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In calculating one-loop contributions to amplitudes of the lepton-flavor violating decays of the
neutral Higgses (LFVHD) to different flavor charged leptons, the analytic expressions can be
written in term of Passarino—Veltman functions. Then, they can be computed numerically by
LoopTools [1]. Another approach is using suitable analytic expressions established for just this
particular case. We compare numerical results obtained from LoopTools and those computed
by different expressions that have been applied recently. Then we derive the preferable ones
that are applicable for large ranges of free parameters introduced in extensions of the standard
model. For illustration, the LEVHD in a simple model, which has been discussed recently, will
be investigated more precisely.

Subject Index B40, B53, B56

1. Introduction

In 2012, the detection of the standard model (SM) Higgs was a milestone of particle physics [2,3].
Experimental searches for lepton-flavor violating decays of the neutral Higgses (LFVHD) have seen
important new improvements recently [4—6]. Motivated by this, studying for signals of LFVHD
at colliders in forthcoming years has been given attention [7—14]. Also, the LFVHD of neutral
Higgses were studied widely [ 15-39] where one-loop contributions were computed in many specific
frameworks such as supersymmetric (SUSY) [31-39], lepton-flavored dark matter [40], leptoquark
[41-43], seesaw [44—47], extended mirror fermion [48], 3-3-1 and radiative neutrino mass models
[49-52], and others [53,54]. Some recent models assume the presence of tree level lepton-flavor
violating (LFV) couplings [55—65] in order to explain successfully the large excess of LFVHD of
the SM-like Higgs boson noted by the LHC.

The one-loop contributions to LFVHD in SUSY models are usually formulated by the mass
insertion method [31-39], which will lose accuracy when the new (SUSY) scale is not much larger
than the electroweak scale. There is another way that is applied to both SUSY and non-SUSY models,
in which one-loop contributions are written in terms of the PV-functions [31-39,44,45] before they
are numerically investigated using well-known computation packages [66—70].

Recently, there have been efforts to find convenient analytic expressions used for calculating
one-loop contributions to LFVHD in non-SUSY models, without using numerical packages. The
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reason is that it is advantageous for studying models with simple loops contributing to LFVHD.
In addition, it is extremely useful for qualitative estimation of particular loop contributions before
making concrete investigations. The mass insertion method may not work well because these mod-
els predict new relevant scales rather close to the electroweak scale. References [42,48,52] did not
exhaustively solve integrals in analytic formulas, although Ref. [42] did cross-check them numer-
ically with those built from PV-functions. According to our experience, these expressions will not
work well if the loops contain two small masses of virtual particles like active neutrinos or MeV
masses of the exotic neutrinos in (inverse) seesaw models. Reference [40] tried to find final analytic
forms solving all integrations, but they are only valid in very special cases, e.g., when masses of
new particles are much heavier than the SM-like Higgs mass. References [43,53] used directly an
expression containing Cp-functions—the simplest scalar integral in the set of one-loop—three-point
PV-functions. But there were no analytic formulas for Cy introduced. It was calculated using one
set of fixed values of internal masses and external momenta. Reference [46] used some particu-
lar assumptions for evaluating approximate analytic forms of one-loop contributions to LFVHD
in a radiative neutrino mass model. In an effort to investigate LFVHD in a 3-3-1 model [49,50],
an analytic expression for Cy was introduced, needing only reasonable conditions of very small
masses of normal charged leptons e, u, and t, corresponding to the approximate zero on-shell
momenta. This result was derived as a particular case of the general expression given in Ref. [71].
It is then very easy to deduce all other one-loop—three-point PV-functions, which are as well known
as C-functions. One of our main purposes is proving numerically the very consistency of Loop-
Tools [1] and these analytic expressions. We then compare them with other formulas that have
been used recently. In particular, we will study formulas of C-functions introduced in Refs. [40]
and [46] with the aim of finding regions of parameter space where these two expressions are still
valid.

We would like to stress that, in calculating LFVHD at the one-loop level, the key problem in
constructing simple analytical forms of PV-functions is that the external momentum of the SM-like
Higgs bosons cannot be taken to zero. It seems more dangerous when decays of heavy neutral Higgs
bosons in models beyond the SM are considered. Many analytic forms of the one-loop—two-point
PV-functions, denoted B-functions, are available and very consistent with LoopTools [71,72], such as
expressions given in Eq. (A4). Therefore, we will not consider them in this work. But for a C-function,
even two external momenta relating with charged leptons can be taken to zero, the momentum of the
external Higgs cannot be ignored when the loop contains at least one heavy virtual particle. Hence,
the analytic expressions for three zero external momenta, e.g., those given in Ref. [73—75], cannot
be applied to calculating LFVHD in general.

Another new result of this work is that we will use the analytic formula of Cy to reinvestigate
the LFVHD in a lepton-flavored dark matter model introduced in Ref. [40]. In particular, we will
focus on the ranges of small masses of sleptons and neutral Majorana leptons that cannot apply to
expressions used in Ref. [40].

Our paper is arranged as follows. Section 2 will check the consistency between numerical results
given by LoopTools and analytical formulas introduced in Ref. [49,50], concentrating on the
Co,12-functions. The other scalar factors of tensor integrals are easily derived by reduction pro-
cedures. We then use the analytic formulas to compare with those used in some recent studies.
Section 3 will restudy the LFVHD in the model given in Ref. [40] and discuss the possibilities for
detection of new particles predicted by these models at the LHC and future colliders. The final section
is our conclusion. The three appendices list the PV-functions discussed in this work.
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2. PV-functions for calculating LFVHD
2.1. LoopTools versus analytic expressions in Ref. [49,50]

The PV-functions relating with one-loop contributions to LFVHD are two- and three-point functions.
Conventions for external momenta are shown in Fig. 1.

We use a prime to distinguish notation between LoopTools and analytic forms, i.e., PV-functions
computed by LoopTools are C’-functions with external momenta p,p5, and p}. The notation for
analytic forms is unchanged, namely C-functions defined in Eqs. (A6) and (A9). Relations between
the two expressions for the same one-loop—three-point functions are as follows. The last external
momentum satisfies the on-shell condition p% = p’32 = m%, where my, is the mass of some neutral
Higgs boson, including the SM-like Higgs boson.

For the scalar function Cy we have

Co = Co(Mo, My, Ma) = Cy(p}, p3, mo; M}, M3, M3) = Cy(My, My, M), (1)

where the corresponding notation is p| — —p1,p5, — —p2,py — p3,mi — Mi,my — My and
m3 — M>. This result is proved by changing the variable ¢ = —k + p; between the two notations.
Another proof is given in Appendix B.

