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Abstract

The one loop contribution to the lepton flavor violating decay no — ut of the SM-like neutral Higgs
(LFVHD) in the 3-3-1 model with neutral lepton is calculated using the unitary gauge. We have checked in
detail that the total contribution is exactly finite, and the divergent cancellations happen separately in two
parts of active neutrinos and exotic heavy leptons. By numerical investigation, we have indicated that the
one-loop contribution of the active neutrinos is very suppressed while that of exotic leptons is rather large.
The branching ratio of the LFVHD strongly depends on the Yukawa couplings between exotic leptons
and SU(3) Higgs triplets. This ratio can reach 1073 providing large Yukawa couplings and constructive
correlations of the SU(3) . scale (v3) and the charged Higgs masses. The branching ratio decreases rapidly
with the small Yukawa couplings and large v3.
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1. Introduction

The observation the Higgs boson with mass around 125.09 GeV by experiments at the Large
Hadron Collider (LHC) [1-5] again confirms the very success of the Standard Model (SM) at
low energies of below few hundred GeV. But the SM must be extended to solve many well-
known problems, at least the question of neutrino masses and neutrino oscillations which have
been experimentally confirmed [6]. Neutrino oscillation is a clear evidence of lepton flavor vi-
olation in the neutral lepton sector which may give loop contributions to the rare lepton flavor
violating (LFV) decays of charged leptons, Z and SM-like Higgs bosons. Therefore, these are
the promoting subjects of new physics which have been hunted by recent experiments [7-9].
Especially, the latest experimental results of LFVHD have been reported recently by CMS
and ATLAS. Defining Br(h® — pt) = Br(h® - u*t7) 4+ Br(h® — p~ 1), the upper bound
Br(h® — ut) < 1.5 x 1072 at 95% C.L. was announced by CMS, in agreement with 1.85 x 107>
at 95% C.L. from ATLAS. These sensitivities are not far from the recent theoretical prediction
and is hoped to be improved soon, as discussed in [10].

The LFVHD of the neutral Higgses have been investigated widely in the well-known models
beyond the SM [11,12,10], including the supersymmetric (SUSY) models [13—15]. The SUSY
versions usually predict large branching ratio of LFEVHD which can reach 10~ or higher, even up
to 1072 in recent investigation [ 13], provided the two following requirements: new LFV sources
from sleptons and the large tan S-ratio of two vacuum expectation values (vev) of two neutral
Higgses. At least it is true for the LFVHD h° — pi7 under the restrict of the recent upper bound
of Br(t — uy) < 10~8 [16]. In the non-SUSY SU(2); x U(1)y models beyond the SM such as
the seesaw or general two Higgs doublet (THDM), the LFVHD still depends on the LFV decay
of t lepton. The reason is that the LFVHD is strongly affected by Yukawa couplings of leptons
while the SU(2); x U(1)y contains only small Yukawa couplings of normal charged leptons
and active neutrinos. Therefore, many of non-SUSY versions predict the suppressed signal of
LFVHD.

Based on the extension of the SU(2); x U(1)y gauge symmetry of the SM to the SU(3); x
U(1)x, there is a class of models called 3-3-1 models which inherit new LFV sources. Firstly,
the particle spectra include new charged gauge bosons and charged Higgses, normally carrying
two units of lepton number. Secondly, the third components of the lepton (anti-) triplets may be
normal charged leptons [17,18] or new leptons [19-23] with non-zero lepton numbers. These
new leptons can mix among one to another to create new LFV changing currents, except the case
of normal charged leptons. The most interesting models for LFVHD are the ones with new heavy
leptons corresponding to new Yukawa couplings that affect strongly to the LFVHD through the
loop contributions. This property is different from the models based on the gauge symmetry of
the SM including the SUSY versions. In the 3-3-1 models, if the new particles and the SU(3),
scale are larger than few hundred GeVs, the one-loop contributions to the LFV decays of t
always satisfy the recent experimental bound [24]. While this region of parameter space, even at
the TeV values of the SU(3), scale, favors the large branching ratios of LFEVHD. The one-loop
contributions on LFV processes in SUSY versions of 3-3-1 models were given in [25,14], but the
non-SUSY contributions were not mentioned.

The 3-3-1 models were first investigated from interest of the simplest expansion of the SU(2),,
gauge symmetry and the simplest lepton sector [17]. They then became more attractive by a
clue of answering the flavor question coming from the requirement of anomaly cancellation for
SU3)r x U(1)x gauge symmetry [18]. The violation of the lepton number is a natural property
of these models, leading to the natural presence of the LFV processes and neutrino oscillations.
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Many versions of 3-3-1 models have been constructed for explaining other unsolved questions in
the SM limit: solving the strong CP problem [26] with Peccei—Quinn symmetry [27]; allowing
the electric charge quantization [28]... More interesting, the neutral heavy leptons or neutral
Higgses can play roles of candidates of dark matter (DM) [23]. Besides, the models with neutral
leptons are still interesting for investigation of precision tests [19].

From the above reasons, this work will pay attention to the LFVHD of the 3-3-1 with left-
handed heavy neutral leptons or neutrinos (3-3-1LHN) [23]. It is then easy to predict which
specific 3-3-1 models can give large signals of LFVHD. As we will see, the 3-3-1 models usually
contain new heavy neutral Higgses, including both CP-even and odd ones. But the recent lower
bound of the SU(3), scale is few TeV, resulting the same order of these Higgs masses. At recent
collision energies of experiments, the opportunity to observe these heavy neutral Higgses seems
rare. We therefore concentrate only on the SM-like Higgs.

Our work is arranged as follows. The section 2 will pay attention on the formula of branch-
ing ratio of LFVHD which can be also applied for new neutral CP-even Higgses, listing the
Feynman rules and the needed form factors to calculate the amplitudes for general 3-3-1 mod-
els. In the section 3, the model constructed in [23] will be improved including adding new LFV
couplings; imposing a custodial symmetry on the Higgs potential to cancel large flavor neutral
changing currents in the Higgs sector and simplify the Higgs self-interactions. From this both
masses and mass eigenvectors of even-CP neutral Higgses are found exactly at the tree level.
The section 4 represents numerical results of LEFVHD, where the most interesting region of the
parameter space will be chosen based on the latest experimental results relating to lower bounds
of new gauge bosons and charged Higgses. We concentrate on the roles of Yukawa couplings of
exotic neutral leptons, the charged Higgses and the SU(3),, scale. We summarize our main re-
sults in the conclusion section. The appendices show notations of Passarino—Veltman functions,
the detail of calculating one-loop contributions to LFEVHD amplitude in the 3-3-1LHN and the
divergent cancellation.

2. Formulas for decay rates of neutral Higgses
For studying the LFVHD, namely 1% — t*uF, we consider the general form of the corre-
sponding LFV effective Lagrangian as follows
—L"YV =B (ALEPLT + AREPRT) +hoc., (1)

where Ay g are scalar factors arisen from the loop contributions. In the unitary gauge, the one-
loop diagrams contributing to Ay g are listed in the Fig. 1. They can be applied for the models
beyond the SM where the particle contents include only Higgses, fermions and gauge bosons.
The amplitude decay is [10]:

iM=—iu; (ALPr + ARPR) va, 2)

where u; = u1(p1,s1) and vy = v2(p2, s2) are respective Dirac spinors of the w and 7. The
partial width of the decays is

Frh’ > put)=r® - tH+rn’ - putc)

1 |: <m1 +m2>2i| |: (ml —m2>2:|
= X 1—-|——-= 11— —=
8mm 0 mpo 1m0

x [(m2y —mt —m3) (1AL +1Ak[2) —dmimoRe (A7), (3)
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Fig. 1. Feynman diagrams contributing to the H 0 uir¥ decay in the unitary gauge, where H 0isan arbitrary even-CP
neutral Higgs in the 3-3-1 models, including the SM-like one.
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Fig. 2. Feynman rules for the 19 - pEF inthe unitary gauge, where all momenta are incoming.

where my0, m and my are the masses of the neutral Higgs h°, muon and tauon, respectively.
They satisfy the on-shell conditions for external particles, namely pi2 = ml2 (i=1,2)and pé =
(p1+ p2)* =m3,.

In the unitary gauge, the relevant Feynman rules for the LFV decay of h° — I lil; are repre-
sented in the Fig. 2.

For each diagram, there is a corresponding generic function expressing its contribution to the
LFVHD. These functions are defined as

1
EfY(mp,my) =mym oy [m%(bﬁl) — b(()l) — b(()z))

4
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The notations are introduced as follows. All the b- and C-functions are defined in the Ap-
pendix A, where C-functions are well-known as Passarino—Veltman (PV) functions of one-loop
three points and b-functions are the finite parts of the two-point functions. For convenience, m,,
and m,, in the Feynman rules are denoted as m1, my, corresponding to the masses of the final
leptons in the LFV decays h® — [ N l;‘ . Other parameters are masses of the neutral Higgs m o,
and the virtual particles in the loops, including gauge boson mass my, charged Higgs mass mj,
and fermion masses m r. Specially, the masses of the virtual fermions are denoted as m, =mp
for convenience. The parameters a1, az, v1 and v, given in the Feynman rules in the Fig. 2, where
v1, v2 are VEVs giving masses for normal and exotic leptons/active neutrinos; ap, ap relate the
mixing parameters of the charged Higgses coupling with these leptons.

