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Abstract. Lepton flavor violating (cLFV) decays of charged leptons such as τ → µγ , τ → eγ , µ → eγ ,..., are now the
subjects of experiments as signals of new Physics beyond the Standard Model (SM). In the limit of the unitary gauge,
we prove that contributions from one loop corrections to the above decays are very small in the framework of the
economical 3-3-1 model.
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I. INTRODUCTION

Recently the upper bound for lepton flavor violating decays of charged leptons τ → µγ are
set as [1, 2]

τ → µγ < 4.4×10−8, (1)

and in the near future, the sensitive will reach the value of 10−9. This topic is very interesting
for recent experimental physics because the lepton flavor (LF) numbers are experimentally shown
to be violated in the neutral lepton sector and it is reasonable to hope that the same situation will
be right for charged one. The economical 3-3-1 (E331) model [3, 4] contains many new particles
involving with one loop contributions to the cLFV decays such as new charged gauge bosons and
Higgses. But this model includes only neutrinos with small masses, leading to the prediction that
the one loop contribution to above cLFV decay may be very small, as that shown in the SM. It
is emphasized that this prediction has not been proved before. Therefore, the aim of this paper is
to prove in detail this prediction. The one loop contributions to cLFV decays are very important
because of the following reasons: i) the very small branching ratio result (1) suggests that the
cLFV decays should be come from the loop rather than tree level arising from the mixing among
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charged leptons in different families; ii) if the cLFV decays are discovered, interesting information
of new particles, i.e beyond the SM, may be found from the loop contributions of these particles.

Our work concentrates only on the E331 model and is arranged as follows. After the intro-
duction, section II will review the E331 model and list all needed vertices to draw cLFV diagrams.
Section III will investigate the branching ratio and amplitudes of the τ→ µγ decay at the one loop
level. Section IV will estimate one-loop contributions to this cLFV decay. The final section is our
conclusion.

II. cLFV VERTICES IN THE E331 MODEL

The E331 is one of various versions of the 3-3-1 models including right-handed neutrinos
(ν331), which are only new leptons beyond the SM. It is also the model that needs only two Higgs
triplets to generate masses for all fermions, although the loop corrections have to be considered
for generating consistent quark and neutrino masses. Three fields of each lepton family, namely
two left-handed neutrinos νaL, νc

aL and a left-handed charged lepton la, are included in a triplet
of the SU(3)L group, ψaL = (νa, la,νc

a)
T
L ∼ (3, −1

3). Here we only pay attention to quantum
numbers of the SU(3)L×U(1)X group and ignore the color one. Each νc

aL = (νaR)
c corresponds

to a new right-handed neutrino which is absent in the SM content. All right-handed charged
leptons transform as singlets of the SU(3)L, laR ∼ (1,−1). Two Higgs triplets are constructed as
χ = (χ0

1 , χ
+
2 ,χ0

3 )
T ∼ (3, 1

3) and φ = (φ+
1 , φ 0

2 , φ
+
3 )T ∼ (3, 2

3). The vacuum expectation values
(VEVs) of neutral Higgs components are 〈χ0

1 〉 = u/
√

2, 〈χ0
3 〉 = w/

√
2 and 〈φ 0

2 〉 = v/
√

2. The
VEV v contributes mainly to the masses of SM-like particles, including normal charged leptons,
W and Z bosons and its value is equal to the SM spontaneous symmetry breaking scale v = 246
GeV. The VEV u is the LFV parameter with the lepton number two. The constraint from rare
decays shows that its value is extremely small comparing with v, u/v≤ 0.1. This parameter does
not contribute to the above cLFV decay where the LF number is violated by only one unit for
each Lτ or Lµ . The w value is considered as the SU(3)L symmetry breaking scale because it is the
source generating masses for all new particles beyond the SM.