We need only one tensor integral C* for calculating LEVHD in the 't Hooft Feynman gauge. The
standard definition for it according to LoopTools is

C'™(my,my,m3) = C* (O, 5, 0} +py)*smd,m3,m3) = Cikl + Chklt, 2)

where the inverses of Feynman propagators in the loops are denoted D, = ¢*> — m%, D, = (¢ +
P? —m3, Dy = (q +p| +p5)? —m3, ki = p|, and kr = p| + p}. The standard definitions for the
analytic expressions are listed in Appendix A, namely

U 2 2 2,142 142 142 i d*k x ki m m
Cr = C"(p1,p3, (p1 +p2) 9M05M15M2):; mzclpl + Copy, 3)

where Dy = k> — M2, Dy = (k — p1)? — M?, Dy = (k + p2)* — M3.
Now we try to find the relation between C"* and C* that have relations among momenta, p| = —p1,
Py = —p2, Py = p3, and masses {m,my, m3} = {Mo, My, M>}. Because C'* is finite, changing the

= C(p?,p3, (p1 + p2)*; Mo, My, M)

= C(p},p3, (p1 +p2)?, m3, m3,m3)

k, My q, Mo

p1 p1 D2 D2
q,mq
p P ‘
= B(p*,m3, m3) k—p1, My k + po, My
q+p,ms = B(p?, Mg, M?) = B(p3, M3, M3)

Fig. 1. Notation and directions of external momenta. The left panel is from LoopTools, where k; = p; and
ky = p1 + p2, while the right panel is from Ref. [49,50].
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integral variable ¢ — —k + p1 in Eq. (2) does not affect the integral value. Therefore, we get a new

expression for C'*:

d*k x (=k + pp)*
DyDyD;

C' (my, my, m3) = Lz/ = Ciky' + Gk, )
T

where Dy = k2 — m%, Dy = (k —p1)? — m%, and D), = (k +pr)? — m% Fixing my, = My, m; = M,

and m3 = M> and comparing Eq. (4) with Eq. (3), we obtain an important equality:

C'™ (M1, Mo, M) = —C* + Coplf

or
—py C{(M1, My, M>) — (p1 + p2)" Cy(My, My, M) = —(Cip!| + Caph) + Cop'. (5)

As a result, the relations between scalar functions are
Ci(My, My, M) = C; — C; — Cy, C5 (M, My, Mp) = Cs. (6)

Now we will check numerically the consistency between LoopTools and analytic expressions based
on the three equalities shown in Egs. (1) and (6), where C6,1,2 (M1, My, M>) is computed by LoopTools,
and Cy, C| = C; — C; — Cp, and C; are computed using Cp,1 2 given in Appendix A.

In many models, the case of M| = M, often occurs in LFVHD calculations, where M| (M) may
be masses of charged Higgs bosons; fermions including active neutrinos, exotic leptons or quarks;
charged gauge bosons and their Goldstone bosons. Therefore, we will check with M| = M5 in the
two following cases: (1) all My 1 > are new particles from beyond the SM, and (i1) at least one of these
masses is an active neutrino mass. On the other hand some models, such as the one introduced in
Ref. [40], contain three different internal masses. Therefore we will consider two more cases: (iii)
M| = My and (iv) M| = 2M,. In the first case, My (or M1 = M>) will be fixed with small and large
values of 100 GeV and My 1000 GeV, respectively. The remaining M7 = M (or Myp) will vary from
150 to 2000 GeV. In the second case, the lightest active neutrino mass will be fixed as My = 10~10
(or M; = Mr = 10~19) GeV with varying M| (or Mp) from 80 to 2000 GeV. The virtual mass
ranges chosen here cover all cases of new particles or SM particles like W+ gauge bosons in seesaw
models or top quarks in leptoquark models. Regarding the last two cases, we will fix My = 100 GeV;
My = 1000 GeV and change M> in the range of 150 to 2000 GeV. As an illustration, we consider
only PV-functions relating to LFVHD of the SM-like Higgs boson with mj; = 125.1 GeV.

In order to estimate the discrepancy between the analytical results and LoopTools, we define the
relative error as follows:

|LoopTools| — |This work|
X

8[%] =
%] |This work|

100. (7)
The following results are presented only for the real parts of the functions Cy, Cj, C> in comparison
with the corresponding ones in LoopTools. Although the imaginary parts of these functions are not
shown in this paper, it is noticeable that they are in perfect agreement with LoopTools as well (with
relative errors all smaller than O (107 %)). The figures in this section will be plotted on a logarithmic
scale.

Figure 2 shows a numerical comparison of the function Cy, where the dotted blue and red curves
represent analytic results and LoopTools, respectively. One finds that they are consistent, with all
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Fig.2. Checking numerically the consistency of the Cy expression with LoopTools. The four plots in the first
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two rows refer to the first case. The three remaining rows show cases (ii), (iii), and (iv), respectively.

relative errors being smaller than O(107% %). Similarly, Figs. 3 and 4 illustrate the cases of the

C1- and Ch-functions. Again, we find the same conclusion as in the case of the Cy-function.

To finish the comparison with LoopTools, we emphasize that the analytic results mentioned here

can be successfully applied to calculating one-loop contributions to LFVHD of heavy neutral Higgs

bosons beyond the SM such as the CP-odd Higgs boson in the minimal supersymmetric model

(MSSM), heavy neutral Higgs bosons in the 3-3-1 models, or even the 750 GeV Higgs boson that

has been widely discussed recently. Other one-loop contributions to decays of heavy particles to

pairs of very light particles such as leptons, light quarks can also expressed as functions of the above

C-functions, without any inconsistencies with the results obtained from using numerical packages.
The complete set of analytic expressions of C-functions needed for calculating one-loop contributions
in the unitary and ’t Hooft Feynman gauges are introduced in Ref. [49,50].
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Fig.3. The function C; in this work is numerically cross-checked with LoopTools for all cases, with the same

orders mentioned in Fig. 2.