The set of the form factors (4)—(19) was calculated in details in the Appendix B which we find
them consistent with calculations using Form [29]. These form factors are simpler than those
calculated in the appendix because they contain only terms contributing to the final amplitude
of the LFVHD. The excluded terms are come from the two reasons: i) those do not contain
the neutral leptons in the loop so they vanish after summing all virtual leptons, reflecting the
GIM mechanism; ii) the divergent terms defined by (A.3). The second is true only when the
final contribution is assumed to be finite. This is right for the models having no tree level LFV
couplings of u—t. The 3-3-1LHN model we will consider in this work satisfies this condition
and the divergent cancellation is checked precisely in the Appendix B. Another remark is that
the divergent term (A.3) contains a conventional choice of In p?/ m% in which my, can be replaced
by an arbitrary fixed scale. We find that only the contributions of the diagram 1d) and sum of two
diagrams 1g) and 1h) are finite.

Now the form factors Az g can be written as the sum of all £, g functions. The one loop
contributions to the LFV decays such as Ay g are finite without using any renormalization pro-
cedure to cancel divergences. In addition, Ay r do not depend on the p parameter arising from
the dimensional regularization method used to derive all above scalar E; g functions in this
work. But in general contributions from the separate diagrams in the Fig. | do contain the diver-
gences and therefore the particular finite parts E7 g do depend on p, so it will be nonsense for
computing separate contributions.

Using the Feynman "t Hooft gauge, similar expressions of the LFVHD amplitudes as functions
of PV-function were introduced in [12,10]. They were applied for LFVHD in the seesaw models,
where there are no new contributions from new physical charged Higgses or new gauge bosons.
The contributions in this case correspond to those of only four diagrams a), e) g) and h) in the
Fig. 1 of this work. So choosing the unitary gauge is more advantageous for calculating LFVHD
predicted by models having complicated particle spectra.

There is another simple analytic expressions given details in [15], updated from previous
works [30]. It can be applied for not only SUSY models but also the models predicting new
heavy scales including 3-3-1 models. The point is that this treatment uses the C-functions with
approximation of zero-external momentums of the two charged leptons, i.e. pf = p% =0. Un-
like the case of LFV decays of t — uy, the LEVHD contains a large external momentum of
neutral Higgs: 2p;.p2 > [(p1 & p2)?| = mj ~ O([100 GeV1]?), which should be included in the



44 L.T. Hue et al. / Nuclear Physics B 907 (2016) 37-76

C-functions, as discussed in the Appendix A. This is consistent with discussion on C-functions
given in [31].

3. 3-3-1 model with new neutral lepton

In this section we will review a particular 3-3-1 model used to investigate the LFVHD, namely
the 3-3-1LHN [23]. We will keep most of all ingredients shown in Ref. [23], while add two new
assumptions: i) in order to appear the LFV effects, we assume that apart from the oscillation
of the active neutrinos, there also exists the maximal mixing in the new lepton sector; ii) The
Higgs potential satisfies a custodial symmetry shown in [22] to avoid large loop contributions
of the Higgses to precision tests such as p-parameter and flavor neutral changing currents. More
interesting, the latter results a very simple Higgs potential in the sense that many independent
Higgs self-couplings are reduced and the squared mass matrix of the neutral Higgses can be
solved exactly at the tree level. The following will review the needed ingredients for calculating
the LFV decay of 1% — ;"]

3.1. Particle content

e Fermion. In each family, all left-handed leptons are included in the SU(3),, triplets while
right-handed ones are always singlets,

Va
1
L;: e/a N<173s_§)1 e/aRN(lvl’_l)s éR’\"(l,l,O), (20)
Ny ),

where the numbers in the parentheses are the respective representations of the SU(3)c,
SU(2) and U(1)x gauge groups. The prime denotes the lepton in the flavor basis. Recall
that as one of the assumption in [23], the active neutrinos have no right-handed components
and their Majorana masses are generated from the effective dimension-five operators. There
is no mixing among active neutrinos and exotic neutral leptons.

e Gauge boson. The SU3); x U(1)x includes 8 gauge bosons W,‘j (a=1,8) of the SUB)
and the X, of the U (1), corresponding to eight SU(3),, generators T¢ and a U(1)x gen-
erator T°. The respective covariant derivative is

D=0, —igsWiT* — g1 T°X X, 1)

Denote the Gell-Mann matrices as 1,4, we have T¢ = %Aa, —%AZ or 0 depending on the
triplet, antitriplet or singlet representation of the SU(3), that T acts on. The T? is defined
as 7% = % and X is the U (1) x charge of the field it acts on.

e Higgs. The model includes three Higgs triplets,

o ) n bt |
P = ,00 N<1s37 _>7 n= n_ y X = X_ N<1139__>' (22)
+ 3 0 0 3
0, Up) X2
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(x)

As normal, the 3-3-1 model has two breaking steps: SUQ3)r, x U(l)x"— SUQ2)L X
(o). (m)

U(l)y "= U(1)g, leading to the limit |(x)| > [{(p)], [{n)|. The non-zero U (1)s charged
field 77(2) and X? have zero vacuum expectation (vev) values: (r)g) = X?) =0,1i.e.

RSt e Sitids (23)
V2 V2
Others neutral Higgs components can be written as
o = L(vl +S14iAr), ¥ = L(v2+52+iA2), X9 = L(1)3-1-5§+1'A%)-
V2 V2 V2 ‘

(24)

As shown in Ref. [22], after the first breaking step, the corresponding Higgs potential of the
3-3-1 model should keep a custodial symmetry to avoid large FCNCs as well as the large
deviation of p-parameter value obtained from experiment. This only involves to the p and
Higgs scalars which generate non-zero vevs in the second breaking step. Applying the Higgs
potential satisfying the custodial symmetry given in [32], we obtain a Higgs potential of the
form,

2 )
V=u} (pr + nTn) +13x T+ M [pr + nTn] + 2 (x 'x)
+ 12 (pfp + n*n) (x*x) —V2f (Gijkpi’?iXk + h.c.) , (25)

where f is assumed to be real. Minimizing this potential leads to v; = v, and two additional
conditions,

1
M% +2k1v% + E)»]zv% = fus,

2 2 2 fv%
U5+ A2v3 + A = v—3 (26)

We stress that if the custodial symmetry is kept in this 3-3-1 model, the model automat-
ically satisfies most of the conditions assumed in Ref. [23] for purpose of simplifying or
reducing independent parameters in the Higgs potential. For this work, which especially
concentrates on the neutral Higgses, the most important consequence is that all of the mass
basis of Higgses, including the neutral, can be found exactly without reduction of the number
of Higgs multiplets.

In the following, we just pay attention to those used directly in this work, i.e. the mass spectra of
leptons, gauge bosons and Higgses. Other parts have been mentioned in [23].

3.2. Mass spectra

3.2.1. Leptons

We use the Yukawa terms shown in [23] for generating masses of charged leptons, active

neutrinos and heavy neutral leptons, namely

v

— — A —
oo = Vi Lupeh + oy Lux Ny + =2 (L°n") (n'Lj) + e @)
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where the notation (L')§ = ((v],;)¢, (¢/,;)¢, (N.))T = (%, el%. N.%T implies that y§ =
PRy = (Y1) with ¢ and ¢ = Cy being the Dirac spinor and its charge conjugation,
respectively. The A is some high energy scale. Remind that ¥, = Ppvy, g = Priyy where

PrL H;” are the right- and left-chiral operators. The corresponding mass terms are
2
YapV1 y »V3 —— Y V2
‘Clepton |:_i/§ e, ehr + T/E NaLNpg +hc:| ZA [( VarY hL)+hC] (28)

This means that the active neutrinos are pure Majorana spinors corresponding to the mass ma-

trix (My)ap = % This matrix can be proved to be symmetric [33] (chapter 4), therefore the
mass eigenstates can be found by a single rotation expressed by a mixing matrix U that satisfies
UTMVU = diagonal(m,,, m,,, m,,), where m,, (i =1,2,3) are mass eigenvalues of the active
neutrinos.

Now we define transformations between the flavor basis {e; LRV
basis {e,. R, VaL, NaL,R}:

/ /
L NaL’R} and the mass

’— — /- — I l L ! R
€aL = €L €R = CR> VaL = UabvsL, N, L= VabNbL’ N, R= VabNbR’ (29)

a a

where V% i U and Valz are transformations between flavor and mass bases of leptons. Here un-
primed fields denote the mass eigenstates. Remind that véj} = (V)¢ = UgpVS k- The four-spinors
representing the active neutrinos are vy = v, = (Var, vV R)T, resulting the following equalities:
Var = Py = Prv, and vZ r = PrvS = Prv,. The upper bounds of recent experiments for the
LFV processes in the normal charged leptons are very suppressed [7], therefore suggest that the
two flavor and mass bases of charged leptons should be the same.

