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A new S, flavor model based on SU(3). ® SU(3); ® U(1)y gauge symmetry responsible for fermion masses and mixings is
constructed. The neutrinos get small masses from only an antisextet of SU(3), which is in a doublet under S,. In this work, we assume
the VEVs of the antisextet differ from each other under S, and the difference of these VEVs is regarded as a small perturbation,
and then the model can fit the experimental data on neutrino masses and mixings. Our results show that the neutrino masses are
naturally small and a deviation from the tribimaximal neutrino mixing form can be realized. The quark masses and mixing matrix
are also discussed. The number of required Higgs multiplets is less and the scalar potential of the model is simpler than those of the
model based on S; and our previous S, model. The assignation of VEVs to antisextet leads to the mixing of the new gauge bosons
and those in the standard model. The mixing in the charged gauge bosons as well as the neutral gauge bosons is considered.

1. Introduction

The experiments on neutrino oscillation confirm that neutri-
nos are massive particles [1-6]. The parameters of neutrino
oscillations such as the squared mass differences and mixing
angles are now well constrained. The data in PDG2012 [7-11]

imply
sin® (26,,) = 0.857 +0.024 (¢, = 0.6717),

sin” (205) = 0.098 £ 0.013 (5,5 = 0.1585),

sin® (20,5) > 0.95, 6))
2 -5 2
Am, = (7.50  0.20) x 107 eV?,
Ams, = (2.32%008) x 107 eV2,

These large neutrino mixing angles are completely different
from the quark mixing ones defined by the CKM matrix
[12, 13]. This has stimulated work on flavor symmetries and
non-Abelian discrete symmetries are considered to be the
most attractive candidate to formulate dynamical principles
that can lead to the flavor mixing patterns for quarks and

lepton. There are many recent models based on the non-
Abelian discrete symmetries, such as A, [14-29], S; [30-65],
and S, [66-93].

An alternative to extend the standard model (SM) is
the 3-3-1 models, in which the SM gauge group SU(2); ®
U(1)y is extended to SU(3); ® U(1)x which is investigated
in [94-109]. The extension of the gauge group with respect
to SM leads to interesting consequences. The first one is
that the requirement of anomaly cancelation together with
that of asymptotic freedom of QCD implies that the number
of generations must necessarily be equal to the number of
colors, hence giving an explanation for the existence of three
generations. Furthermore, quark generations should trans-
form differently under the action of SU(3);. In particular,
two quark generations should transform as triplets, one as an
antitriplet.

A fundamental relation holds among some of the gener-
ators of the group:

Q=T+ Py + X, (2)

where Q indicates the electric charge, T; and T are two of
the SU(3) generators, and X is the generator of U(1)x. 3 is
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a key parameter that defines a specific variant of the model.
The model thus provides a partial explanation for the family
number, as also required by flavor symmetries such as S,
for 3-dimensional representations. In addition, due to the
anomaly cancelation one family of quarks has to transform
under SU(3), differently from the two others. S, can meet this
requirement with the representations 1 and 2.

There are two typical variants of the 3-3-1 models as far as
lepton sectors are concerned. In the minimal version, three
SU(3), lepton triplets are (v;,I;,13), where I are ordinary
right-handed charged leptons [94-98]. In the second version,
the third components of lepton triplets are the right-handed
neutrinos, (v;,1,73) [99-105]. To have a model with the
realistic neutrino mixing matrix, we should consider another
variant of the form (v;,l;, Ny) where Ny are three new
fermion singlets under SM symmetry with vanishing lepton
numbers [110-113].

In our previous works we have also extended the above
application to the 3-3-1 models [110-113]. In [112] we have
studied the 3-3-1 model with neutral fermions based on
S, group, in which most of the Higgs multiplets are in
triplets under S, except that y is in a singlet, and the exact
tribimaximal form [114-117] is obtained, in which 0,; = 0. As
we know, the recent considerations have implied 6,5 # 0, but
small as given in (1). This problem has been improved in [111]
by adding a new triplet p and another antisextet s’, in which
s’ is regarded as a small perturbation. Therefore the model
contains up to eight Higgs multiplets, and the scalar potential
of the model is quite complicated.