In the next subsection, we discuss other analytic forms used for calculating LFVHD at the one-loop

level.
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2.2.  Discussion of other expressions for C-functions

2.2.1

Co-functions, but with only one set of fixed values of internal masses and external momenta. The

relevant loops are defined in the formula

g1, md) = (mk +m?*)Co(0,0,m2, m?,

+ A2 Co(0

2

2 2

2
909 mhsml amAamt

Comparison with results in Refs. [43,53]
In this subsection we would like to compare the numerical results of analytic forms of C-functions
in Ref. [49,50] with other recent expressions. References [43,53] directly use a formula containing

2 2 2 2 2 2 2
mAamt) +B0(mh5mt9m[) - BO((), mtamA)

),
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Fig.4. The function C, in this work is numerically cross-checked with LoopTools for all cases, with the same
orders mentioned in Fig. 2.

where mx is the mass of the leptoquark in the loop, mj, = 125.1 GeV, m; = 173 GeV, v =246 GeV,
and X is the trilinear Higgs—self-coupling. The important property of LFVHD in this model is that the
top quarks play the role of LFV mediators in the loop, hence analytic results in Refs. [40,46] cannot be

applied. Using the expressions in Ref. [49,50], the corresponding notation translations are My = ma,
My = My, = my (Mo = my, M1 = My = mp) in the first (second) line of Eq. (8), Bo(m%,mtz,m?) =

BY'?, and Bo(0,m?,m%) = By = B{. For ma = 650 GeV we get Co(0,0,m2, m?,m%,m?) =

—4.866 x 1070, Co(0,0,m2,m%,m2,m%) = —2.04 x 107°, and B{'® — B{" = 1.941. As

a result, g1(1,650 GeV) =
Refs. [43,53].

—(0.26 + 0.121), which is consistent with the value given in
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Fig.5. Comparison among expressions for Cy introduced in Refs. [49,50],[40], and [46] in the case of M| = M,
(M, = M,) corresponding to the upper (lower) panels. In the left panels, the solid (dotted) curves show the
numerical results from Ref. [49,50] (Ref. [40]) as functions of ; = M?/M¢. In the right panels, the solid
(dotted) curves show the relative difference between Ref. [40] (Ref. [46]) and Ref. [49,50]. The highest dashed
green lines imply values of 5(%).

2.2.2.  Approximation of Cy-function in Refs. [40] and [46]

Now we consider special cases used in Ref. [40], where the notation of the Cp-function is the
same as that in Ref. [49,50], in particular Co(0, 0, mqg, m1,mp) = Co(My, M1, M3). Apart from the
approximation pi, p% =~ (), calculation in Ref. [40] assumed a very special limit where M& 12 >
mi = (125.1 GeV)Z. In our notation, the Cy-function derived from Ref. [40] is as follows:

1 rilnrg  ninr
M2 (r1—r2) ( Al Tl ) nEnElL

1

_2/1/1_2’ ry=ry= 17
0
1
% _ 1 ri—1-In
Co(MO,MlaMz)Z—A?G(VI,rz)= —Ww, ro=ry#1, 9)
0
1 1=rp4rnr
T b r#Er -1,

1—ri+r1Inr

1
_][75—(;’171)2 , r ;é ry — 1,

where r; = Ml.2 /MZ,i = 1,2. The relative difference between | Co| and |C{ | is defined by the quantity
[6Co| given in Eq. (7). The two cases of r; = r, and r, > r; = 1 are shown in Fig. 5. Here we
also include an approximate function for Co(my, my,my) used in Ref. [46]. The precise formula is
collected in Appendix C. We just show the relative difference with the main analytic formula in the
right panels of Fig. 5 with the dotted curves.

Figure 5 shows that two analytic forms in Refs. [46] and [49,50] are more consistent than the
expression in Ref. [40], if internal masses are a few hundred GeV. If all internal masses are as large
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— my= 170 GeV my=500 GeV

0.1F

07F . my=80GeV — my=300 GeV 001 b+
— my=170 GeV my=500 GeV

10 20 30 40 10 20 30 40

Fig. 6. Comparison between |C,(my, my,my)| and |C’ (my, my,my)| in the case of m;, = 125.1 GeV. In the
left panel, the solid (dotted) curves represent |C,| (|C}|) as functions of Ay = m2,/m?,.

as TeV scale or more, all three results are consistent with the relative differences being smaller than
0.1%.

2.2.3.  Approximation of Cy-function in Ref. [46]
The LFVHD was also investigated in Ref. [46] with some special conditions. In the light of today’s
experimental data, though the analytic expressions of one-loop contributions from diagrams with W=
mediations may give large errors compared with LoopTools, they are still applicable to diagrams with
new particle mediations such as new heavy charged scalars, gauge bosons, and fermions in models
beyond the SM [40,48—50]. Comparing two analyses for particular diagrams in the t Hooft Feynman
gauge, e.g., Ref. [46, diagram (1a)], we can derive an approximate formula for the C>-function,
denoted CY}’. It is listed in Appendix C. Here, new notation is Ay = m]2v /m%,, My — my, and
My — my,. The my now can be considered as the mass of some new particle playing the role of W=
bosons in the loops. All of the assumptions given in Ref. [46] are still valid in this case, specifically
mfl /4m%,, mfl /mJZv « 1. Similarly, the analytic expression for Cy(my, my,my) = Ca(mp, Ay, my)
is derived from Eq. (A9). The comparison is shown in Fig. 6. We can see that for seesaw models
with loops containing W+ bosons and neutral exotic leptons, the expressions in Ref. [46] are not
good, with the relative discrepancy around 5%. In the models with top quarks in the loop, the relative
discrepancy is better, with values smaller than 1%.

We obtain the same conclusion for other C-functions where the analytic formulas are shown in
Appendix C. In general, these formulas are very consistent with all internal masses larger than
300 GeV.

3. LFVHD in a model with lepton-flavored dark matter
3.1. The model and results of LFVHD from the previous work

To illustrate an effort to find how large the branching ratio (BR) Br(# — 1) canreach from one-loop
contributions, in this section we will consider a model constructed in Ref. [40] with a simple kind of
LFVHD loop. This model extends the SM by adding a Majorana dark matter (DM) candidate NV and
scalar partners of both left- and right-handed leptons, called sleptons. The simplest model contains
only one Majorana lepton with mass M, one slepton doublet ¢, = ((152’, qbg)T , and a slepton singlet
¢.. These scalars couple directly with leptons through the Yukawa interactions, and therefore give
new LFV couplings. Unlike the models where Yukawa couplings relate with active neutrinos, these
new couplings may be large and result in large BRs of LFVHD.
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The details of the model are given in Ref. [40]; we collect here only the ingredients relating to the
LFVHD.
The Lagrangian containing all LFVHD couplings is

1 . - ) _
—L = = Lo+, |9 + gl + SMNN + (—91JePRN®: + yr,2aPLNG; +hec.)