The relations between the mass matrices of leptons in two flavor and mass bases are

V]
m(f = ﬁyuv yab yasab, a5b= 172’35

2

V2 vy

XU Y"U = Diagonal(m,,, m,,, m,,),
V3 L LiyNyR .
— V=YY V™ =Diagonal(my,, my,, mn;), 30)
ﬁ 1 2 3

where Y and YV are Yukawa matrices defined as (Y")qp = y”, and (YV)qp = y2V .
The Yukawa interactions between leptons and Higgses can be written according to the lepton
mass eigenstates,

ni, _ _ -
~Llpon = 22 (P02 Pren + U5 Prevoy + Vi Na Prenpy +hec.]

m — _ _
n vN"x/E[XgNaPRNa—i—VhLaebPRNaX +h.c.]
3
"0 | S 5 P+~ (VgaTaPres + UpacgPrva) +he. |, (D)
vy \/E a b

where we have used the Marojana property of the active neutrinos: v5 = v, witha =1,2,3.In
addition, using the equality ej Py v, = vV, Ppep, for this case the term relating with n* in the last
line of (31) is reduced to ~/2n1 v P ep.
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3.2.2. Gauge bosons
It is simpler to write the charged gauge bosons in the form of W¢T¢ with T“ being the gamma
matrices, namely

(0 LA
WAT® = Vi R (32)
ur vl oo

The masses of these gauge bosons are:

2,2 2 2
v v
m%,vzg ’ mé:m%=%<v§+—>, 33)

4

where we have used the relation v; = vy = % and the matching condition of the W boson mass

in 3-3-1 model with that of the SM.
The covariant derivatives of the leptons contain the lepton—lepton—gauge boson couplings,
namely

D T
Elepton = ILZIVMDILL;

— UG Ty PLes W) + Uansy" PLoaWy;

V2
+ VL Nay" PLeyVi + Vhesy" PN, Vl;] . (34)
3.2.3. Higgs bosons

e Singly charged Higgses. There are two Goldstone bosons G?,EV and G?,E of the respective
singly charged gauge bosons W= and V*. Two other massive singly charged Higgses have

masses
m%, =141 fv 2 =2f (35)
H = 3, my, = v3,
where t = g—; =- l«)ﬁ =tan6. Denoting sy =sin6, cy = cosf, we get some useful relations
3
2m 2m
mW:\/EmVSQ, vy = Vce, V=V = gvse. (36)

The relation between two flavor and mass bases of the singly Higgses are

Pi _ (-1 Gy Py _ (=0 co Gy 37)
Ul VAR R WA S x* co so )\ HE)
e CP-odd neutral Higgses. There are three Goldstone bosons Gz, Gz and G/UO’ and two

massive CP-odd neutral Higgses H,4, and Hy4, with the values of squared masses are

2 2
’ 5 I+ 5 By Q+17) ,
my, =my, =TmH2, mAzszHz' (38)
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The relations between the two bases are:

2
—% co

-
Al ’ Jei+1 cg+1 G
(A?)=<ce _S0)<GS>’ Al e = 2=l 6] o
A2 So Co HA2 A2 g+ c:,+1 HAI
0 0
J+1 241

e CP-even neutral Higgses. Apart from the three exactly massive Higgses shown in the
Ref. [22], the model predicts one more Goldstone boson Gy and another massive Higgs.
The masses and egeinstates of these Higgses are

m2, = > [4/\1t +2/\2+——«/_}

4]

h
2
mio_—[m t +2/\2+—+«/_}
2
mig =m§_11i, mlzl2 =mi2, 40)

2 2
where A = <4k 112 =22 — [i—f) + 812 (A 12— U—’:) . The transformations among the flavor

and the mass bases are

S —Ca Sa_ 1 h()
1
Sé —S¢ Co — G/U S? — :{i ﬁ f h() (41)
S$3 co o ) \g NN RN 2
3 Sa Ca 0 h3

where s, = sina, ¢y = cos« defining by

2 2 2
4At —mh?/v3

Sq =

27
\/2 r — flv3)2 12 + <4,\]¢2 - mio/v§>
1

= V221 — flu3)t _ 42)

2
\/ 220 — f/v3)* 12 + <4Mt2 - mio/v%)
1

In the limit # < 1 the expression of the lightest neutral even-CP Higgs is
Ay — 2
mio :v% |:4)»1 _ (A2 — f/v3) il’
1 %)
where both A; and A, must be positive to guarantee the vacuum stability of the potential (25).
This Higgs is easily identified with the SM-like Higgs observed by LHC.

3.3. Couplings for LFV decay of the SM-like Higgs and the amplitude

From the detailed discussions on the particle content of the 3-3-1LHN, the couplings of SM-
like Higgs needed for calculating LFVHD are collected in the Table 1.
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Couplings relating with LFV of SM-like Higgs decays in the 3-3-1LHN model, where Athl = sacg)qz + 2s§kz —

ﬁ(lcchkl + seklz)tg — o360 3y f 2. Here we only consider the couplings the unitary gauge.

Vertex Coupling Vertex Coupling
Naeber _ifVL*( ) eaNpH| —i\/iVbLa ( o )
Daep HY —iulx (" pp 4 "Mva p, epvaHy —ivL (Zebp, 4 M p,
2 ba v vy 2 ab v vy
Rt ey sy
NaepV,F }Vbﬁl*ylLPL &NV, ’j_vfby P
aepW,5 j/‘lUL*y“PL epva W, j/‘lUlthy
wHt Wl;h(l) —igmwycy yut V}:h(l) lg\T_V (V2s4co — casp)
. ig 04—
WHTVH —_(cqco + /2548 — hWH- VT —°_(cqch + v/ 2sas, -
1H, 2ﬁ( «Co o 9)(Ph(1J pHr)u 1H, 2\/5( «Co o (9)(17Hl Ph(l))u
- : - . Mo+saf
WO H H; ~iv3h0 . 1, W H; H; —ivy [ <2 2eqry + b2l ]
_ 0 imy, c 0+
Vavahy U;“ ﬁ hHy W 0

Matching the Feynman rules in the Fig. 2, we have the specific relations among the vertex
parameters and the couplings in the 3-3-1LHN, namely for the exotic leptons

2mv 2mv
ay — Cg, A —> Az =Sg, V] = S, V) —> V3 =
2
al_ & ¢ a3 & S¢ aiaz
v 2myse vy 2mycy viv3 4m%,’

and the active neutrinos,

ap,ar — 1, V[,V > V] =V) = —

v _«/zmw
V2 g

The expression of Ay is separated into two parts, namely

1
AN = Z veivEx [ (—case + \/Esace) x EXWVmy,, my)

la2a642f

€0,

(43)

aj az

_2__ & (44)

v ﬁm 1%

+ (_282) <COlC9 + \/ESaSzQ) X EEVH(alv as, U1, v3a mNaa my, mHli)

+(—2g%) <CotC9 + \/Esa59> x E;" (a1, a3, v1, v3,my,, my, M)

+ (—4«/5)%01111{1) X EEHH(al,az, V1, U2, mua,mHzi)

3
L

(my,m,,)
co

+ (—Sﬁsa) E™(ay, a3, v1,v3,m,,, mH]i)
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3
—g C
+ § Cu x EXV(my,my,)
56
+ 8o x Eff a1, a3, v1, v, m,my) | (45)

from neutral exotic leptons and
Al = Xa: Ulan‘aﬁlnz [(-2¢%ca) EE" Oy mw)
+ (_4)‘h0H2H2) X EfHH(al, a», vy, va, m,,a,mHZi)
+ (—g3ca) E/™ (mw,my,)
+ V2ea) Ef™ (@1, a, v1, v my, m )
+(—gcu) EfY my,my,)
+ (2V2e) EXH(ay, az, vy, U2»mv(,,m[.12i)]' (46)
Similarly for the Ag we have

A%:Ag(EL—)ER), A;:AE(EL%ER). (47)

Before going to the numerical calculation we remind that the divergent cancellations in two
separate sectors of neutrinos and exotic leptons are presented precisely in the second subsection
of the Appendix B.

4. Numerical investigation
4.1. Setup parameters

In the model under consideration, the new parameters we pay attention to are the SU(3)p
scale v3, the mass of the lightest active neutrino, masses of the three neutral heavy leptons,
Higgs masses and mixing parameters of leptons and Higgses. The Higgs part relates with the
Higgs self-couplings in the scalar potential: A1, A2, A12 and f. The first two free parameters we
choose are the v3 and mass of the H given in (35). Then the f parameter can be determined by

2
My
f=—t (48)
2v3
Another parameter that can be fixed is the mass of the neutral SM-like Higgs [5] with the value
of about m = 125.1 GeV. Note that two Higgs masses mio and mio shown in (40) are roots
1 2

of the equation x> 4+ ax + b =0, where —a = mio + mio = v% (4A1t2 42X + tzf/v3) and b=
1 2

mi?mig = 20202 [21 x (242 + 12 f/v3) — (k12 — f/v3)*]. This means that mi(l, +ax mi? +

b =0, giving a relation among A5, A1 and Aj3:

2
2 2 2
g (i miy\ _ (he /)
=l T2 | )
2\ vy 2v3 —4x ~|—mh?/v1
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Because the A1, 2> and A1y are factors of quartic terms in the Higgs potential (25), they must
satisfy the unbounded from below (UFB) conditions that guarantee the stability of the vacuums
of the considering model. According to the Ref. [42], these conditions are easily found as follows.
Defining p"p +n'n = h% and x "y = h2, the quartic part of the Higgs potential (25) has form of
V4= )Ll(h%)z + Alzh%h% + )Lz(h%)z. In the basis (h2, h%) the V4 corresponds to the 2 x 2 matrix
that must satisfy the conditionally positive conditions as follows:

Py
A >0, Ay >0, and%+ Az > 0. (49)

In our calculation, apart from positive 11 and A, we will choose A2 > 0 so that all conditions
given in (49) are always satisfied.