Masses of leptons come from the Yukawa part of the Lagrangian that includes only cou-
plings between leptons and Higgs φ , namely

L Y
l = hl

abψaLφ lbR +hν
abε

mnp(ψc
a)n(ψb)n(φ)p +H.c.. (2)

Here we only focuss on the largest Yukawa couplings between neutrinos to Higgses and charged
lepton. For the E331, masses of neutrinos and charged leptons come from two distinguish mass
matrices and in general, they are not simultaneous diagonal. Hence, we will work in the basis
where mass matrix of the charged leptons is diagonal, i.e hl

ab = δab

√
2gmla
2mW

, while that of the neu-
trinos is not. This naturally reflects recent results of experiments for the LFV effects in lepton
sector. At the tree level, all masses of the charged leptons are consistently generated by the La-
grangian (2) while those of neutrinos include one massless and two degenerate ones, being not
suitable with current experimental data [5]. But it was shown that the neutrino masses including
loop corrections are consistent and all three new (sterlie) neutrinos are very light [4, 6]. The mix-
ing of neutrinos in this model is caused by the term hν

abεmnp(ψc
a)n(ψb)n(φ)p generating masses

for neutrinos. Because the neutrinos are oscillated, the relation between flavor νa and mass να
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base are denoted as νa = ∑α Uaανα with a = e,µ,τ being flavor indices while α = 1,2,3 being in-
dices of three physical mass eigenvectors. Similarly for νc, we have νc

a = ∑α U ′aανc
α . The mixing

parameter must satisfy the following inequalities

|Uaα | ≤ 1, |U ′aα | ≤ 1. (3)

The Lagrangian part relating with singly charged Higgs mediations in the loop can be modified
from [3, 4]. In the flavor basis this part is written by

L lep
Y =

gmla√
2mW

(
ν̄aPRlaφ

+
1 + ν̄

c
aPRlaφ

+
3 +H.c.

)
, (4)

where PR = 1
2(1+ γ5) is the right-handed helicity-projection operator. It is emphasized that (4) is

LF conserved because it is deduced from the first term of (2).
As usual, the E331 model contains nine electroweak gauge bosons corresponding to nine

generators of the SU(3)L×U(1)X gauge group. After symmetry breaking, only photon remains
massless. The other are massive including four singly charged W±,Y±; two non-hermitian neutral
X0,X0∗; and two hermitian neutral bosons Z, Z′. The gauge boson sector was investigated in [3,4].
Because X0 (X0∗) only couples with neutrinos, it does not involve with cLFV decays.

Lagrangian relating to llV (V = W±, Y±) vertices is

L llV =
g√
2

(
cθ ν̄aγ

µPL l̄aW+
µ − sθ ν̄

c
aγ

µPLlaW+
µ

+ cθ ν
c
aγ

µPLlaY+
µ + sθ ν̄aγ

µPLlaY+
µ

)
+H.c.. (5)

The Higgs self-couplings are given by the Lagrangian part

LH = µ
2
1 χ

†
χ +µ

2
2 φ

†
φ +λ1(χ

†
χ)2 +λ2(φ

†
φ)2 +λ3(χ

†
χ)(φ †

φ)+λ4(χ
†
φ)(φ †

χ).

The Higgs sector of this model was studied in [4, 7], where the original Higgses

φ T =
(

φ
†
1 ,

1√
2
(v+S2 + iA2),φ

†
3

)T
and χT =

(
1√
2
(u+S1 + iA1),χ

−
2 , 1√

2
(w+S3 + iA3)

)T
.

The physical Higgses include two real neutral and two singly charged ones, denoted by H0, H0
1

and H±2 , respectively. The cLFV decays are contributed from only charged Higgses. The mass
eigenstates of charged scalars are given as

 φ
+
1

χ
+
2

φ
+
3

=
1√

w2 + v2c2
θ

 wsθ cθ

√
w2 + v2c2

θ

1
2 vs2θ

vcθ 0 −w

wcθ −sθ

√
w2 + v2c2

θ
vc2

θ


 H+

2
G+

5
G+

6

 , (6)

where G±5 and G±6 are respective goldstone bosons of W± and Y±; θ is the angle defined by
tanθ = u/w. New notations appearing in (6) is cθ ≡ cosθ , sθ ≡ sinθ , and s2θ ≡ sin2θ .