(=t Beprhe.) + 216 Pigel + Aol H 1 + Varow, (10)

where ¢~>g = i02¢z‘, H is the SM Higgs doublet, and V>1ypm, which is the same as the Higgs potential
of two Higgs doublet models (2HDM), can be found in Ref. [40]. The slepton doublet ¢, and the
SM Higgs doublet have the same U (1)y charge; therefore ¢ can be regarded as the second Higgs
doublet in the 2HDM, except that the neutral component has zero vacuum expectation value (VEV).
This is similar to the case of extension the SM Higgs sector, which is one of the necessary conditions
to get large Br(h — wt) without any inconsistencies with the experimental constraint of LFV of
charged lepton decays [16-30,53].

Neutrino masses in this model are originally from radiative corrections [40]. We will ignore con-
tributions from active neutrinos to LFVHD because they are much smaller than those from new LFV
couplings [49,50]. Only charged sleptons and N involve as LFV mediators. After symmetry break-
ing, these new sleptons get mass from the two mass terms of ¢, and ¢,, as well as the part coming
from the trilinear coupling Mv@d)j /~/2 + h.c. They are all new physics beyond the SM, leading to
new free parameters of the model. The original and mass eigenstates (q&f, ¢ei) and (éft, ééc) relate
to each other through the following relations

éli = cos 9(]§Et — sin 0¢zc, é;ﬁ = sin 9¢gt + cos 9¢)§E, (11)

where

1 1/2
tanf = \/_Z—W [Amé + ((Ami)z + 2V2/L2) / :I: (12)
2 _ 2 2
and Am¢ = my, —my .

The masses of e; > are
m2 _l m2 + 2 ((A 2)2+2 2 2)1/2 (13)
G2 = 5 [Mge T Mg T (B0 Vi :
The mixing angle 6 can be also read as

2
y ol = 4 Y2 (14)

V2 (mé2 — mé) “ €l " sin 26

sinf cos @ =

Equation (14) implies that mgz, 0, u, and mgl are not independent of each other, i.e., one of them
must be treated as a function of the remaining ones. The strict decoupling condition is u = 0 and
0 = 0,4 /2. For convenience, it is enough to assume that u > 0, 0 < sinf < \/LE’ leading to
the consequence that mz, > mg,. The signs of  and sin 260 will be commented on if needed. The
LFVHD amplitude contains only the functions Co(M, mg,, mgj) with i,j = 1,2 for two sleptons ¢
and e;. Interestingly, the partial decay width of this decay is proportional to the following part [40],
M 2

my, %
F(h —> ,bL'E) ~ E X 167‘[2 X E X CO(—PZ,PI _p2=Mamé[améj) 5 (15)
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where py and (p; —p») are external momenta of the i« and 7 leptons. Note that the factor M comes from
the propagator of the neutral lepton N in the loop. Because of the appearance of trilinear coupling i
in Eq. (10), let us discuss a very interesting property of the LFVHD suggested by Eq. (15), where the
most interesting case is mé > mél , M2 Normally, we have Cy ~ 1/ méz and u ~ mgl sin 26/ (vV/2),
implying that the product |1 Co(—p2,p1 — p2, M, mz;, mg) > might be finite even with a very large
new scale. As a result, an increasing value of M will enhance the Br(h — 7). This property of
the LFVHD was shown even in the inverse seesaw model [45], where only new mass terms of new
heavy neutral leptons are added in the SM. But the LFVHD predicted by this model was still small
because the exotic neutrino masses are constrained by the condition of Yukawa couplings, that must
satisfy the perturbative limit. In the model under consideration, the LFVHD is not affected by this
constraint. The LFV decay of T — wy does not have this property, hence the corresponding BR
will decrease with increasing values M and m, , .

For the convenience of readers, we will review the main results shown in Ref. [40] before going
on to our main investigation. Apart from the LFVHD, new scalars and neutral leptons give new
contributions to LFV decays of charged leptons, loop-induced decay # — yy, and DM problems.
Hence the experimental data relating to these was investigated for prediction of large LFVHD. The
constraint from the decay # — yy allows two regions of parameters mz, and mg, : (i) mz, should be
sufficiently heavy or nearly degenerate with m;,, and (ii) m;z, should be small for consistent values
of u, which should not be too large.

One-loop contributions to LFV decays of the SM-like Higgs boson and charged leptons were
constructed from new functions G(x1,x2), G(x1), G(x2), and F(x17), which are derived from
the Cp-function based on different conditions of external momenta and internal masses. New
variables are defined as xjp = mgl’z /M?. The Br(h — put) was estimated from the rate
R; = Br(h — urt)/Br(t — wy), which is proportional to G(x1,x3)/(F(x1) — F(x2)) or
(G(x1) + G(x2))/(F(x1) — F(x2)) in the decoupling or maximal mixing limit. They are denoted
by a common function r(xl_l,xz_ 2). According to Ref. [40], under the constraint of Br(t — uy) <
4.4 x 1078, the value of r(xl_l,xz_ 2) should be large enough to explain the current experimental
value of Br(# — wt). In particular, the preferable regions of parameter space are as follows. In the
maximal limit, masses of the two sleptons should be degenerate. In the decoupling limit, there are
three regions: (i) m%z ~ mgl > M? and large i ~ O(10) TeV, (ii) mé > 010) x mgl ~ M? and
M?* ~ O([1 TeV]?), and (ii1) mgz > mgl and mél should not be too much larger than M 2 The relic
density of DM in this model can be explained with a few hundred GeV of M.

In the next section we will use many analytic expressions constructed in Ref. [40] to discuss the
more interesting aspects of LFEVHD; in particular, we will pay attention to the regions of parameter
space with a few hundred GeV masses of new particles.

3.2.  New results for LFVHD

First, we consider the function G(x1, x2) defined in Eq. (9), where G(x1) = G(x1,x1) and G(xp) =
G(x2,x2), and

X12 = 61"2. (16)

Our numerical investigation shows that the difference between the results produced from the two
analytic expressions in Refs. [40] and [49,50] does significantly increase with small masses of M
and mgl ) especially if all of them are around 300 GeV, not far away from m; = 125.1 GeV.
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In the following investigation, we will use the formulas for Br(2 — ut), Br(t — uy), and the
deviation ¢, of the 4y y coupling that are established in Ref. [40], except that the G (x1, x2)-function
is replaced by the accurate Cyp-function mentioned above.

Regrading the estimation of Br(# — pt) with the ratio R;, which is defined as Br(h — ut) =
R; x Br(t — uy) [40], seems not very good, for the following reasons. First, even with very large
R, a tiny value of Br(# — ut) may correspond to a very small Br(t — uy), and vice versa.
Second, it does not show the allowed regions satisfying the bound Br(z — uy) < 4.8 x 1078,
because this constraint may rule out the regions with large Br(h — pt). We will give a numerical
discussion of these points after reviewing the formulas required from Ref. [40].