To identify h(l) with the SM Higgs, the h(l) must satisfy new constrains from LHC, as discussed
n [43]. Namely, the mixing angle « of neutral Higgses, defined in (42), should be constrained
from the h(l)W+W_ coupling. Following [43] the we can identify that —cy, = 1 + ey where
ew = —0.15 £ 0.14 is the universal fit for the SM Higgs. This results the constraint of ¢, as

—0.99 <c¢q < —0.71. (50)

By canceling a factor of ¢ in (42), we have a simpler expression

3 (22 - i

2 2 2’
\/2 (ul - ’Z—S?) +12 (4x1 = mi?/vo

which shows that ¢, < 0 when mpy, > 2v34/A1 and ¢y — —1 when ¢ < 1. The lower constraint
of ¢, in (50) gives a very interesting relation among A1, vs and m g, , namely m%,z can be written
as

Cq =

2
m’,
2 .2 hl \/EICO[| V1
m = )\.1+ )\,1_— X —/— X —
2 2 2 v
Ul —Cy 3

(51

If the lower constraint in (50) is not considered, m%_lz can be arbitrary large when |cy| — 1.
V2lcal
l—cgl
0.52, we obtain a rather strict relation mpy, =~ 2034/ if v3 > v 246/\/5 GeV and A is
large enough. On the other hand, this relation will not hold if the custodial symmetry assumed
in the Higgs potential (25) is only an approximation. Hence in the numerical calculation, for the
general case we will first investigate the LFVHD without the constraint (50). This constraint will
be discussed in the final.
Regarding to the parameters of active neutrinos we use the recent results of experiment. In
particularly, if the mixing parameters in the active neutrino sector are parameterized by

In contrast, the constraint (50) gives a consequence ~ O(1). Combining with mi? / vf ~

1 0 0 cosfiz 0 sinbi3
U(012,013,6023) = 0 cosbrs  sinfy 0 1 0
0 —sinf3 cosby —sinf;3 0 cosO3

cosfip  sinf;p O
x | —sinfjp cosfip 0 |. (52)
0 0 1
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Because U’ has a small deviation from the well-known neutrino mixing matrix UMNF5 50 we

ignore this deviation [34]. We will use the best-fit values of neutrinos oscillation parameters given
in [35],

Am3, =7.60 x 1072 V2,  Am3; =2.48 x 107% eV?,
sin® 015 = 0.323, sin” 63 = 0.467, sin” 613 = 0.0234, (53)

and mass of the lightest neutrino will be chosen in range 107 <m,, <10~ !eV, or 1071 <
my, < 10719 GeV. This range satisfies the condition Zb my, < 0.5 eV obtained from the cos-
mological observable. The remain two neutrino masses are mlzjb = m%] + Am%b .- We note that
the above case corresponds to the normal hierarchy of active neutrino masses. In the 3-3-1LHN,
the inverted case gives the same result so we do not consider here.

The mixing matrix of the exotic leptons is also parameterized according to (52). In particularly
it is unknown and defined as VL = UL (9{;, 6%, 9%). If all 9[}’ =0, all contributions from exotic
leptons to Az, g will be exactly zero. In the numerical computation, we consider only the cases
of maximal mixing in the exotic lepton sector, i.e. each 9}}’ gets only the value of 7 /4 or zero.
There are three interesting cases: 1) 011\5 = /4 and 6’11\; = 9% = 0; ii) 9{% = Gf\é = 6’21\; =m/4;
and iii) 0{% = 9{% = /4 and 9% = —m /4. The other cases just change minus signs in the total
amplitudes, and do not change the final results of LFVHD branching ratios. For example the
mixing matrix of first case is

B )
. V2o V2
— — 1 1
Vi=U(@/4,0,0) = -5 7 0]- (54)
0 0 1

Our numerical investigation will pay attention to the first case, where the third exotic lepton
does not contribute to the LFVHD decays. The two other cases are easily deduced from this
investigation.

From the above discussion, we chose the following unknown parameters as free parameters:
V3, MH,, M, A2, my, and my, (a =1, 2, 3). The vacuum stability of the potential (25) results
the consequence A1 2 > 0. In order to be consistent with the perturbativity property of the theory,
we will choose A, |A12] < O(1). The numerical check shows that the LFVHD branching ratio
depends weakly on the changes of these Higgs self-couplings in this range. Therefore we will fix
A1 = A12 = 1 without loss of generality. These values of A1 and A1, also satisfy all UFB condi-
tions (49). In addition, the Yukawa couplings in the Yukawa term (27) should have a certain upper
bound, for example in order to be consistent with the perturbative unitarity limit [36]. Because
the vev v3 generates masses for exotic leptons from the Yukawa interactions (28), following [10]
we assume the upper bound of the lepton masses as follows

2
< 3. (55)

2
my,

v3

N

< |

V2

After investigating the dependence of the LFVHD on the Yukawa couplings through the ratio

mUZ“ we will fixed my, /v3 = 0.7 and 2 corresponding to the two cases of lower and larger than 1
of the Yukawa couplings.

Unlike the assumption in [23] where f = v3/2, we treat f as a free parameter relating with
mpy, by the equation (48), so the condition of candidates of DM may be changed. We stress
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that the correlation between mpy, and v3 is very important to get maximal values of LFVHD
branching ratio. The singly charged Higgs bosons have been being searched at LHC, namely
the decays H' — ¢5 or H + _ WZ with ATLAS [37], and decays to fermions with CMS [38].
The ATLAS gives a lower bound of 1 TeV while that from CMS is about 600 GeV. But in the
3-3-1LHN model, there is no coupling H leW¥ Z, while the coupling H2jE WTZ is extremely
small when vy = v;. In addition, only the H, decay has been searched by CMS so the lower
bound of m y, > 600 GeV should be applied. The value of m g, should also satisfy mv—fz <0(),
resulting an upper bound depending on the SU(3), scale.

The value of v3 should be consistent with the lower bound of Z’ mass from experimental
searches [39], addressing directly for 3-3-1 models [19,40], where m 7 must be above 2.5 TeV.
It is enough using an approximate relation of my and vs: mzz, ~ gzvgc%[,/(?a — 4s2W) where
sw = sinfy and cw = cosfy with Oy being the Weinberg angle. Then vz should be above
6 TeV. For understanding the qualitative properties of the LFVHD, our investigation will pay
attention on the range of 4 TeV < v3 < 10 TeV.

To see the correlation between singly charged Higgses, the neutral leptons and the v3, the
range of m g, will be chosen as 0.5 TeV < mpy, < 20 TeV. The default value of my, =2 TeV is
used. The value of m, is chosen later.

The other well-known parameters are fixed [41]: W boson mass my = 80.385 GeV, the
weak-mixing angle value s%, = 0.231, the fine-structure constant at the electroweak scale
o = /4w = 1/128, the total decay width of the SM Higgs I'y >~ 4.07 GeV. The mass of this
Higgs is fixed as mpy = 125.09 GeV. These two values are assumed to be the total decay width
and mass of the SM-like Higgs considered in this work.

A main point that can distinguish the LFEVHD characteristics in the 3-3-1 models with the
other well-known models beyond SM, including the seesaw and SUSY models, is the relation
of new neutral lepton masses and the Yukawa couplings which directly relate to the LFVHD.
In particular, because all neutral leptons in 3-3-1LHN receive masses from the Yukawa terms,
so their masses must be bounded from above because of the inequality (55) and a similar one
for active neutrinos. This also implies that maximal values of exotic lepton masses depend on
the SU(3) 1 scale v3. While in the seesaw models with new singlets right-handed neutrinos, the
mass terms of sterile neutrinos are mainly come from the private Majorana mass terms and no
new Yukawa couplings appear. So the mass ranges of new sterile neutrinos may be very wide,
even if their effects to the Yukawa couplings of the active neutrinos are included [10]. Similar,
in the SUSY models, the appearance of the soft terms leads to the consequence that masses of
new superpartners affecting to LFVHD are mainly come from these soft terms. In conclusion,
the study of LFVHD in 3-3-1LHN can give some interesting information on Yukawa couplings
of exotic leptons and the SU(3) scale v3.

4.2. Numerical result

If the mixing parameters among all exotic leptons are zero or all of their masses are degener-
ate, then the contributions to the LFVHD of these exotic leptons are zero, too. Then branching
ratio of the LFVHD h? — pt depends on only active neutrino sector, in which the mixing pa-
rameters as well as masses are almost known. The numerical results in this case are shown in the
Fig. 3. The LFVHD does not depend on the value of the lightest active neutrino, but increases
very slightly with the increasing of v3 and mpy,. Because both values of v3 and mp, are in the
TeV scale, the contribution of the active neutrinos is extremely small compared with the recent
experimental sensitivity, so we can neglect it in the next calculation.
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Fig. 3. Branching ratio of LFVHD as function of m,, (left panel) or m Hy (right panel) where contributions are come
from only active neutrinos in the loops.