In this paper, we propose another choice of fermion
content and Higgs sector. As a consequence, the number
of required Higgs is fewer and the scalar potential of the
model is much simpler. The resulting model is near that
of our previous work in [111] and includes those given in
[112] as a special case and the physics is also different from
the former. With the similar analysis as in [111], S, contains
two triplets irreducible representation, one doublet and two
singlets. This feature is useful to separate the third family
of fermions from the others which contains a 2 irreducible
representation which can connect two maximally mixed
generations. Besides the facilitating maximal mixing through
2, it provides two inequivalent singlet representations 1 and 1’
which play a crucial role in consistently reproducing fermion
masses and mixing as a perturbation. We have pointed out
that this model is simpler than that of S; and our previous
S, model, since fewer Higgs multiplets are needed in order
to allow the fermions to gain masses and to break the
gauge symmetry. Indeed, the model contains only six Higgs
multiplets. On the other hand, the neutrino sector is simpler
than those of S5 and S, models [111, 112].

The rest of this work is organized as follows. In Sections
2 and 3 we present the necessary elements of the 3-3-1
model with S, flavor symmetry as in the above choice, as
well as introducing necessary Higgs fields responsible for the
charged-lepton masses. In Section 4, we discuss on quark
sector. Section 5 is devoted to the neutrino mass and mixing.
In Section 6 we discuss the gauge boson pattern of the
model. We summarize our results and make conclusions in
Section 7. Appendix A is devoted to the Higgs potential and
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minimization conditions. Appendix B is devoted to S, group
with its Clebsch-Gordan coefficients. Appendix C presents
the lepton numbers and lepton parities of model particles.

2. Fermion Content

The gauge symmetry is based on SU(3). ® SU(3), ® U(1)y,
where the electroweak factor SU(3); ® U(1)y is extended
from those of the SM whereas the strong interaction sector
is retained. Each lepton family includes a new fermion
singlet carrying no lepton number (Ny) arranged under the
SU(3), symmetry as a triplet (v;,I;, Ng) and a singlet I. The
residual electric charge operator Q is therefore related to the
generators of the gauge symmetry by [110-112]

R
V3

where T, (a = 1,2,...,8) are SU(3), charges with Tr T, T}, =
(1/2)8,, and X is the U(1)yx charge. This means that the
model under consideration does not contain exotic electric
charges in the fundamental fermion, scalar, and adjoint gauge
boson representations.

The particles in the lepton triplet have different lepton
numbers (1 and 0), so the lepton number in the model
does not commute with the gauge symmetry unlike the SM.
Therefore, it is better to work with a new conserved charge
& commuting with the gauge symmetry and related to the
ordinary lepton number by diagonal matrices [110-112, 118]

Q=T; - Ts+ X, (3)

L= %Tg + 2. (4)

The lepton charge arranged in this way (i.e., L(Ng) = 0 as
assumed) is in order to prevent unwanted interactions due
to U(1)g symmetry and breaking (due to the lepton parity
as shown below), such as the SM and exotic quarks, and to
obtain the consistent neutrino mixing.

By this embedding, exotic quarks U and D as well as
new non-Hermitian gauge bosons X” and Y* possess lepton
charges as of the ordinary leptons: L(D) = -L(U) = L(X%) =
L(Y™) = 1. The lepton parity is introduced as follows: P, =
(—)*, which is a residual symmetry of L. The particles possess
L =0, +2 such as Ny, ordinary quarks, and bileptons having
P, = 1; the particles with L = +1 such as ordinary leptons
and exotic quarks having P, = —1. Any nonzero VEV with
odd parity, P, = -1, will break this symmetry spontaneously
[112]. For convenience in reading, the numbers L and P, of the
component particles are given in Appendix C.

In this paper we work on a basis where 3 and 3’ are real
representations whereas the two-dimensional representation
2 of S, is complex, 2(1%,2%) = 2(2%,1%), and

202=1(12+2)@1 (12-21)®2(22,11).  (5)

The lepton content of this model is similar to that of [111]
but is different from the one in [112]; namely, in [112] three
left-handed leptons are put in one triplet 3 under S,, whereas
in this model we put the first family of leptons in singlets
1 of S,, while the two other families are in the doublets 2.
In the quark content, the third family is put in a singlet 1
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and the two others in a doublet 2 under S, which satisfy
the anomaly cancelation in 3-3-1 models. The difference in
fermion content leads to the difference between this work
and our previous work [112] in physical phenomenon as seen
bellow. Under the [SU(3);,U(1)x,U(1)g,S,] symmetries as
proposed, the fermions of the model transform as follows:

T 12
Vi = (Ml Nig) ™ ~ [3’——» —’l] >
3°3
Lg~[1,-1,1,1],
12
— _)2] >
3’37
(=2,3),

T
VoL = (VocL’ lth’ N;R) ~ [3’

I ~ [L,-1,1,2],
T
Qs = (”3L> d1, UL) ~ [3:

2
Uzp ~ [1) g)oal] >

2

Ui ~ [1, ,—1,1],
R 3 S

T P |
Qi = (dip, —t, Dy )" ~ [3 ,0, 5,2] ,
1 2
diR~[13_§>032]) uiRN[]-)gaoaz]y

1
DiR ~ [1)_51 1)2] >

where the subscript numbers on field indicate respective
families in order to define components of their S, multiplets.
In the following, we consider possibilities of generating
masses for the fermions. The scalar multiplets needed for this
purpose would be introduced accordingly.

3. Charged Lepton Mass

In [112], both three families of left-handed fermions and
three right-handed quarks are put in a triplet under S,. To
generate masses for the charged leptons, we have introduced
two SU(3), scalar triplets ¢ and ¢’ lying in 3 and 3’ under
S,» respectively, with VEVs (¢) = (v v )’ and (¢') =
' v ¥)T.From the invariant Yukawa interactions for the
charged leptons, we obtain the right-handed charged leptons
mixing matrices which are diagonal ones, Ujp = 1, and the
right-handed one given by [112]

AR
U=—|1 o o |. 7)
' \/glwzw

Similar to the charged lepton sector, to generate the
quark masses, we have additionally introduced the three
scalar Higgs triplets , 7, #' lying in 1, 3, and 3 under S,,
respectively. Quark masses can be derived from the invariant
Yukawa interactions for quarks with supposing that the VEV's
of 1, 11', and y are (1, u, u), W', u',u'), and w, where u = (r]?),

u = (1110), and w = (Xg). The other VEVs (172), (n;0>’ and
(xY) vanish if the lepton parity is conserved. In addition, the
VEV w also breaks the 3-3-1 gauge symmetry down to that
of the standard model and provides the masses for the exotic
quarks U and D as well as the new gauge bosons. The u, v
as well as v, v/ break the SM symmetry and give the masses
for the ordinary quarks, charged leptons, and gauge bosons.
To keep consistency with the effective theory, we assume that
w is much larger than those of ¢ and # [112]. The unitary
matrices which couple the left-handed quarks u; and d; with
those in the mass bases are unit ones (U} = 1, Uf = 1),
and the CKM quark mixing matrix at the tree level is then
Uckm = U;LUML = 1. For a detailed study on charged lepton
and quark mass the reader can see [112].

In [112], to generate masses for neutrinos, we have
introduced one SU(3); antisextet lying in 1 under S, and
one SU(3), antisextet lying in 3 under S, with the VEV of
s being set as ({s;),0,0) under S,. The neutrino masses are
explicitly separated and the lepton mixing matrix yields the
exact tribimaximal form [112] where 6,5 = 0 which is a small
deviation from recent neutrino oscillation data [7]. However,
this problem will be improved in this work.

Because the fermion content of the model, as given in (6),
is the same as that of one in [111] under all symmetries, so the
charged-lepton mass is also similar to the one in [111]. Indeed,
to generate masses for the charged leptons, we need two scalar
triplets:

1
I [3 21 1]

¢ . )3) 3)_ >
¢
I+ (8)
1
10 2 1

T A B [3 2 1 1,]

(P >37 3)_ >

I+
3

with VEVs (¢) = (0,v,0)" and (¢") = (0,+,0)".
The Yukawa interactions are

-2 = hl@mﬁb)ﬂm + hz(waL‘/’);laR + h3@aL¢’);lsz +h.c.
=h (W 9), g+ hy (Var bl + ¥ Plsp)

+ h3 (¢3L¢’13R - WZL(/S’ZZR) + h.c.

€
The mass Lagrangian of the charged leptons reads
- = (ilL’iZL’iSL) Ml e lsk)T +h.c.
hyv 0 0 m, 0 0
M= 0 hyv-hy 0 =l 0 m, 0.
0 hyv + hy' 0 0 m,
(10)



It is then diagonalized, and

U} =Ug=L (1)
This means that the charged leptons [, , ; by themselves are
the physical mass eigenstates, and the lepton mixing matrix
depends on only that of the neutrinos that will be studied in
Section 5.