From of interactions discussed above, we obtain the couplings needed for investigating
cLFV decays of τ → µγ in the E331 model. They are all listed in the Table 1.

The respective Feynman diagrams for cLFV decays are drawn in Fig. 1.
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Table 1. Couplings relating with li → l jγ decays in the E331 model. All momenta in
the Feynman rules corresponding to these vertices are incoming. In addition Γµνσ =
Γµνσ (k0,k+k−) = (k0− k+)σ gµν +(k+− k−)µ gνσ +(k−− k0)ν gµσ .

Vertex Coupling Vertex Coupling
να laH+

2
igPR√

2
mla
mW

ωsθ√
ω2+v2c2

θ

Uaα H−2 laνα
igPL√

2
mla
mW

ωsθ√
ω2+v2c2

θ

U∗aα

ν
c
α laH+

2
igPR√

2
mla
mW

ωsθ√
ω2+v2c2

θ

U ′aα H−2 laνc
α

igPL√
2

mla
mW

ωsθ√
ω2+v2c2

θ

U ′∗aα

να laW+
µ

ig√
2

cθ γµUaαPL να
claW+

µ − ig√
2

sθ γµU ′aαPL

να laY+
µ

ig√
2

sθ γµUaαPL να
claY+

µ

ig√
2

cθ γµU ′aαPL

Aµ(k0)W ν+(k+)W σ−(k−) −ieΓµνσ Aµ(k0)Y ν+(k+)Y σ−(k−) −ieΓµνσ

AµH+
2 H−2 ie(p+− p−)µ Aµ l̄ala ieγµ

(a)

p1 p2

q

k − p2k − p1
W+

k

να

k

(b)

k

(c)

(d)

Y +

νcα
(e) (f)

(g)

H+

να
(i) (k)

Fig. 1. One-loop Feynman diagrams contribute to l1→ l2γ in the unitary gauge
.
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III. BRANCHING RATIO

III.1. Master integrals and branching ratio
In this section we list some one-loop integrals used in this work. A complete library for

one-loop integrals is given in [8]. We will consider the special case where p1 and p2 are fixed as
momenta of incoming and outcoming leptons, respectively. Furthermore, we consider only LFV
cases m1 6= m2, where m1 and m2 are masses of leptons. Here p2

1 = m2
1, p2

2 = m2
2 . First, some

general forms of useful master integrals defined in literature are listed as follows,

Cµ ≡Cµ(p1, p2;M1,M2,M2)

=
(2πµ)4−D

iπ2

∫ dDk× kµ

(k2−M2
1 + iδ )

[
(k− p1)2−M2

2 + iδ
][
(k− p2)2−M2

2 + iδ
] ,

Cµν ≡Cµν(p1, p2;M1,M2,M2)

=
(2πµ)4−D

iπ2

∫ dDk× kµkν

(k2−M2
1 + iδ )

[
(k− p1)2−M2

2 + iδ
][
(k− p2)2−M2

2 + iδ
] , (7)

where M1 and M2 are masses of virtual particles in loops. All tensors in (7) can be written in terms
of sum of scalar integrals times external momenta, namely

Cµ = C1 pµ

1 +C2 pµ

2 ,

Cµν = C00gµν +C11 pµ

1 pν
1 +C12(pµ

1 pν
2 + pν

1 pµ

2 )+C22 pµ

2 pν
2 , (8)

where factors C1, C2, C00, C11, C12 and C22 are scalar and may be determined analytically in
particular cases. Recall that all of these factors are convergent in four dimensions, except C00. For
convenience, we will also use new notations for particular values of mass parameters, for example
C1(p1, p2;mνα

,mW ,mW ) =C1|(M1,M2→mνα ,mW ).