Br(ii—u7) Br(h)->p1)

10 F

107 pewmtt o= =E

s 20 25 30 mefvs
1072
107\5
— v3=4TeV ---- v3=8 TeV — v3=4TeV ---- v;=8TeV
---v3;=6TeV --- v3=10TeV —=-v3=6TeV -—- v3=10TeV

1018k 1

Fig. 4. Branching ratio of LFVHD as function of m y, /v3, which is proportional to Yukawa couplings of exotic leptons,

mp, =2 (20) TeV in the left (right) panel. The upper green lines correspond to the value of 10~4. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

Now we begin considering the contribution of exotic leptons. Firstly the dependence of the
branching ratio of LFVHD on the Yukawa couplings, or the ratio of my,/v3, is shown in the
Fig. 4. The branching ratio enhances rapidly with the increasing of the Yukawa couplings. In
addition, the branching ratio is small, below 10~°, with small m H, =2 TeV, and rather large
with larger m g, . In particular for my, = 20 TeV, the branching ratio can reach 107>, Both of
the largest values in the two panels correspond to the largest values of the Yukawa couplings.
The deep wells show the zero values of the LFVHD branching ratio when the two exotic lepton
masses are exactly degenerate at the default value of my, =2 TeV. For the small value of mp,,
the small v3 (the black line in the left panel) gives larger BR(h(l) — 7). In contrast, the larger
values of mp, and v3 (the dot-dash line in the right panel) give large BR(h(l) — ut). The one
more interesting property is that the branching ratio seems to be unchanged with very small
values of m y,, implies that the small exotic lepton masses give small contribution the to LFVHD.
The constant values of LFVHD in the right-hands sides of the wells are from the contributions
of my, =2 TeV when my, is much smaller than my; .

For qualitative estimation, we have checked Ay g as functions of mass parameters as fol-
lows. We divide them into two parts: Ay g = f(mpy,v3,my,) +g(mu, v3,my,) X ln(m%va) and
consider their behavior when one of the parameters approaches zero or infinity. Note that the
logarithm factors are very important because they can give very large contributions even with the
very small values of my, . For the exotic lepton masses, there are two interesting properties:

lim (&0, v3,my,)In(my, ) =0and lim g(mp,v3, my,)In(my, ) =400, (56)

mNa*) mNU—>OO
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Fig. 5. Branching ratio of LFVHD as function of m g, , my, /v3 = 0.7 (2) in the left (right) panel.
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Fig. 6. Branching ratio of LFVHD as function of v3, my, /v3 = 0.7 (2) in the left (right) panel.

with the assumption that all other parameters are fixed and the exotic lepton masses do not
have any upper bounds. The first limitation explains why small exotic leptons give suppressed
contributions to LFVHD. If the upper bound of the Yukawa couplings, namely (55), is applied,
the value of the second limitation in (56) becomes zero. In the well-known classes of models
such as the models with singlet right-handed neutrinos or the SUSY models, the upper bounds
of new lepton masses or superpartner masses do not relate with the vevs of Higgses, because
these masses are also come from other sources as the singlet mass terms or the soft terms. So
the Br(h(l) — ut) increases with increasing of the new mass scales [10]. Hence the upper bound
of the LFVHD will result to the upper bound of these new mass scales. In contrast, in the frame
work of the 3-3-1 models, the LFVHD will give much of important information of the Yukawa
couplings of the exotic leptons.

As showed in the Fig. 4, the Br(h(l) — ut) depends clearly on my,/v3 whether this ratio is
larger or smaller than 1. From now we will consider two fixed values of my,/v3 = 0.7 and 2,
without any inconsistence in the final results.

The Fig. 5 shows the dependence of LFVHD on the mass of m y, . The first property we can see
is that the LFVHD branching ratio always has an upper bound that decreases with increasing vs3.
In other word, it has an maximal value depending strictly on the constructive correlation of v3
and mp,. But if the Yukawa couplings are small, this maximum seems never reach the value
of 107, The case of the large Yukawa couplings is more interesting because maximal LFVHD
can be asymptotic 107>, provided that v is small enough, see the right panel.

The effects of v3 on LFEVHD are shown in the Fig. 6. Again we can see that the maximal
values can reach 10~7 and 107 for respective small and large Yukawa couplings.
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Fig. 7. Contour plots of LFEVHD as function of v3 and m g, in the left (right) panel.

Combining both Figs. 5 and 6, we conclude that the construction correlation of m g, and v3 is
the necessary condition for maximal peaks and the appearance of vertices are independent with
Yukawa couplings. But the maximal values of LFVHD branching ratio depend directly on the
amplitudes of the Yukawa couplings and can reach 1075,

The Fig. 7 represents some particular regions of the parameter space to get the large values of
LFVHD Br(h? — ut). Especially the values larger than 107 are the maximal values of LFEVHD
that the 3-3-1LHN can predict when the lower bound of v3 is 6 TeV. In addition, the left panel
shows the case of my,/v3 = 2, the parameters satisfying Br(h? — ut) > 0.5 x 107° is very
narrow, implies a very strict relation of v3 and my, if this large amount of the branching ratio
is observed. The right panel shows the dependence of Br(h(l) — ut) on the Yukawa couplings
and mpy, with v3 =7 TeV. Clearly, the maximal peak of LFVHD corresponds to m g, 2~ 14 TeV
and does not depend on the Yukawa couplings. But the maximal values do, in this case Br(h(l) —
ut) > 0.5 x 1075 if only my, > 14.5 TeV. Furthermore, the region having Br(h(l) — UT) >
0.5 x 107> opens wider with larger Yukawa couplings.

Finally, we should pay attention to the case satisfying the constraint of universal Higgs
fit (50). In the above numerical investigation, we have fixed A1 = 1, which corresponds to
mp, >~ 2v34/A; = 2v3 satisfying the constraint. It is very interesting that all maximal peaks
of LFVHD appearing in the numerical calculations correspond to this relation among mg,, v3
and A;. Therefore the universal Higgs fit confirms more strongly that the 3-3-1LHN predicts the
large branching ratios of LFVHD.

5. Conclusion

For studying the LFVHD in the 3-3-1LHN model, we have introduced form factors expressing
the one-loop contributions corresponding to relevant Feynman diagrams in the unitary gauge. We
have checked that the total contribution is finite, all of the divergences appearing in particular
diagrams cancel among one to another. Although the above form factors are calculated for the
3-3-1LHN, they can be applied for other 3-3-1 models and in general for many other models
beyond the SM with the same class of particles. In numerical investigation the LFVHD in the case
of maximal mixing between the first two exotic neutral leptons, we find that the branching ratio
Br(h(l) — 1) depends the mostly on Yukawa couplings of neutral exotic leptons and the SU(3),
scale v3. For small yl.’}' 2~ 1, equivalently my,/v3 2 0.7, this branching ratio is always lower

than 107°, and even that of about 10~7, the parameter space is very narrow. In contrast, with
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large Yukawa couplings, for example y¥ ~ 242 orm N, /v3 = 2, the largest LFVHD branchin
g pling ple y;; 2 g g

ratio can reach 10~ and does not depend on the small values of m N, - These largest values do also
depend on the charged Higgs masses and the v3, thought these seem not as strongly as the Yukawa
couplings. The values above 107 can be found in large region of parameter space with small v3.
With the large vs3, this region is very small, implying some strict relation between parameters of
exotic lepton masses, charged Higgs masses and the SU(3), scale v3. The relation arises from
the present of both the custodial symmetry in the Higgs potential and the constraint from the
universal fit of the Higgs property observed by LHC. This will give interesting information of
the 3-3-1LHN model if the LFVHD branching ratio is discovered by experiments at the value
of 107 or larger. Our calculation also indicates that only 3-3-1 models with new heavy leptons,
such as [20], can predict large LFVHD. So when calculating the LFVHD in SUSY versions, the
non-SUSY contributions must be included. In contrast, the 3-3-1 models with light leptons [21]
give suppressed signals of LFVHD, and the SUSY-contributions in [44] are dominant.
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Appendix A. Master integrals for one-loop integral calculation
A.l. Master integrals

The calculation in this section relates with one-loop diagrams in the Fig. 1. We introduce the

notations Do = k* — M3 +i8, Dy = (k— p1)*> — M} +i8 and D, = (k + p2)*> — M3 +i8, where
§ is infinitesimally a positive real quantity. The scalar integrals are defined as

2 4—D dD 2 4—D de
Ao(My) = %f— B = 27 f ,
in? D; in? DoD;
B® _ Qrw* P [ dPk B0 _ Q)P / dPk
0o = ) ) 0 = ) 5
im DoD; in D1 D,
Co=Co(My, M1, M>) = ! / 'k (A.1)

where i = 1,2. In addition, D =4 — 2¢ < 4 is the dimension of the integral. The notations
Mo, My, M> are masses of virtual particles in the loops. The momenta satisfy conditions: p% =
m% p% = m%, and (p1 + p2)? = mio. The tensor integrals are

Qrw)* P [ dPk x kM
Af(pis M) = —— / = Ao(Mi)p},
i D;