The BR of LFVHD can be written as [40]

2
2 (1 TeV\? e VT |
Br(h — pt) = 1.2 x 102 x ( i ) ) « Ly
5TeV M 1

[(G(x1) + G(x2)]sin?20  G(x1,x3) cos? 20 2

0.4 0.2

X ‘ , (17)

where the two particular forms for this BR are & — 0 in the decoupling limit and & — /4 in the
maximal mixing limit. The parameters u, yg,, YL and M are introduced in the Lagrangian (10).
The Yukawa couplings can be fixed as |yg, yzﬂ | = 1 because they are independent of charged slepton
masses. In contrast, the parameter u affects the masses of sleptons through Eq. (13), implying that it
affects G(x1,x2). Hence we believe that u and G(x1,x2) do not independently affect Br(h — ut),
as discussed in Ref. [40]. In addition, the increasing w, corresponding to decreasing xl_,é, changes
all values of G(x1), G(x2), and G(x1,x2). So the BR in Eq. (17) depends complicatedly on .
The relation between Br(t — wy) and Br(h — ut) is given by

1075 /5 TeVsin20\?
Br(t — ny) = X 2
400(F —F 2
X ‘ ( ?(;CZ) 261) x Br(h — ut), (18)
[G(x1) + G(x2)] sin” 20 + 2G(x1,x2) cos? 26
with [40]
—1+x*—2xInx
F = 19
2(x) 2l —x)? (19)

Equation (18) contains two specific limits of decoupling and maximal mixing, which are separately
considered in Ref. [40]. Here we use the ratio 1/R; instead of R,. Recall that these ratios cancel
all Yukawa couplings appearing in both expressions of the branching ratios. If we consider simul-
taneously both Eqgs. (17) and (18), the discussion in Ref. [40] for large LFVHD is illustrated in
another way, as shown in Fig. 7, where sin6® = 0.1 for the decoupling limit. The three quantities
Br(h — urt), Br(t — uy), and r(xf1 Xy 1) are represented in the same figure. We emphasize that
in this investigation, the 1 parameter is expressed as a function of m;, and 6, given by Eq. (14). !
We can see that the constraint of Br(t — wy) seems to favor small Br(# — ) in the region with
degenerate slepton masses.

!'We guess that Ref. [40] did not pay attention to this point.
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Br(h—un)[1074],Br(r=py)[ 107,67 33"), M=1 TeV Br(h—ur)[107], Br(r—py)[107*], r(x7' x3"), M=1TeV

0.6
0.4

0.2

08
0.6
0.4

0.2

1

Fig.7. Contour plots as functions of x; ' and x,"'. The yellow regions satisfy the upper bound of Br(z —
wy) < 4.4 x 1078, The left (right) panel corresponds to the decoupling (maximal mixing) limit. The solid,
dotted, and dashed curves represent the constant values of Br(h — ut), Br(t — uy), and r(x;',x; "),
respectively.

Figure 7 also shows two interesting points: (i) a large r(xl_l,xl_l) does not always correspond to
a large Br(# — wt) when the experimental constraint of Br(z — py) is considered, and (ii) the
allowed regions with large Br(h — u7t) are sensitive to variation of M but seem not sensitive to
changes of r(xl_l,xz_ 1). Furthermore, an increasing M enhances Br(k2 — 1), but causes Br(t —
wy) to decrease. As a result, the allowed region expands wider. These conclusions are, in general,
different from those indicated in Ref. [40]. An illustration of the first point is that with x; >~ xp,
increasing » will cause a decrease in the value of Br(2 — ut); see the lower-left and upper-right
of all panels in Fig. 7. For the second point, enhancement of Br(4# — ut) can be explained by
considering formula (17). With large M > 1 TeV and x > x1 =~ 1, the approximate expressions (9)
are applicable and very convenient for qualitative estimation. Figure 7 suggests two allowed regions
giving large Br(h — ut): (i) x; = x2 > 1 and, (ii) x; — 1 while x; — oo assuming that x, > x;.
To understand, using u = sin 260 x M 2(xy —x1) / (+/2v) obtained from Eq. (14), with v >~ 0.25 TeV,
méi = M?x;, we get a formula for LFVHD derived from Egs. (15) and (17):

2
YRV, M sin 26 |?

Br(h ~9.6x 1072 -
r(h - ut) e T X TTov

2

X (20)

(x2 — x1) (% sin? 20[G(x1) + G(x2)] + cos® 29G(x1,x2)>
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Assuming that M and 6 are fixed, in the first region with x; — x», the total factor relating to x;
goes to zero in the limit, then the BR of LFVHD will go to zero too. So the large LFVHD is not
caused by this degeneration between slepton masses. Instead the enhancement of the BR of LFVHD
originates from the large product |M sin26/(1 TeV)|?. Comparing the upper and lower panels of
Fig. 7, the effect of M is clearly illustrated, while the effect of sin 6 can be seen in the left and right
panels, where sin @ = 0.1 and 1/+/2, respectively.

In the second region, where x; — 1, we have |(x2 — x1)G(x1,x2)| = [(1 —x2 +x2Inx2)/(x2 — 1)]
and |(x2 — x1) [G(x2) + GOx]| = |(A — x% +2Inxy)/(2 — 2x2)‘. Both of them can be arbitrary
large if x, is not constrained. Combining with the factor of |M sin26/(1 TeV)|, it is easy to derive
that the value of Br(h — ut) will take arbitrary values with large M and nonzero sin 26. In contrast,

in this case the Br(z — wy) is very suppressed, which can be explained as follows. From Eq. (18),
or the precise form of the partial decay width of the LFV process t — wy shown in Ref. [40], we
can see that

sin2 26

e X |Fa(x2) — Fa(x1) %,

Br(z — py) ~

with F7(x) given in Eq. (19). It is easy to prove that limy, 1 F2(x1) = 0 and limy, , o F2(x2) = 0.
Hence, if x; or M is large enough, then Br(z — py) always satisfies the experimental bounds.
Because xo, = méz /M? and with relation (14), a large mgz will correspond to a large u, leading to a
very narrow allowed region with large u values, as we will show below. In this case, the experimental
data such as LFVHD and Ay y coupling will give information on the parameters of the model.

In the next section, we focus just on small values of M below 1 TeV, where N can be detected by
experiments and addressed with dark matter candidates [40]. Another reason is that small values of
M can be accurately investigated using the analytic expressions we mentioned above.