III.2. Amplitude
Considering the LFV of charged lepton decay l1 → l2γ , where (l1, l2) = {(τ,µ), (τ,e),

(µ, e)}. The amplitude of the decay can be written in the following form [9, 10],

iM = 2(p.ε) [CLū2(p2)PLu1(p1)+CRū2(p2)PRu1(p1)]

+ DLū2(p2)/εPLu1(p1)+DRū2(p2)/εPRu1(p1), (9)

where εµ is the polarized vector of the photon. The decay width of the decay l1→ l2γ is

Γ(l1→ l2γ) =
(m2

1−m2
2)

3

16πm3
1

(
|CL|2 + |CR|2

)
, (10)

where m1 and m2 (m2 < m1) are masses of the initial and final leptons l1 and l2, respectively. We
can calculate the branching ratio of decay τ → µγ from the partial decay widths (10) by formula

Br(τ → µγ) =

(
1−

m2
µ

m2
τ

)3

× 12π2

G2
Fm2

τ

(
|CL|2 + |CR|2

)
×Br(τ → µν̄µντ) (11)

with GF = g2
√

2
8m2

W
, Br(τ → µν̄µντ)' 17.41%. Note that for this particular case, we have m1,m2→

mτ ,mµ and u1,u2 can be replaced with uτ ,uµ .



118 TRUONG TRONG THUC, LE THO HUE, DINH PHAN KHOI, AND NGUYEN THANH PHONG

It is needed to recall that CL and CR are convergent because of the Ward Identity. Further-
more, the terms relating with these two factors come from only three-point diagrams shown in
Fig. 1. It was shown in many previous works that these contributions were really suppressed in the
case of the SM [11], due to the very tiny masses of these neutrinos or the very small mixing angles
among them. While the case of the 3-3-1 models may be different because the contributions from
new particles, namely the SU(3)L particles, to the cLFV decays l1 → l2γ are hoped to be very
significant.

In the next section we will show two important results: i) From the gauge invariance con-
dition we get

DL =−m1CR−m2CL and DR =−m1CL−m2CR; (12)

ii) Contributions to CL,R come from only diagrams a), d) and g) in the Fig. 1. We just pay attention
to these diagrams. Because mla

mW
≤ 1,76

80.4 ∼ 10−2, sθ � 1 and cθ → 1, the couplings involving charged
Higgs are extremely smaller than those involving charged gauge bosons. So, we can ignore the
diagram g). The analytic formulas of contributions to CL,R from the diagrams a) are

C(a)
L (mνα

,mW ,mW ) = −eg2c2
θ
U∗1α

U2α

2
× mµ

16π2

×
{

2(C1 +C12 +C22)+
1

m2
W
×
[
m2

τ (C11 +C12−C1)

+ m2
να
(C0 +C12 +C22−C1−2C2)

] }∣∣∣
(M1,M2→mνα ,mW )

, (13)

C(a)
R (mνα

,mW ,mW ) = −eg2c2
θ
U∗1α

U2α

2
× mτ

16π2

×
{

2(C2 +C11 +C12)+
1

m2
W
×
[
m2

µ (C12 +C22−C2)

+ m2
να
(C0 +C11 +C12−2C1−C2)

] }∣∣∣
(M1,M2→mνα ,mW )

, (14)

where C0 =C0(p1, p2;M1,M2,M2) is also convergent [8]. For the diagram d) we have

C(d)
L (mνc

α
,mY ,mY ) = −eg2c2

θ
U ′∗1α

U ′2α

2
× mµ

16π2

×
{

2(C1 +C12 +C22)+
1

m2
Y
×
[
m2

τ (C11 +C12−C1)

+ m2
νc

α
(C0 +C12 +C22−C1−2C2)