Qru)*P / dPk x kM _ B0

in? Do D; L s

Qrp)*-P / dPk x k"
DD,

B"(pi; Mo, M;) =

12 12
B (pi1, p2; My, M;) = 531( )P§L+B§ )p/;’

in?
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CH = CH (Mo, My, My) = — /d4kau—c KLCopl,  (A2)
= 0, M1, M2 =2 DoD1 Dy 1P 2P .
where Ao, Bél)l, B(u) and Cp 12 are PV-functions. It is well-known that C; is finite while the
remains are d1vergent We define
1 /LZ
AGE—+IH47T—]/E+III—2, (A3)
€ my,

where yg is the Euler constant and my, is the mass of the neutral Higgs. The divergent parts of
the above scalar factors can be determined as

Div[Ao(M)] = M?A.,  Div[B’1=Div[B{'”]= A,

1 1
Div[B{"] = Div[B{"?] = 5 A Div[B?] = Div[B{'?] = —5 4. (A4)

We remind that the finite parts of the PV-functions such as B-functions depend on the scale of u
parameter with the same coefficient of the divergent parts.
The analytic formulas of the above PV-functions are:

.
my —ié

| 12 . 12 12
B0, DB+ B0, B = DB+ b, A6

where
1

b =In(m? — i8) — /dxln[x2p,?—x(p%+M§—M,?)+M§—ia],

0
1
b{1? = In(m?2 — i5) — [dx In [mﬁxz — x(m? + M? — M3) + M? — i(S] . (A7)
0
The b(()l) can be found in a very simple form in the limit pl.2 — 0. The b(()lz) is determined by
i = Z f dx In(x — xp), (A.8)
k=17

where xj (k =1, 2) are solutions of the equation

2 2 2 2 _
my — M54+ M M5 —ié
P i ) PR B (A.9)
my my
The final expression of b(()lz) is
bélz):lnilg—i-Z—i-Zxkln( —i>. (A.10)
M12—18 =1 Xk

The Bi, Bl.(m are calculated through the By and Aq functions, namely
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. (_l)i—l .
B =" [ Ao(Mi) — Ao(Mo) + B (3 — M +mD)).
i
B = s [Ao(M) = Ao(M) + B (M3 = b7 + (1) ') . (A1)
h

The C; functions can be found through the equation

2m% m% — m% — m% C
miy —m3 —m3 2m3 16))

( BY'? — B + (M} — M} +m})Cy )

(A.12)
B> = B" + M3 - M3+ m3)Co]

The Cy function was generally calculated in [45], a more explicit explanation was given in [46].
In the limit p%, p% — 0, we get the following expression

1
dy
CO:_/dx/ 2 2 2 2
, ; (I —x —y)Mg+xMjy + yM5 — xymj; — i

_ 1 dx
_mﬁ X — X
"1~ +In(r = x2) — G — )
x | In nx —x n(x —xp) —In(x — x
M2 —M2— iy ! 2 ’
1 m%—lé’ 1
=—Ih— 3 _/xln 1 ——
m,  Mi—Mj5—ié X0
1
1 dx
+— [n(x — x1) + In(x — x2) — In(x — x3)], (A.13)
mh X — X0

0

where both § and 8’ are positive and extremely small, xo and x3 are defined as

M2 — M} —M3 +i8
2 3=

. o=, (A.14)
2 2
m} M2 — M}

X0 =

and x1, xp are solutions of the equation (A.9). The limit of plz, p% = 0 will be used in our work,
even when the loops contain active neutrinos with masses extremely smaller than these quan-
tities, because of the appearance of heavy virtual particles. The explanation is as follows. The
denominator in the first line of (A.13) has the general form of D = (1 — x — y)Mg +xM 12 +
yM22 — xym% —i5—(1—x—y) [xm% + ym%] Our calculation relates to the two following cases:

e Only My is the mass of the active neutrino, My < M1, M. We have D = (1 — x — y)Mg +
xME[1— (1 —x—y)ym}/ M+ yM3[1— (1 —x —y)m3/M3] — xymi —is ~ (1 —x —
y)Mg —}-le2 + yM22 - xym% —1i4.
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e M| = M, is the mass of the neutrino: M| = My < My. Then we have D = (1 — x —
VMG [1— (xm? + ym3) /M| + xM? + yM3 — xymj —i§ =~ (1 — x — y)M3 + xM} +

yM22 —xym% —1id.

We use the following result given in [45]

1

dx
R(x0, x;) = / o [In(x —x;) —InCxo — x;)]
0

X0 X
) — Lix(
X0 — X;

where i = 1, 2, 3 and Lis(z) is the di-logarithm defined by

1
)

. 0—
= Liy(
X0 — Xi

1

. dt
Lir(z) = / —Tln(l —12).
0

X0

We also use the real values of xq to give the result n(—x;, ﬁ) In
xp—1

In 22— = 0 for any complex x;. Now we introduce the function
0—Xi
., X0 . Xxo—1
Ro(xo0, x;) = Liz( ) — Lin( )s
X0 — X X0 — X
leading to
1
dxIn(x — x;) 1
———— = =Ro(x0, x;)) +In| 1 — — ) In(xp — x;).
X — X0 X0

0

Using the following equalities
In(AB —i8) =In(A —i8") +In(B —i8§/A)

with any real A, B, 8, 8’ positive real and extremely small; and

m? — M? + M? M2 —is
_"h 1 2 )
XXy =——">——, XX2=—75—,
m m
h h

we can prove that

2 Y
mj —id
In m +1H()C() — Xl) +ln(x0 —x2) — ln(xo — X3) =0.

This results the very simple expression of Cp function

1
Co= 3 [Ro(x0, x1) + Ro(xo, x2) — Ro(x0, x3)],
h

(A.15)

_ oy
2= xi h) x

(A.16)

(A.17)

(A.18)

where x1 > are solutions of the equation (A.9), and xp 3 are given in (A.14). This result is consis-

tent with that discussed on [31].
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For simplicity in calculation we will also use other approximations of PV-functions where
p%, p% — 0, namely

S\ o M MM
ao(M)=M 1+ln— by =1—1In 2+721n—,
—is mi M- M} M}
Ly _ 1. M My M3 (M§—MHBME— M}
YT I VE e V. AME-MDE
h 0 1 1 0 1
O _ 1 . M3 M M (M3 —M)(BM; — M3)
P o — M T2 T amiomr
h 0 2
i = ﬂ—}—Z—I—Zxkln(l—l)
—1ié =1 xi )’

where xy is the two solutions of the equation (A.9),

1 m? m2
pP = — | M1+ k) —m3 (141 L
2my, M; M3

(12)
+ —2‘;”2 [M22 M2+ (—1)l—lmﬁ] ,
h

1
Cr=— [b" =0 + (M3 — M)Co.

mh

C, = [b<2> b5+ (MF - MHCo) .
mh

Appendix B. Calculations the one loop contributions

In the first part of this section we will calculate in details the contributions of particular contri-
butions of diagrams shown in the Fig. | which involve with exotic neutral lepton N,,a =1, 2, 3.
From this we can derive the general functions expressing the contributions of particular diagrams.

B.1. Amplitudes

It is needed to remind that the amplitude will be expressed in terms of the PV-functions, so
the integral will be written as

4 : 4-D
d*k L 9 (Zn.uv) /d4k,
Q2m)*  16m2 in?

where  is a parameter with dimension of mass. This step will be omitted in the below calcu-
lation, the final results are simply corrected by adding the factor i /1672, As an example in the
calculation of contribution from the first diagram, we will point out a class of divergences that
automatically vanish by the GIM mechanism. More explicitly for any terms which do not de-

pend on the masses of virtual leptons, they will vanish because of the appearance of the factor
2 VlLa VzLa* =0.
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The contribution from diagram 1a) is:

d*k zg 1k +myg) ig
FVV a
(a) Z/(z )4 2V1“yﬂPLTEV2aV Prvs
igmy —i
X[ NG (- C“sﬁfs“w)} D;
(k= p)utk —p1)a | —i (k+ p2)v(k+ p2)p
X | 8pa — 3 D, 8vg — 5
my 2 my,

d*k iy Ry Prus
(2m)*  DoDiD»

3
g my
= Ea Via Vz*a(_l)ﬁ (—CaS(g + \/ESO[CQ> X

2 2
nmy my

aﬂ[ <k—p1),,,(k—p1>a][ (k+P2)v(k+P1)ﬁ:|
X8 ua 8By —

3
g my
= za VlaVz*a(—l)z—ﬁ (—Caso + ﬁsa@) [P+ P+ P3], (B.1)

where

» _/ d*k_ay"y” PLvs _/ d*k (2 —d)ikPLv
"7 ) @nt DeDiDy ™) @n)*  DoDiDy
= ﬁ1PLU2 X ml(—2C1) +I/_t1PLU2 X m2(2C2). (B.Z)

We can see that Py does not contain any divergent terms. The formula of P, is

—1 [ d* wy "}y’ PLv
Py= k k k — k —
>y ) @ DoDiD; [k + p2)u(k + p2)v + (k= pr)utk = p1)]

