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Abstract. A generalized Bogoliubov method for investigation non-simple and complex
systems was developed. We take two branch polariton Hamiltonian model in second quantization
representation and replace the energies of quasi-particles by two distribution functions of
research objects. Application to stock exchange market was taken as an example, where the
changing the form of return distribution functions from Boltzmann-like to Gaussian-like was
studied.

1. Introduction
Bogoliubov method|[1] is frequently used in superconductivity|2, 3] systems and condensed matter
physics. It is a well-known method, used as a filter for reducing special hamiltonians of interacting
particles to almost noninteracting quasi-particles[4, 5, 6, 7]. In this investigation, Bogoliubov
method is used to describe the transition of two branches polariton Hamiltonian model in second
quantization. This method will be developed in the case of boson gases and plasmon-polariton.
Then it will be applied in stock exchange market, as an example of complex system.
Quasi-particles are replaced by complex systems, described by statistical functions. It will
appear then two branches as in boson or plasmon-polariton case. But in stock exchange market,
we know only one system corresponding to one branch, the other branch is unknown. The
transition of distribution function in stock exchange market corresponds to one branch. The
unknown duality system remains as a challenge for our next investigation.

2. Bogoliubov transformation
Consider a system containing two quasi-particles a and b, their interaction is described by second
quantized Hamiltonian

H=> {eq(k)ajap + ey (k) b br + gr [a) b + b ax] } (1)
P

in which ¢, (k) , €5 (k) are quasi-particle energy, represented by creation operators a;, b,‘;
and annihilation operators a;, b, , interaction constant gy and pulse k. Interacting particle
system could be transformed to non-interacting particle system via Bogoliubov transformation
by annihilation operators A, B, with corresponding energy E4 and Ep. For simplicity, we use
only real parameters. After diagonalized, Hamiltonian of system becomes:
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H=> {Es(k)Af Ay + Ep (k) B{ By} . (2)
k
Bogoliubov direct transformation
A = ugay + vpbg, Br = —vrar + upby. (3)
Bogoliubov inverse transformation
ap = ug A — vp B, bx = v Ag + up By (4)
Normalization condition
up + i =1, (5)

With given Hamiltonian with three parameters {eq, €5, g}, we need to transform {u, v} in
order to get Hamiltonian of non-interacting quasi-particle system

{€as €vy 9} == {Ea, Ep, u}, (6)
with {E4, Ep} parameters of non-interacting quasi-particle system.
2.1. Boson case

In case that a and b are bosons, commutation relation for bosonic creation and annihilation
operators

[ar, a] = [br, 0] =1, (7)
other commutations of a and b are 0. It is easy to see that A and B are also bosons because
(A Ay ] = [Bi Byl = 1, (8)

other commutations of A and B are 0.
Dispersion law of new quasi-particles is

1

Eap ()= {[aa (k) + e (8)] % lea () + e (B) + 4g,z} | ©)

Transformation parameters are

W2 =1 e s
ko2 Ve (k) ten (k) +ag2 (10)
2 =101 et

Ve (k) tes (k) +4g2

2.2. Plasmon polariton
In case of plasmon-polariton, quasi-particle a is photon v, quasi-particle b is plasmon, dispersion
law

ck ck
o=y (k) = e =er (k) = hwp = 7% (11)

in which c is speed of light, €pis dielectric constant , wp is plasmon frequency. Consider A =c¢ =1
and ¢y = 1.

Dispersion law of plasmon-polariton up and down are described in Fig.1.

Transformation parameters u?, v? are described in Fig.2.

When k increases, in the upper line plasmon becomes photon, while photon become plasmon
in the lower line.

This property could be applied to complex systems.
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Figure 1. Plasmon polariton dispersion law.
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Figure 2. Transformation parameters.

3. Application for financial market
Consider two complex systems « and g , their quasi-interaction is described by second quantized
quasi-Hamiltonian

H=> {lea (k) + a0l o + [£3 (k) + €p0] B B + G [f B + Brcws] } (12)

in which e, (k), €g (k) are quasi-energy of complex systems, calculated from quasi-vacuum
€00, €50 ; quasi-annihilation operator ay,, B, quasi-creation operator o, B, action coordinates
quasi-pulse x ; and G (k) quasi-interacting constant.