] }∣∣∣
(M1,M2→mνc

α
,mY )

,

C(d)
R (mνc

α
,mY ,mY ) = −eg2c2

θ
U ′∗1α

U ′2α

2
× mτ

16π2

×
{

2(C2 +C11 +C12)+
1

m2
Y
×
[
m2

µ (C12 +C22−C2)

+ m2
νc

α
(C0 +C11 +C12−2C1−C2)

] }∣∣∣
(M1,M2→mνc

α
,mY )

. (15)
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Two above formulas of CL,R also indicate a very interesting consequence that CL,R and DL,R are
all convergent, because both CL and CR are functions of convergent integrals C0,1,2 and Ci j with
i, j = 1,2.

IV. APPROXIMATION CALCULATION IN CASE OF VERY SMALL
NEUTRINO MASS

IV.1. Calculating CL,R and DL,R

First we will prove the equalities in (12). The total amplitude M in (9) can be written as
M = εµMµ . The gauge invariant condition, or the Ward Identity, means that qµMµ = 0, where q
is the photon momentum, q = p1− p2. By using the following equalities

q2 = 0, 2p1.q = p2
1− p2

2 = m2
τ −m2

µ ,

u2/qPLu1 = mτu2PLu1 +mµu2PRu1; u2/qPRu1 = mτu2PRu1 +mµu2PLu1, (16)

as well as Mµ derived from (9), we can prove that both factors of [u2PRu1] and [u2PLu1] in (qµMµ)

must be zeros, resulting a series of two equations mµDL−mτDR = (m2
τ −m2

µ)CL and −mτDL +

mµDR = (m2
τ −m2

µ)CR. Solving them we will get the results mentioned in (12). So having CL,R,
formulas of DL,R are easily determined.

To calculate CL,R, we should look in diagrams drawn in the Fig. 1. As illustration, we
will represent in detail the analytic formulas of three diagrams in the first row and show that the
contributions to CL,R come from only the first one. For diagrams in the second and third rows, we
obtain the same results.

Contribution to the total amplitude from the diagram 1 a) is

iM (a)(mνα
,mW ,mW ) =

∫ d4k
(2π)4 u2

(
ig√

2
U2αγµPL

)
× i(/k+mνα

)

k2−m2
να

×
(

ig√
2

U∗1αγνPL

)
u1

× −i
(k− p1)2−m2

W

[
gνβ − (k− p1)

ν(k− p1)
β

m2
W

]
× (−ie)ελ

[
(−q− k+ p2)β gλα +(k− p2 + k− p1)λ gαβ

+ (−k+ p1 +q)αgβλ

]
× −i

(k− p2)2−m2
W

[
gαµ − (k− p2)

α(k− p2)
µ

m2
W

]
=

eg2U∗1α
U2α

2

∫ d4k
(2π)4

ū2γµ/kγνPLu1[
k2−m2

να

][
(k− p1)2−m2

W

][
(k− p2)2−m2

W

]
×

[
gνβ − (k− p1)

ν(k− p1)
β

m2
W

][
gαµ − (k− p2)

α(k− p2)
µ

m2
W

]
× (−1)

[
(k+ p1−2p2)β εα +2(p1.ε− k.ε)gαβ +(k−2p1 + p2)αεβ

]
≡ −eg2U∗1α

U2α

2
(N1 +N2) (17)
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where

N1 =
∫ d4k

(2π)4

ū2γµ/kγνPLu1

D0D1D2

× gνβ gµα
[
(k+ p1−2p2)β εα +2(p1.ε− k.ε)gαβ +(k−2p1 + p2)αεβ

]
=

∫ d4k
(2π)4

ū2γµ/kγνPLu1

D0D1D2

× [(k+ p1−2p2)
ν
ε

µ +2(p1.ε− k.ε)gµν +(k−2p1 + p2)
µ

ε
ν ] (18)

with m1 = mτ , m2 = mµ and

N2 = −
∫ d4k

(2π)4

ū2γµ/kγνPLu1

D0D1D2

[
gνβ (k− p2)