_ =L d*% [ai(Do+m3)+2p2) PLvs +i1pakpo Prv2
B (2m)* DyD1 D,

n i1 (Do +m2)(k — 2p1) PLva + it1p1#p1 PLv2
DoD1D;
—1

=— {u]Pvaxm][ZB(lz)(m ) — 23512)(mv)

my

—2m2Co + 2m% +m} —m)Cy + (my, —m} — m%)cz]

i) Prua x m2 [—2B§12) (my) —2B{? (my)

—2m2Co— 2m% —m} +m3)Cy — (my, —m] —m%)Cl]}. (B.3)

We can see that the terms like B{? (my), g1? (my) and B2 (my) do contain divergences
1 1 0 g

but they do not depend on m, in the loop. Hence these terms will exactly cancel by the GIM

mechanism. All of the other are finite.
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The contribution from Pj3 is

1/‘d4k iy My’ PrLv;

Py= [(k = p1).tk+ p2)(k — p1)u(k + p2)v]

wh | @0 * T DoDiDs
1 / d* [ u1lD1 + Dy +2m3, —my (Do +m)(k + po — p1) PLvz
= X
2my, J 2n) DoD1 Dy
i1[D1 + Dy +2m3, —my; W PLv)
+mymy
DoD1 D,

1

=57 { ui Prvy x my [—Ao(mv) + (Zm%, — m%,o) (Bl(lz)(mv) — B(()lz)(mv)>
Vv

- m3B? +mi (B — B B

+ @ml, = miy) (m2(Cy = Co) = m3Cs) |

ity Proz x ma [ Ag(my) + @i —m3y) (=B Gny) = BSP 0ny))
+miB" +m? (B — B —BY)

+@m3 —mY) (m%cl —mg(co+c2))]}. (B.4)

Again all terms in the first and third lines do not contribute to the amplitude. But the four
terms m%Bl(2>, m%Bl(l), m(zl (Bfl) — B(()l) — B(()z)) and m(zl (—B(gl) — B(gz) — Bl(2>) do contain di-
vergences. The first two terms have divergent parts having the corresponding forms of (—m%Ae)
and m%Ae, which do not depend on the masses m,, of the virtual leptons. Hence they also vanish
by the GIM mechanism. The finite parts of these terms still contribute to the amplitude. The re-
main two terms include the most dangerous divergent parts. They have factors mﬁ which can not
cancel by the GIM mechanism. We remark them by the bold and will prove later that they finally
vanish after summing all diagrams. From now on we can exclude all terms that do not depend on
the masses of virtual leptons.

Based on definition M = — (E{VVIH Prvy + ngu_l Pgr vz), the expression of the total con-
tribution from the diagram la) is simply

3
Fw_ _—8 _ * [ FVV | (— FVV
Ma) = 32225 ( Cas + \/ESQCQ) ; Via Vi, [ PLvp) E7YY + (1 Proo) ERYV ],
(B.5)
where E gv}y is defined in (4) and (5). Here we have added a factor of #. All terms being

independent on m, will cancel by the factor ), Vi, V; . If we assume all other divergences
cancel among themselves after summing all of the diagrams, the analytic formulas of £ EVV and
ng can be written in terms of the finite parts of PV-functions, i.e. b(()i), b(()m, b’i, bl.(u) and
Co,1,2. The following calculation for the remain diagrams will be done the same as what we have

done above. We trace the divergence of each diagram in the bold text.
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The contribution from diagram 1b) is:
MEVH d*k
(b) Z (27T)4

_ i iKk+mg)
Xul—gvla)/”'PL (kD() \/—V2a (—alPR+—3a3PL>

V2
R AN ) (k= pDutk = pia
Xzﬁ( k—=2py — p1) D, D, |:g ? :|

2
§
= ; Vla V;; ﬁ(CaCQ + \/ESO[SQ)

- 2 -
d*  Prariy" PRy + Traxiiiy* Prvs
X
@2m)* DoD1 D,

(k+2p2 + p1).tk — p1)(k — Pl)ui|

2

X [(k+2pz+p1)u— -
|4

2
8
= Xa: V]a V2*a [E(CaCQ + \/ESaS@)i|

2
x 3 i1 PLvs X —_m“Z“ '3—;33 (B;l) — B((,l))
A\

2 —

m (m m
+ —*az x my <C0+C1 + M(Co - Cl))
U3 mV

2 2 )

2 2
my My, — My

+ —a; x mymy (201 —C - —2 20
(5]

+ ui Prvy X —lﬁa Ag(m )+(m —m3 )B(lz)
1RV2 B 1 1 olmy Hy Ho

my
(12) m% m2 () mg my @
+ B + — Bl — —2—31B0 (my, my)
V] mV U] mV A4t

m
+ v—2a1 (m§c0 —miCy + 2m3Cs + 2(my, —m3)C)
1

(m%, —my,)
_ M (mgco—m%CH)

my

2 (m%, —m?,)
+ ﬂag xmy | —2Co— Cor + MCQ
U3 mV

(B.6)
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The contribution to the total amplitude is

2
g _ _
MIPH = i (CO,Cg - ﬁsasg) > Via Vs, [(1 PLvy) EfY™ + (i1 Prog) ER™].

a

(B.7)

The contribution from diagram 1c) is:

MFHY Z/(z X (- zfvla)<—a1PL+—a3PR>

(C)

ik+my) ig
X —————— 2 VEy*Prvy x —(c ce+«/§s s¢)(=k + pr +2p)*
Do v2 22 “ prorep
i —i (k+ p2)ptk + p2)a
X —— X | ua — 3
D1 D, my,

. & d*k
= ; V]a Vza m(CaCG + \/Esas(;) / W

m uryH§Prvy m_ﬁa ury* Prvy
v : DyD; D, U3 } DyD; D,
(k— p2—2p1).(k+ p2)(k + p2)
x [(k —p2—2pD)yu — — £
v

= Z VlaV2a |: \/_(CaCQ + \/_sase)] VlaV2a

) —1m (12)
x 1 up Prvy x — ——a (Ao(mv) + (mHA —mHO)B )
my, V1

2
mj 12 my mj 2
+—alB(() )(mv,mHA ——22 —ale )(ma,my)
1%

1]
mimg_ o

—| M, B m,, my)
mV Vi

m
+ v—1a1 <m§co —2m3Cy +m3Ca — 2(m¥y, — m3)Ca
1

(my, —mp,)
Hf‘iz(m Cy +m2Co)
my
2 (m2 _m2)
+m1&613 —2C+C — —a e,
U3 m%/

2

_ my; m

+ i1 Prvy —Z—aag, (Bﬁz) +B((]2)>
mV V3
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(m2 m%{)
~I—m1m2—al Ci—2C+ %Cl
I my,
2

(m3, —m% )
+m2”;—;a3 (co—cz+M<co+cz> : (B.8)

my

The contribution to the total amplitude is

2

g _

MV — T (cace + fzsasg) N Via Vs, [@1 Prz) EEHY + (i1 Proa) ERPY].
a

(B.9)

The contribution from diagram 1d) is:

i

MEHH . i .
(d) Z/ (27T)4 lv3}»h0H1H1)D—1D—2 X Ml(—lx/ivla)

X(m—alP +— 3P )l(k;;ma) \/_Vza ( a1PR+—a3PL>
U3 0 v3

V1
. [ dk
- Z v3h 051, 11, Via Vag a0

a

it (—al Pr + —a%PR> k+myg) ( aiPp+ ¢ a3PL>
DoD1 D>

ZZU3)‘h0H1H1 Vlavz*a/%

a

2 -
mimy zulkPsz mlmaa g uyPrvy
a 143
v} " DoDiDy  wiv; DoD1D;

X

+ — a1as
v3 3D()D1D2 VU3 DyD1D,

_ *
= Z V3Apo g, i1, Via Vay
a

m2 zulkPva maom?> it Prv :|

2 2 2
_ m m m

X {u1 PLvy x my a —zzalzCz—i——;a%Cl
v1v3 Ul v3

m2 m> m2

+u1 Prvy X my —a1a3Co+—alC1 ——a3C2 (B.10)
U1U3 Ul U3

with A0, 5, shown in the Table 1. With the notations of E]" and E}™ defined in (10) and

(11), the contribution to the amplitude is

1
MEPHH — A AN 200,11, Zvlavza [(ir1 PLv2) EXPH + (7 Prvo) ERPH].

(B.11)
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The contribution from diagram le) is:

d*k _ l( k+p1+mg) (—igmg sy
VFF —
Mo Z/ Qmy <" 2V Dy ( >

2my ¢y
i(—fk—pr+my) ig —i kyuky
SR P T TAT O pE VP gy — _
x D, ﬁ 2a¥ LU2DO S m%/

—Z gmasa . [ A%k | Q—dymgii) (=2f + p1 — p2) PLv:
dmy cy Via 2a (27‘[)4 DoD1 D>

mg w1k (=2f + p1 — p2)kPrLva
m?, DoD1 D>

g My Sg _ 1 12) e))
:Z[ iy B]vaza uyPrvy x mymyg m—%](BO +B1)

