrons in QDs. This strong resonant laser plays a role as
a ‘connection’ between the two quantized levels of electrons.
Consequently, the strong laser creates a two-fold big level
whose linewidth is equal to the energy difference of the two
levels. Then, under the strong electric field of a pump wave,
the symmetry of this degeneracy level is broken as in the

Stark effect. Consequently, both original electron levels are
split. We, however, notice only two exciton peaks corresp-
onding to transitions among the hole level and two splitting
levels of the first original electron level, which agrees with the
selection rule for the interband transition in QDs. And due to
low-dimensional structures possessing similar discrete band
diagrams, we would expect that this explanation is also
applicable to other structures such as quantum wells.

It is interesting that figure 4 also reveals the character-
istics of peaks and the conservation of the transition rate. The
amplitude and position of these two peaks depend quite
essentially on the detuning between the pump laser and two
electron levels. When the detuning increases, one of the peaks
heightens but the other shrinks. Hence, larger amplitude dif-
ference between two peaks is observed with significant
detuning magnitude. This dependence can be explained by
assuming that, in the absence of the pump laser (figure 3),
there is only one peak with the highest height and with a finite
transition rate R. This rate is fixed for a specific transition in a
certain low-dimensional structure due to the rate being
determined by certain parameters of the density of states and
the square of the electric dipole matrix element [41]. When
the pump laser is turned on, due to the symmetry of the two
splitting levels, two peaks share the same transition rate and
therefore the same height. The total transition rate is fixed so
that each transition rate of these two peaks should be
equivalent with one half of R. These two symmetric peaks
with the same height, located at the both sides of the original
peak, are obtained in the presence of the pump laser with the
zero detuning. Figure 5 illustrates the exciton absorption
spectra states when the detuning increases, encompassing the
spectra in the absence of the pump laser and in the presence of
the pump laser with large detunings wD = 0.3 and

wD = 0.8 meV. We observe that, at larger detuning, one of
the two splitting peaks tends to recover back the original peak
while the other deviates from it. The former yields a higher
transition rate and therefore a higher height and larger line-
width than those of the latter. More specifically, the former’s

Figure 3. The exciton absorption spectra in spherical QDs with
radius =R 60 Å in the absence (dashed line) and presence (solid
line) of pump laser with pump field detuning wD = 0 meV.

Figure 4. Exciton absorption spectra in spherical QDs with radius
=R 60 Å in the presence of the pump laser with three different

detunings wD = 0, 0.1, and 0.3 meV.

Figure 5. Exciton absorption spectra in spherical QDs with radius
=R 60 Å in the absence (solid line) and presence of pump laser

with pump field detuning wD = 0.3 (dashed line) and 0.8 (dotted
line) meV.
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height is equal to ∼50% and 80% of the original peak height
at wD = 0.3 meV and wD = 0.8 meV, respectively. In
other words, the former’s height is an increasing function of
the detuning. In addition, the linewidth of the big splitting
peak is larger than the original peak’s counterpart and reduces
to the original peak’s linewidth when the detuning reaches a
very large magnitude.

Moreover, this dependence is stronger as the dot radius is
smaller, as can be seen in figures 4 and 6. With the same
detuning of 0.3 meV, the height of the low-energy peak
changes according to the dot radius. The low-energy peak still
exists when the dot radius is 60Ǻ (figure 4) but nearly dis-
appears when the dot radius is as small as 40 Å (figure 6).
Furthermore, when the detuning varies, the peak positions
also vary accordingly.

These phenomena can be seen more clearly in figure 7, in
which the changes are made continuously. When the detuning
goes from 0 to 0.4 meV, one peak tends to zero while the
other emerges gradually. However, both peaks shift in the
same direction. We can see that the amplitude and position of
the two peaks depends monotonously on the detuning.

4. Conclusions

In this paper, we explore the existence and characteristics of
the three-level optical Stark effect of excitons in InGaAs/
InAlAs QDs using renormalized wavefunction formulation.
Our results show that, when the pump wave is turned on, two
new absorption peaks of excitons appear as clear evidence of
the existence of the effect. The amplitude and position of
these two absorption peaks depend essentially on the detuning
magnitude between the pump laser and two electron-quan-
tized energy levels. These dependences are stronger with
smaller dot radius. In addition, an explanation for the for-
mation of the effect in low-dimensional structures is clearly
presented in connection with the splitting of electron levels
due to the presence of the strong pump field. Furthermore, we
explain the reasons why the electron levels are split, why only
the first electron level contributes to the effect, and why large
detuning leads to a large difference in amplitude of the two
exciton peaks. For simplicity, in this work we consider
spherical QDs but this assumption is not expected to under-
mine the model’s reliability. We hope that future research
projects will seek to verify our theory with related exper-
imental results. We also hope to expand our theory to
quantum beats, a similar and important problem in low-
dimensional structures.
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