Statistical parameter x is expended another space dimension. P, (z), Pg(x) are x distribution
functions corresponding to complex systems, satisfy normalized condition on X

Jx Po(x)dz =1,

Jx Ps(x)dz =1, (13)

quasi- Hamiltonian is rewritten

H= Z /X dz {[a (K) + €a0Pa (2)] oyt i + [€5 (k) + €303 (2)] B B + G (2) [0} Br + Brous] }

(14)
Bogoliubov method could be applied to diagonalize quasi-Hamiltonian of interacting complex
systems to non-interacting complex systems, described by quasi-annihilation operators A and
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B (E*, BT are corresponding quasi-creation operators) at quasi-energy Q4 and Qp. In this
investigation, all parameters are real. After diagonalization, Hamiltonian becomes

I:I:;/de {QA (k,2) AT A, 4+ Qp (k, z) :B Z/ deH, ( (15)

Bogoliubov direct transformation

An = Unan + Vnﬁm BKJ = —U,.;O(,{ + Vnﬁn- (16)
Bogoliubov inverse transformation
oy = UgAy — VB, B = VA, + U, B,. (17)

Normalization condition
U2+ V2 =1, (18)
For a given quasi Hamiltonian of interacting complex systems {eq, €3, G}, {U, V} need to

be changed with normalization condition U? + V2 = 1 to get the new quasi Hamiltonian of
non-interacting complex system {Q4, Qp}

Hyi (x) = [ea (k) +eaola (@)] o an + [e5 (1) + €05 (2)] B B + G (2) [ B + Breou]
= Q4 (k) AF A+ Qp (K, :13) BB,.
(19)
In the mathematical point of view, it is a transformation

{Ea, €B; G}<:>{QA, QBU}. (20)

Dispersion law of the new system

Q45 (k) = 5lea (k) +eaoPa (z) + 5 (k) + caoPa (2)] o)
£31/Iea (k) + ca0Pa (1) — 25 (k) — ca0Pa (@) +4G2 (),
with transformation factor
U2 =101 Eeltea) s caoPala)
@ =2 { V/[ea(k) 200 Pa (@) +25 (k) +ea0 Pa (@) +4G2 (2) (22)

=1-V2(x).

Increasing k in the lower line, a becomes [, while in the upper line, 8 becomes a.

In financial market, returns distribution function z transform from Boltzman-like Pp (z) =
(1/27\) exp (—z/X) to Gaussian-like Pg(z) = (1/v2m0) exp (—a?/40?) with corresponding
statistical factors A, o, in this case, action coordinates k is time ¢t. Apply Bogoliubov method,
Hamiltonian can be written as

Hi(z) = [ea(t) +aoPa (D] o ar+ [e5 (t) + 2p0Ps (1)) B Be + G () [ By + Bru]
= Qu (t,z) At A, + Qp (t,x) Bf By,

in which a4, 8; are quasi-annihilation operators, which describes impaction with quasi-energy
€a (t) = bt to financial market at quasi-static energy eg(t) = epr. The evolution of returns
distribution from Boltzmann like to Gaussian like is described in Fig. 3 and Fig. 4

In econophysics systems, quasi-energy of complex systems is identified by market returns.
As observed in our previous works|8, 9|, there exists the fluctuation of market returns
distribution. Most of the published works investigated only on Gaussian-Boltzmann distribution
transformation but not the reverse process. This works showed that there might exist Boltzmann-
Gaussian distribution transformation also.

(23)
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Figure 3. Returns distribution evolution.
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Figure 4. Returns distribution evolution.

4. Conclusion

After a brief presentation of general Bogoliubov method, investigations in Bosonic system and
plasmon-polariton system are made. A transition between two lines of dispersion is observed.
In previous publications, a transition of market returns distribution function is realized in
some investigations. Some explanations are made, with the hope to understand the dynamic of
this transition. In this investigation, Bogoliubov method is used to describe the transition, as
another view of this phenomenon. Beyond that, the result of this work opens a possibility to
understand that there exist the vice-versa transformation, which is never ever been mentioned

before.
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