µ(k− p2)
α +gµα(k− p1)

ν(k− p1)
β

m2
W

]
×

[
(k+ p1−2p2)β εα +2(p1.ε− k.ε)gαβ +(k−2p1 + p2)αεβ

]
= − 1

m2
W

∫ d4k
(2π)4

ū2γµ/kγνPLu1

D0D1D2

[
(k− p1)

2 (k− p2)
µ

ε
ν +(k− p2)

2
ε

µ(k− p1)
ν

− 2(k.ε− p1.ε)(k− p2)
µ(k− p1)

ν ] , (19)

where we have used q2 = 0, q = p1− p2, (k− p1− q).(k− p2) = (k− p1− q).(k− p1 + q) =
(k− p1)

2−q2 = (k− p1)
2 and (k− p1).(k− p2 +q) = (k− p2)

2. Apart from C functions shown
in (8), we will use notations of Veltman-Passarino functions defined in [8], such as A0(m), B(0)

0 ≡
B0(0;M2,M2), B0(pi,M1,M2) = B(0)

i pµ

i (i = 1,2) and Bµ(pi,M1,M2) = Bi p
µ

i . Using again useful
formulas in (16) for intermediate calculations, the final results of N1 and N2 are

N1 =
i

16π2 [u2/εPLu1]×
[
2B(0)

0 +2m2
να

C0−m2
1C1−m2

2C2−2(m2
1 +m2

2)(C1 +C2)+2(d−2)C00

]
− i

16π2 [u2/εPRu1]×m1m23 [C1 +C2]

+
i

16π2 [u2PLu1]×2(p1.ε)×m2 [C1 +2(C12 +C22)]

+
i

16π2 [u2PRu1]×2(p1.ε)×m1 [C2 +2(C11 +C12)] (20)
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and

N2 =
i

16π2 [u2/εPLu1]×
1

m2
W
×
[
−2A0(mW )−m2

να

(
B(1)

0 +B(2)
0

)
−2m2

W B(0)
0 −2m2

W m2
να

C0

+ m2
1B1 +m2

2B2 +m2
W (m2

1C1 +m2
2C2)+m2

W (B(0)
0 +1)+2m2

να
C00

]
+

i
16π2 [u2/εPRu1]×

m1m2

m2
W
×
[
2C00−m2

W (C1 +C2)
]

+
i

16π2 [u2PLu1]× (2p1.ε)×
m2

m2
W
×
[
m2

1 (C11 +C12−C1)+m2
WC1

+ m2
να
(C0 +C12 +C22−C1−2C2)

]
+

i
16π2 [u2PRu1]× (2p1.ε)×

m1

m2
W
×
[
m2

2 (C12 +C22−C2)+m2
WC2

+ m2
να
(C0 +C11 +C12−2C1−C2)

]
. (21)

From Fig. 1 b):

iM(b)(mνα
,mW ,mW ) =

∫ d4k
(2π)4 u2

(
ig√

2
U2αγµPL

)
× i(/k+mνα

)

k2−m2
να

×
(

ig√
2

U∗1αγνPL

)
× i(/p2 +m1)

p2
2−m2

1
× (−ie)/εu1×

−i
(k− p2)2−m2

W

(
gµν − (k− p2)

µ(k− p2)
ν

m2
W

)
=
−eg2U2αU∗1α

2(m2
2−m2

1)

∫ d4k
(2π)4 ×

u2γµ/kγνPL(/p2 +m1)/εu1

(k2−m2
να
)
[
(k− p2)2−m2

W

]
×

(
gµν − (k− p2)

µ(k− p2)
ν

m2
W

)
=
−eg2U2αU∗1α

2(m2
2−m2

1)
× i

16π2 × [m2u2/εPLu1 +m1u2/εPRu1]×m2

×
{
(2−d)B2 +

1
m2

W

[
A0(mW )+2m2

να
B(2)