In this investigation, we will combine two constraints of BR(z — wy) and sy y coupling to
estimate Br(h — ). The free parameters chosen are M, 6, 1, and m;,, apart from fixed Yukawa
couplings. As an illustration, the parameter M will be fixed in two cases: small M = 300 GeV and
large M = 1 TeV. The value of  will be chosen the same as the assumption from Ref. [40], with the
two limits for decoupling sin @ = 0.1 and maximal mixing sin 6 = 1/+/2.

The loop-induced coupling of decay # — y y is nonnegative and constrained by [40]

(Scy 1 (Mv)z
X

0<s, - — '
csm,y 48 x0.81 m3 (m3 + V2v sin 26)

< 0.20, 1)

2
€
here we include this mass in Eq. (21). The interesting consequence is that §,, is always positive,

where we have used <m§2 —m ) sin20 = +/2uv. In contrast to Ref. [40], where mg, is ignored,
unlike the conclusion about the two allowed regions indicated in previous work. It is easy to see that
the /1y y coupling deviation gives an upper bound on .

lustrations are shown in Figs. 8 and 9, corresponding to the two decoupling and maximal mixing
limits. There are common properties shown in the two figures. In each figure, the allowed region
from the constraint Br(t — py) consists of two distinguishable parts: (i) large mz, and small p,
and (ii) m;, is around the value of M while p is arbitrarily large. The first part, which lies in the
upper-left region of the left panel, corresponds to very small  or +/2vpu sin 260. Therefore it gives
Br(h — ) smaller than 10~ with small M = 300 GeV, and 103 with large M = 1 TeV. While the
second part gives much larger BR of LFVHD, it is still constrained by 4y y coupling deviation. For
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40050 T
rs

1600
1400 |
1200 F 3601

1000 340

mg [GeV]

mg [GeV]

800F 7 /7 [
[ 320
600! [

s - 300
20017 [

L =) 280 L L
1200 1400 500 1000 1500 2000 2500 3000

u[GeV] ulGeV]

200 F - .
0 200 400 600

L L
800 1000

Br(h->gm)[107*],Br(r—>uy)[107°1,6,[107], M=1 TeV sin6=0.1 Br(h->un)[107],Br(r—uy)[10781,6,[1072], M=1 TeV sind=0.1
2000 [@00R4 T OOF ' s0 ;
Fo ' /
L

" 1300

1800 [
[ 1200

1600 - F
[ 1100 - -
1400

m; [GeV]

r 1000 [
1200 |.----- [

r 9 [E .
1000 200F

A )

s00E! , R ‘
5000 6000 5000 10000

P R S P E s RS
1000 2000 3000 4000

P L E S
20000 25000 30000

15000
1[GeV] u[GeV]

Fig. 8. Contour plots as functions of & and m;, in the decoupling limit. The yellow regions satisfy the upper
bound Br(t — uy) < 4.4 x 1078, The solid, dotted, and dashed curves represent the constant values of
Br(h — ut), Br(t — uy), and §,, respectively.

M = 300 GeV, the largest Br(% — 1) can reach order 1073, very close to the recent experimental
value. For M = 1 TeV, the BR can reach values of 10~2, which is an order larger than the case
of M = 300 GeV. The constraint from Ay y coupling gives a less strict constraint on p than that
from the LFVHD. So the information of free parameters depends on the experimental bounds of the
LFVHD with large M and mz, >~ M.

From above discussion, one can conclude thatif M < 1 TeV the most interesting region giving large
Br(h — ut) corresponds to the degeneration of M and the lighter slepton, i.e., M = mz, < mg, or
x1 = 1 <« xp.Now we will focus on this special case. As mentioned above, because lim,, .1 F2(x1) =
0 and lim,,, oo F2(x2) = 0, resulting in very suppressed Br(t — uy), the constraint now comes
from the Higgs coupling c,,. Illustrations are shown in Fig. 10. Both the coupling and decoupling
limits can explain the experimental LEVHD value of 5 x 1073 when M = mz, > 400 GeV. And the
constraint from 4y y coupling deviation gives a lower bound on these masses. The parameter © can
be determined rather strictly from the information of LFVHD values. With the recent constraint of
Br(h — pt) < 1072, u should be smaller than a few TeV if the Majorana mass N is below 1 TeV.

Because the masses of the DM candidate N and m;,, especially M >~ mg, , are consistent with
values discussed in Ref. [40], the electroweak scale of M and mj, can give the correct relic density
of DM. And this conclusion does not depend on . But in order to satisfy both the condition of
large Br(h — ) and the ¢, constraint, we indicate that the value of u should not be larger than
2 TeV, which is smaller than the values used in Ref. [40] for investigating direct searches of DM,
@ > 5TeV. It can be seen that the DM-nucleon scattering rate decreases with decreasing values of
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Fig.9. Contour plots as functions of  and m;, in the maximal mixing limit. Conventions are the same as
those given in Fig. 8
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Fig. 10. Contour plots as functions of u and m;, in the limit of M = m; < mg,. The Yellow regions satisfy
8, <0.2.

[40]. In particular, the DM-nucleon scattering is generated by radiative corrections via mediations of
the virtual photon and Higgs boson. The contribution from photon mediation is significant only for

lighter sleptons éft, but is insensitive to . The scattering rate will be much smaller than the current
LUX sensitivity if only photon mediation is considered and M is in range O(100 GeV) [40,78].
The contribution from the Higgs mediation can be presented by the effective coupling Az (0) being
proportional to © [40]. Because the scattering rate can reach close to the current LUX sensitivity for
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u > 5 TeV, the smaller value of u results in a smaller scattering rate. Hence, it is harder to detect
DM from DM-nucleon scattering with small p indicated by our investigation.

The region of parameter space we discussed above, with degeneration of masses of M and m;,,
is an especially interesting explanation for gamma ray peak being internal bremsstrahlung in DM
annihilation through a charged t-channel mediator él?t [78]. This parameter region is also the most pro-
moting region for finding signals of Majorana DM from planned XENONIT [79] and LUXZEPLIN
[80] experiments [78].