1
— — (=m}Cot onf +m3 —2m3)C1 ) + @ = d)(Co—2C)
\4

i Proy x momg | | 2 (BYP = BP) |+ @ - d)Co+20)
\4

1
— (—m%,Co — (m3 +m3 —2m2)C, ) ) (B.12)
v

The final result is written as

VFF _ |:_ 1 glsaV/2

M X ViaVy, [@1 PLv2) E}FF + (i1 Prva) ERTF],
5 = | S | S v L 1

(B.13)

where EVFF are defined in (12) and (13).
The contrlbutlon from diagram 1f) is

MHFF . mi my
(/) Z/ on )4 X ul(—lx/ivla) (v_laIPL + U—3(J3PR>

» i(—f+p1+mg) <—imasa> i(—f—p2+my)
D V3 Dy

X (—i\/in’;) (EalPR + &a3PL> vy X L
V1 1%] DO

=Zv]av5;[2’"“s“} d'% [’"lma (k= POK + P2) PLvs

7 aiaz
V3 (2m) VU3 DoD1 D>

mang ur(f —p1)k + p2) Pruvz
+ ayas
V13 DoD1 D>
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m mlmzazﬁl(—Zk—]ﬁz + p1) Prua
“ v? ! DyoD1 D,

L Ma 22— Pr+ P PLv)

% 3 DoD1 D>

mlmg uy Prva mzmg uy Prvp
+ aias aias

VU3 DoD1 D> VU3 DoD| D>

2
— E Vsz*a [M} i PLvy
a U3

2 2
aia m
xmymg | | 2SBID | 2200 4 Co) + —ad(Co - 2C))
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N vlv3( 2m3Cy + (m2 +m3)Ca + (m? —i—mHA—l—ml)Co) (B.14)
1V3
The final result is written as
. 1 _ _
IMIEF = —— x (ssaﬁ)z ViaVsh [@1 PLvo) EYFF 4 (i1 Proo) ERFF], (B.15)

647242

where EHF;QF are defined in (14) and (15).
The contribution from diagram 1g) is:

(FV) dk (g ik +ma) y
MY 2/(2 R (EVWMPL) e (ﬁvzay PL)
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3 my Cy

8
; “ a4\/§mv (m% — m%) S

/ d*k Q2 —d)u1kp1Prva + 2 — d)ymou 1k Prva
Qm)4 DyD;

L i (= PORE = ppi PRz @mw—m)k(k—m)mz}

Cmd DyD; m?, DoDi

3
8 my Ca
= E Via Vs —
p "2 |:4«/§mv (m% —m%) S@:|
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_ 1 2
x i1 PLvy x mymy | —Ao(my) — —-B{"
my v

+@-ap” | & (—2m2B(" + m2B{" )

1
+ it Proy x m} | — Ag(my) — 213(”+(2 4B
my my

(B.16)

1 (—2m2B" + m2B{")
\4

The contribution from diagram 1h) is:
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mj
Vll/l VZa

_ 8
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LR+ PIKK AP PLva my ui (B +Pp)RK 4 p2) Prvz
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m

1
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1 2p2) 2R
- m—%’(—ZmaBo —maBl)

_ 1
+ Ui Prvy X mimy |:— Ag(my) + 23(2) (Z—d)sz)
mv v

2 2
_ m—v( 2m2BY — gm;)) (B.17)

The total amplitude from the two diagrams 1g) and 1h) is:

mlm%

3
. 8 -
iMEY E |: i| Via Vot 1ty PLvp X ——=—
(g+h) = 4\/_mV so la¥2q L (m% — m%)

1
x | =2(B{" + B() = — (miB{" +m3B")
my

+ —zv(z(B“) BY) - (" +BY))
i} mim; M, p@ 1 2pM 2 5()
+it1 PR ——— (2—d)<31 + B, >——2(m131 +m3B, )
miy —mj my
+| = (2(8" -BY) - (B +BP)) || F. (B.18)
my

We note that the divergence part in the above expression is zero. The final result is

1 3¢ _ _
M= [m x gSQ“] vavz*a [ PLvy) EfY + (@1 Prv2) ERV],  (B.19)

where E EVR are defined in (16) and (17).
The contribution from the diagram 1i) is:

i(f+mg)

My = Z:/(2 )4xu1(_l‘/_vla) <—01PL+— ) o
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\/_c mo
_Z[ < 7V1av2a
ml mz

d*k [mlmz it fp1PLvy  mim3 i fPrua

a a
1 1
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1
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2 = 2 = 2.2 —
+m2maa2u1kPLv2 mom;, uip1 Prv mamy 3u1PRv2
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(B.20)
The contribution from the diagram 1k) is:
My et M\ 2
i(—p2+m m m
X %(—iﬁ%a) <—lalPL + —aagPR)
p5 —mj v V3
iKk+m i
X M ‘/_VZa ( a1PR + —a3PL) V) X —
Dy D,
l\/_Ca mi "
_Z 2 53 V1aV2,
nmy —mj
d*k y _mymy L U1p2k PRV m%mg LUk PRrv2
(2m)* v? Do Dy v? DoD»

2 ~ 2.2 ~ 2 -
_mlmaala3u1152PLv2 mimg 3“1PL02_& Qi1 p2f Prv:
V13 DoD> V13 DoDy v} 3 DyD;
+m1m JU1EPLV2 mzm(zl u1p2 Prva mlmzmi 1a3ﬁ1PRU2

v% “ DyD, v1V3 Do Dy VU3 " DoDy
t\/_c mi _ 2
_Z( "‘) 5 ViaVi, { i PLoa | | g 2+ md)BY
ny —nmy
2.2
_ | mimioap@) | MM 2 p)
v 4301 2 15
(2) m3 )
- m
+u1 Prvy x mmo V1V3 2B _v_122 1B,

(B.21)
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The total amplitude from the two diagrams 1i) and k) is:

in2c _ mi
(t+k) ZV10V2a|: a:| X {ulPva X —5——

V1 miy —my

2
a
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avyvy

2 2

2 m
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2
a 2
x | mim3 (B +B() + mm} 33 (B +BY)
1

+| m2um (—2m?B® 4 m? +mHB") | 1. (B.22)

avyvs

The final result is written as
8cqy

M=

(ik) — 641 2[

where E {I'% are defined in (18) and (19). After calculating contributions from all diagrams with

]Zvlavm [(ir1 PLv2) ESM + (it1 Pruv2) ERY], (B.23)

virtual neutral leptons N, we can prove that all divergent parts containing the factor m% will be
canceled in the total contribution. The details are shown below. For active neutrinos the calcula-
tion is the same.

B.2. Particular calculation for canceling divergence

In this section, for contribution of exotic neutral leptons N, we use the following relations

2my 2my
ay —cy, ap —> az =sg, v = 59, V3 = co,
a _ 8 o oa_ g s ma_ g (B.24)
v 2my sp’ vz 2my co VU3 4m%,. ’

And we concentrate on the divergent parts which are bolded in the expressions of the amplitudes
calculated above. With the notations of the divergences shown in the Appendix A, all of divergent
parts are collected as follows,

Div [M@V)V_ — B x [ca x (—=3s9) + fzsa(_%c@)],

- 2 2 2 2
55 —2¢ 55— 2c¢
Div [MZ,T/C) =B x |:ca x40 4 \/Esa X u:| ,
i So Co

Div[./\/lgF_—Bx«/—saxa,
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2
Div [M{’ff] = B x V25, x =,
Co
. 1 3¢
Dlv[/\/lg‘;]:ﬁ[ 2BL —}—mlBR] -
my —mj 56
Div [th‘;] =— 5 [m%BL —i—m%BR] X —3ca,
m m; S0
2
Div [M{i’ik)] =B xcox - (B.25)
where
& "12
12871 X [u1 Prva x my +uj Prvy X myp]
g’ "12 g’ "12
B X uy P, xmy, B X ui P X
L= 18,2 W urPrvy x my, Bg = 12872 uy Prvy x my.

It is easy to see that the sum over all factors is zero. Furthermore, it is interesting to see that the
sums of the two parts having factor ¢, and +/2s, independently result the zero values. From (41),
the factor ¢, arises from the contributions of neutral components of n and p, while the s, factor
arises from the contribution of x.

For contribution of the active neutrinos, the two diagrams (b) and (c) of the Fig. | do not give
contributions due to absence of the H, H2+ W couplings. Using the following properties

g 1 a Lo ’ 2my  ay a» «/Eg aiar g2
1=1,da=1L,V1=0=", —=—= ) = 3
V2g v v 2mw viva 2md,

we list the non-zero divergent terms of the relevant diagrams as follows

Div [M(a) =B x (—3c¢y),
Div [ M{IF | =B x Gea),
Div [M?}ﬁf = B x (—2¢cq),
1 -
Div./\/l 1= —[m2B +mB]><c,
@ | m%_m%_ 29 L 1° R (Ca)
1 —-
DiV M(h) == ﬁ m%B/L +mlB R:| X (_C(Jl)s
my—my*
—c -
Div M(l) = 270‘2 Sm%B/L + (3m% + ZM%)B/R] )
my—my*
Div [ M ]| = " [ @m} +3mD)B', + 5miB'x].
miy—mj3 L

Div [ M, | =B x (2c0),
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where
3 2
8 my, _ _
= 12872 3 X Ae¢ X [u1 Prvy x my +ui Prvy X ma]
T mW
/ g3 mlz/a - / 3 ‘z)a -
BL:]282 3 XAeXMIPvame,BR=1282 3 X Ae¢ X Uy PRvp X my.
T mW T mW

We see again that sum of all divergent terms is zero.
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