0 − (m2
να

+m2
2)B2

]}
. (22)

From Fig. 1 c):

iM(c)(mνα
,mW ,mW ) =

∫ d4k
(2π)4 u2× (−ie)/ε× i(/p1 +m1)

p2
1−m2

2

(
ig√

2
U2αγµPL

)
× i(/k+mνα

)

k2−m2
να

×
(

ig√
2

U∗1αγνPL

)
u1×

−i
(k− p1)2−m2

W

(
gµν − (p1− k)µ(p1− k)ν

m2
W

)
=
−eg2U2αU∗1α

2(m2
1−m2

2)

∫ d4k
(2π)4 ×

u2/ε(/p1 +m2)γµ/kγνPLu1

(k2−m2
να
)
[
(k− p2)2−m2

W

]
×

(
gµν − (k− p1)

µ(k− p1)
ν

m2
W

)
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=
−eg2U∗2α

U1α

2(m2
1−m2

2)
× i

16π2 × [m1u2/εPLu1 +m2u2/εPRu1]×m1

×
{
(2−d)B1 +

1
m2

W

[
A0(mW )+2m2

να
B(1)

0 − (m2
να

+m2
1)B1

]}
. (23)

Two formulas (22) and (23) do not contain any terms being relevant with u2PLu1 or u2PRu1, there-
fore do not contribute to CL,R. Collecting terms in (20) and (21) containing factors u2PLu1 and
u2PRu1 we get the results of CL,R shown in (13) and (14).

IV.2. Estimation in the limit of very small neutrino mass
From now we just focus on the largest contributions of |CL,R| to the value of branching ratio

(11). From (13) and (14), we have |CL| � |CR| because mµ �mτ . In addition, in CR we can ignore

terms containing factors
m2

µ

m2
W

and m2
να

m2
W

, which are extremely smaller than one, and keep those that
do not contain these factors. So the total largest contribution from three virtual neutrinos is

C(a)
R (mνα

,mW ,mW )'−eg2c2
θ

3

∑
α=1

U∗1αU2α ×
mτ

16π2

(
C2 +C11 +C12

)∣∣∣
(M1,M2→mνα ,mW )

(24)

and CL(mνα
,mW ,mW )' 0.

To calculate (24), we use the condition mνα
� mW for applying the approximation method

shown in [11] (subsection 13.3) to evaluate the approximate formulas of C2, C11 and C12 from (7)
and (8). Some main steps are as follows. Replacing 1

k2−m2
να

with the below expansion

1
k2−m2

να

=
1
k2 +

m2
να

(k2)2 +O([m2
να
]2) (25)

in the integrands of (7) to rewrite Ci,i j in new forms. We easily see that the first term in (25)
does not depend on mνα

, U1α and U2α . It cancels when all of Ci,i j functions are inserted into (24)
because ∑U∗1α

U2α = 0. Now we need only the second term, ignore the higher powers of m2
να

.
Using the Feynman parametrization trick,

1
(k2)2

[
(k− p1)2−m2

W

][
(k− p1)2−m2

W

]
= 3!

∫ 1

0
dx dy dz

δ (1− x− y− z)x{
xk2 + y

[
(k− p1)2−m2

W

]
+ z
[
(k− p2)2−m2

W

]}4 (26)

we will write Cµ as

Cµ(mνα
,mW ,mW ) =

3!m2
να

iπ2

∫ 1

0
dy
∫ 1−y

0
dz(1− y− z)