3.3.  Productions of new particles at colliders

As we have shown, at least the masses of the éli and lepton-flavored Majorana DM N can be
smaller than 1 TeV. Therefore, they may be detected at current running energies of the LHC or
near future ee™ colliders such as the International Linear Collider (ILC) [81,82] and the Compact
Linear Collider (CLIC) [83,84]. Interestingly, the sleptons defined in the model under consideration
couple to SM particles in a very similar way to the sleptons in supersymmetric (SUSY) extensions
of the SM. In addition, all new particles in both kinds of models are odd under Z, symmetries.
Hence the lightest neutral particle N is a DM candidate, and plays the same role as the lightest
neutralino in the SUSY models with R-parity conservation. In general, the new particle spectrum
in the considering model can be seen as a simplified version of the superpartner spectrum, which
has been hunted by the LHC [85], especially searches for slepton productions [86—89]. For SUSY
models, current channels of experimental searches are pp — o — (E)??)(E}Z?), where ¢+ denotes
an SM lepton state: e, «, 7. In notation of the model under consideration, these channels correspond
to processes pp — é;réj_ — (£YN)(£~N). The slepton productions at the LHC happen via virtual
gauge bosons, i.e.,pp — y*,Z* — ZOZO*,Z+Z_; orpp — Wt — 7£2°, because the gauge bosons
are always lighter than the new particles. Based on couplings of new particles at final states, we see
that the signals of detection of new particles in both kinds of models, namely SUSY and the model
studied in our work, are of the same order. Couplings of SUSY particles are given in detail in many
textbooks, e.g., Ref. [90]. The relevant couplings of sleptons and N predicted by the model under
consideration are collected in Table 1. Note that ¢2 is the neutral component of the slepton doublet,
¢ = (0], ¢)".

Precise properties of couplings are as follows. Couplings of SM gauge bosons with sleptons in
both SUSY and the model under consideration are of the same order as the gauge coupling g. The
coefficients of slepton—lepton—neutralino couplings o x? in SUSY models are also of order of the
gauge couplings, the same with the order of the Yukawa coefficients Y; g, chosen for e; e, N vertices.
Regarding h-slepton—slepton couplings, the vertex coefficients are proportional to u in the case of the
nondecoupling limit, but u is constrained from above because of the constraint of the 4y y coupling.
Anyway, the model predicts a promising signal of slepton production from the gluon fusion channel

*é~ relating to a top quark loop.

gg — h(l) — e

The above discussion shows that searches for SUSY sleptons can be applied for sleptons in the
model under consideration. Current lower bounds of sleptons are a few hundred GeV, which do not
exclude the light sleptons and N in the region of parameter space we discussed above. And they
may be detected at the LHC [91-93]. For example, with the condition of very small differences
between masses of stau and the lightest neutralino (not larger than 1 GeV), Ref. [91] suggested that
the expected number of staus may be several hundred at 8 and 14 TeV LHC run with light masses

larger than 450 GeV.
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Table 1. Couplings of new particles in the model intro-
duced in Ref. [40] (here i,j = 1,2 and i # )

Coupling Vertex
hefe; —isx %
hejeé; ISy %
hee; —ing%
hey ey —iczg%
ey eN i (SoyraPL — CoYLaPR)
e eN —i(coyraPL + SoY1aPr)
Z, (e1 arel —orere ) %fﬂ)
Z, (ez arey — ore; ey ) —7g(sfz’c;s%w
z, (@ 0vs — 0r375") s
( e ore —orere ) —gSw
w7 oaret —ortet) F o
Wi (g0 0me; —0"9)"8) F 550

The sleptons and N can also be searched for in future eTe™ colliders with collision energies up
to 3 TeV, such as the ILC and CLIC. Predictions for signals of sleptons and DM were indicated in
SUSY models [94-97] and models with lepton-flavored DM [93,98]. Similarly to the LHC, slepton
productions will be searched through s channels of ete™ — Z* y* — e Py (;5?* In contrast
to the LHC, where quarks and gluons do not couple to ¢; and N, there are add1t10na1 t(u) channels
through the exchange of NV, leading to enhancements of slepton production at the ILC. In addition,

+e~ colliders give a direct channel of DM search ete~™ — NNy, corresponding to a signal of

e
a mono-photon plus missing energy. Another indirect search is the one-loop contribution, where
sleptons and N run in loops, to lepton pair production, ete™ — ll.Jr [;”, and multiflavor lepton final
state eTe” — l;L lj_ (i #j) [93]. Recent bounds of new particle masses obtained from the LEP are
a few hundred GeV [93,99,100], which is consistent with results obtained from the LHC.

In summary, the lower constraints of masses of sleptons and N under recent experimental results
are a few hundred GeV. The parameter region of the lepton-flavor DM we discussed in this work
is still valid, and is very predictive for many future projects of (in)direct searches for these new

particles.

4. Conclusion

The one-loop contributions to LFV decays of neutral Higgs bosons are now very interesting in many
models beyond the SM, where many new particles may inherit masses that are not far from the
electroweak scale. In some models, even the top quarks can play the role of LFV mediations in the
loop. These one-loop contributions can be conveniently written in terms of the one-loop—three point
C-functions, before taking any approximations for more precise forms used for numerical investiga-
tions. We have shown that numerical results obtained from the analytical forms of the C-functions
introduced in Ref. [49,50] are in great agreement with those evaluated by LoopTools. This conclusion

18/25

9T0Z ‘ST JequanoN uo 1senb Aq /Blo'sfeulnolployxo-deld//:dny wouy papeojumoq


http://ptep.oxfordjournals.org/

PTEP 2016, 113B03 K. H. Phan et al.

is true for all ranges of mass values in the loops, even with loops containing active neutrino masses
smaller than a few eV. We have compared this with the two other analytic approximations given in
Refs. [40] and [46]. We have found that the latter two expressions are still safe with all masses in
the loops large than 1 TeV for the case of studying LFVHD of the SM-like Higgs boson. But they
fail with masses in the loops below a few hundred GeV. Furthermore, they can not be applied for
LFVHD of new heavy neutral Higgs bosons appearing in many models beyond the SM. However,
the results in Ref. [49,50] still work very well.