∫
d4k

ypµ

1 + zpµ

2
(k2−M2)4 , (27)

where M2 = (yp1 + zp2)
2 +(y+ z)m2

W − (yp2
1 + zp2

2) and we have changed k→ k+(yp1 + zp2).
The C2(mνα

,mW ,mW ) relates with p2
µ in (27), in particularly

C2(mνα
,mW ,mW ) =

3!m2
να

iπ2

∫ 1

0
dy
∫ 1−y

0
z(1− y− z)dz

∫ d4k
(k2−M2)4 . (28)
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From the well-known integral ∫ d4k
(k2−M2)4 =

iπ2

6M4

and taking M2 ' (y+ z)m2
W , because p2

1 = m2
τ , p2

2 = m2
µ �M2

W , we get the approximate value of
C2,

C2(p1, p2;mνα
,mW ,mW )' 3!m2

να

iπ2 ×
iπ2

6m4
W

∫ 1

0
dy
∫ 1−y

0
dz

(1− y− z)z
(y+ z)2 =

m2
να

4m4
W
. (29)

Similarly for calculating C11,12, we get

C11(p1, p2;mνα
,mW ,mW ) =

m2
να

m4
W

∫ 1

0
dy
∫ 1−y

0
dz

(1− y− z)y2

(y+ z)2 =
m2

να

18m4
W
,

C12(p1, p2;mνα
,mW ,mW ) =

m2
να

m4
W

∫ 1

0
dy
∫ 1−y

0
dz

(1− y− z)yz
(y+ z)2 =

m2
να

36m4
W
. (30)

From (29) and (30), we get an approximate result of (24),

C(a)
R (p1, p2;mνα

,mW ,mW )'−mτ ×
eg2c2

θ

48π2m2
W
×∑

α

U∗1α
U2αm2

να

m2
W

. (31)

Also, the contribution to CR from C(d)
R given in (15) can be written approximately in the same way.

Now the largest contribution to the branching ratio (11) is

Br(τ → µγ) ' 12π2

G2
F
×
(

eg2c2
θ

48π2m2
W

)2
∣∣∣∣∣∑

α

U∗1α
U2αm2

να

m2
W

+
m4

W

m4
Y

∑
α

U ′∗1α
U ′2α

m2
νc

α

m2
Y

∣∣∣∣∣
2

Br(τ → µν̄µντ)

=
2α

3π

∣∣∣∣∣∑
α

U∗1α
U2αm2

να

m2
W

+
m4

W

m4
Y

∑
α

U ′∗1α
U ′2α

m2
νc

α

m2
Y

∣∣∣∣∣
2

Br(τ → µν̄µντ), (32)

where α = e2

4π
is the fine-structure constant. At the electroweak scale, α = 1/128.

As shown in [6], ν and νc are also very light, so we can set an upper bound m2
νc

α
,m2

να
<

(1eV )2 = (10−9GeV )2. We also have mY > mW ' 80GeV and |Uaα |, |U ′aα |< 1, leading to

Br(τ → µγ)<
2α

3π

(
2×3× 10−18

802

)2

∼ 10−45, (33)

which is extremely smaller than the upper bound of experiments (1).

V. CONCLUSION

In the E331 model we have established in detail the analytic formula of the branching
ratio of the cLFV decay τ → µγ at the one loop level. From the prediction of this model that
all neutrinos are very light, we construct an approximate formula of the branching ratio for this
decay and indicate that Br(τ → µγ) < 10−45 in the present experimental limit of neutrino and
Y boson masses. This shows that the E331 model predicts the very suppressed values of the
cLFV decay branching ratio comparing with the present experiment value, Br(τ → µγ) < 4.4×
10−8. Hence if this decay is detected in the near future, it must come from sources beyond the
prediction of the E331 model, for example the suppersymmetric version of well-known models
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such as MSSM, SUSYE331,... One more important result of our work is obtaining the very precise
amplitudes of the cLFV decay as functions of the well-known Veltman-Passarino functions before
any approximate estimation, so it can be seen exactly the convergence of the CL,R and therefore
DL,R. This makes our calculation very clear and it can be applied for investigation of cLFV decays
in many other models, including 3-3-1 ones.
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