Based on the above conclusions, the analytic formulas of C-functions given in Ref. [49,50] have
been used to reinvestigate the LFVHD mentioned in Ref. [40], focused on the regions of small
masses of Majorana dark matter M and slepton masses mg ,. We stress that these regions could
not be accurate with the approximation used in previous works. We found many interesting results
that are not mentioned in Ref. [40]. In particular, large Br(# — pt) depends strongly on M,
namely it enhances with increasing values of M. Even when constraints of both Br(t — w©y) and
hyy coupling deviation are included, the LFVHD can be arbitrary large with very large M if the
following condition is satisfied: M = m;, < mg,. In the case of M below 300 GeV, the large BR of
LFVHD near the recent experimental report occurs only in the region having M = mg,. The BR of
LFVHD is constrained by the 4y y coupling deviation, where the largest value is of order 10~3. With
M around 1 TeV, the LFVHD constraint from experiment leads to the consequence that u should be
smaller than a few TeV. The parameter region discussed in this work can be tested by the LHC and
the ILC in coming years.
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Appendix A. Analytic expressions of PV-functions

Here we list the analytic expressions for calculating one-loop contributions to LFVHD in the ’t Hooft
Feynman gauge. They are from Ref. [49,50]. We would like to stress that these PV-functions were
derived from the general form given in Ref. [71], using only the conditions of very small masses
of tauon and muon. They are consistent with Ref. [76]. A more precise and detailed explanation
is given in Ref. [77]. The denominators of the propagators are denoted by Dy = k% — Mé + 14,
Dy = (k—p)? — M12 +i8,and D = (k + p2)* — M22 + i3, where § is an infinitesimally small,
positive real quantity. The scalar integrals are defined as

Qrw)*P [ dPk Qrw)*P [ dPk

1 _ 2 _
B = , B = ,
0 in? DoD 0 in? DoD;
4-D D 4
(12) _ (27T,I,L) / d”k _ 1 / d*k
B = , Co=CoMy, M, M) = — | ———, Al
0 in2 DD, 0= CoMo. M. M) =5 | BobiDs D

where i = 1,2. In addition, D = 4 — 2¢ < 4 is the dimension of the integral, and My, M|, M>
are masses of virtual particles in the loop. The momenta satisfy conditions p% = m%, p% = m%, and
(1 + p2)2 = mz In this work, m and m; are the respective masses of muons and tauons, and m, is
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the SM-like Higgs mass. The tensor integrals are

1 d*k x k"
CH = CH(My, M, M) = —

— = CpM+ Oyt A2
i DoD D 191 + 2P> ( )

where B(()i) and Cy ;1 2 are PV-functions. It is well known that Cy are finite, while B(()i) and B(()lz) are
divergent. We define A, = é +Ind4wr —yg+1In w2, where yg is the Euler constant. The divergent
parts of the B-functions can be determined as DiV[Bg)] = DiV[B(()lz)] = A¢, and then the finite parts
depend on the scale of the i parameter with the same coefficient of the divergent parts. In order to be
consistent with LoopTools, we choose i« = 1 GeV. The analytic formulas of the above PV-functions
are

BY = DiviBP1+ 5%, B = DivBIZ 1+ b2, (A3)

In the limit p%, p% ~ (0 we have

; M§ M?
by =1—In(M) + ———In—L,
ME —M? M

1

2
1
and b)Y =—In(MD) +2+ Y xln (1 - —>, (A4)
k=1

where x;, (k = 1,2) are solutions of the equation

2 2 2 2 _
m; — M7+ M M; —id
xz_( h i 2>x+ 2 _

= 0. AS
2 o (AS)

The Cp-function is given in Ref. [49,50] consistent with that discussed in Ref. [76], namely

1
Co = ) [Ro(x0,x1) 4+ Ro(x0,Xx2) — Ro(x0,x3)], (A6)
h
where
. X0 ooxo—1
Ro(x0,x;) = Lix( ) — Lix( )s (A7)
X0 — X; X0 — X;

Liy(z) 1s the di-logarithm function, x1 » are solutions of Eq. (A5), and xq 3 are given as

M} — M —M§ +i8
X0 = ———, X3 = ———. AR
0 mi 3 ME A2 (A8)
In the limit p%, p% — 0, the C >-functions are
1 1
Ci=— [bg” — b+ ME - M(%)Co], Cr=—— [ng> —b(1P (M - Mg)co]. (A9)
my my
If M| = M>, it can be seen that b(()l) = b(()l) and C; = —(C,. The mentioned PV-function is enough

to discuss the LFVHD of the models mentioned in this work.
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Appendix B. Proving C;(M,, My, M,) = Cy(My, M, M,)
The parameterization of Cj, is chosen as

1 1—x d
oo =T [, @ | T
17213 0 0 [xD]+ (1 —x—y)D) +yDj]

where
D/123 = xD/l + (1 —x —y)D/z +yD’3
=x(¢* —mg) + (1 —x —y) [(q+pD* —mi] +y[(q + P} +p5)* —mi].

/

From the equalities (p| + p5)*> = m7 and 2p|.p, = (P + p5)* — p| — ph = m;. — p| — p), we get

1 1—x d
C)=— / dx / S — .
0 0 (I —x — y)my + xmg + ym; — xym;,
Comparing with Cy shown in Ref. [49,50], namely

1 1—x dy
Co = _/ dx/ 2 2 2 2°
0 0 (I =x = )My +xM{ + yM5 — xym;,

we have the same conclusion as shown in Eq. (1).

Appendix C. Analytic approximation from Ref. [46]

Here we list the needed approximation m%l /4m%/,m% /4m]2V <« 1. The general Cy is defined as in
Eq. (A1). After using the Feynman parameterization we get an expression for Cy that is the same as
mentioned above, and the Cj >-functions are

Ci(My, M1, M) = —Cr(Mo, My, M>)

1 1—x
xdy
:/dx/ T 5 5 5 5 (C
0 0 (I —x — )My +xM{ + yM5 — xym;,
The approximations in some special cases are
1 1 kNlnAN
C (my,my,m :——<
o (my,my,my) 2\ 1=y (0= ay)?
2
mr 1 —6ky + 323 + 213 — 643 Inay m;
am, 2(1 — an)4 +0 Jr) ’
v N ny

1
2 2
mV(l - )\N)

mi 24 3ky — 62 4+ 23, + 6Ay Indy m; ?
: J=olla] )

Cy' (my,my, my) = — ( — 14y —Iniy

4m?, 3anv(1 —An)? 4m3,
1 (1 —Ay+AnInAy
Cl' (Mo, Mo, Mp) = ——
o (Mo, My, M>) Mé( G — 172
m? 1+4AN—5k12v+2AN(2+AN)lnAN)
J— X .
amz (v — D4
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Cl'(my,my,my) = —C5'(my,my, my)

1 2

N my =3 —10Ay + 1823 — 643, + A%, — 124y In Ay
— X
m3, 9N (1 — An)2
2
2
+ (’)( {—mh } >

4m%, ’
CY'(my,my,my) = —Cy'(my, my,my)

1

= | —144ry =323 +22%3Inx
4m2V(1—,\N)3< N TN T AN AN

mj, S 2 s 1823 + 1043, + 3%, — 1243 In Ay
m?, 9(1 — An)?

m |’
+O<{m:| ) (C2)
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