We see that the masses of muon and tauon are separated
by the ¢’ triplet. This is the reason why we introduce ¢ in
addition to ¢.

The charged lepton Yukawa couplings h , ; relate to their
masses as follows:

hyv=m

e>

2hyy =m, +m,, (12)

!
2hyv =m, —m,,.

The current mass values for the charged leptons at the weak
scale are given by [7]

m, = 0.511 MeV, m,, =105.66 MeV,
(13)
m, = 1776.82 MeV.
Thus, we get
hyv =0.511 MeV, h,v = 941.24 MeV,
(14)

hyv' = 835.58 MeV.
It follows that if v' and v are of the same order of magnitude,
h, « h, and h, ~ h;. This result is similar to the case of
the model based on S; group [111]. On the other hand, if we
choose the VEV of ¢ as v = 100 GeV, then h; ~ 5 X 1076,
hy ~hy, ~107%,
4. Quark Mass

To generate the quark masses with a minimal Higgs content,
we additionally introduce the following scalar multiplets:

_ 1 2
1= ) ~ [3>—5,5,1],

- T 1 1
n=(nm15) ~ [3,—5,—5,1], (15)

i 01— 10\T [ 1 1 ,]
= > > ~ 3) A R 1 .
n (’71 PR ) 30737
It is noticed that these scalars do not couple with the lepton

sector due to the gauge invariance. The Yukawa interactions
are then

2, = f3Qs XU + f(aiLX*)gDiR
+H5Qspnusg + hu(aiL‘/’*);”iR

+ h’u(aiL¢’*);uiR + h?63L¢d3R
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+ W (@Qun")ydig + W Q™) g + hc
= f5QsLXUr + fQux " Dig + H5 Qs 1tz
+h" (auf/’*”m + 62L¢*”2R)
+h" (azL‘/”*”zR - 61L¢)’*ulR)
+ h§53L¢d3R +h (Qm*dm + 62L’7*d2R)

+ (C_QZL”,*dZR - 61L17,*d1R) + h.c.
(16)

Suppose that the VEVs of #, #1', and x are u, u', and w,
where u = (17(1)), u = (11{0), and w = ()(g). The other
VEVs (qg), (17;0), and ( Xf) vanish due to the lepton parity
conservation [111]. The exotic quarks therefore get masses
my = fswandmp = fw. In addition, w has to be much
larger than those of ¢, ¢', 77, and #' for a consistency with the
effective theory. The mass matrices for ordinary up-quarks
and down-quarks are, respectively, obtained as follows:

h'y — by 0 0
M, 0 Wv+H™' 0

0 0 hyu

1]
R
ool
o3 o
S oo
~—

(17)
W —n' 0 0
M, = 0 Wu+hH% 0
0 0 Wy

my 0 0
0 mg; 0 .
0 0 my,

Similar to the charged leptons, the masses of u — ¢ and
d - s quarks are in pair separated by the scalars ¢’ and
#', respectively. We see also that the introduction of #’ in
addition to # is necessary to provide the different masses for
u and ¢ quarks as well as for d and s quarks.

The expressions (17) yield the relations:
2h"™ =m, —m,,

u _ u _
hyu =m,, 2h%y = m, + m,,

2hu = my + m, 20 = mg —my.
(18)

d
hyv = my,

The current mass values for the quarks are given by [7]
m, = (1.8 + 3.0) MeV, my = (4.5 +5.5) MeV,

m, = (1.25 + 1.30) GeV,
m, = (90.0 = 100.0) MeV,  m, = (172.1 = 174.9) GeV,

my, = (4.13 + 4.37) GeV.
(19)
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Hence

Kiu=(172.1 +174.9) GeV,  hlv = (4.13 + 4.37) GeV,

h*v = (625.9 + 651.5) MeV,
Wy = (47.25 + 52.75) MeV,
W' = (42.75 + 47.25) MeV,

K™y = (624.1 + 648.5) MeV.
(20)

It is obvious that if u ~ v ~ v/ ~ u/, the Yukawa coupling
hierarchies are h* ~ h™ <« hY, h% ~ W' <« hd, and the
couplings between up-quarks (h*,h'*,h}) and Higgs scalar
multiplets are slightly heavier than those of down-quarks
(h*, 1'%, h‘;), respectively.

The unitary matrices, which couple the left-handed up-
and down-quarks with those in the mass bases, are U} = 1

and U? = 1, respectively. Therefore we get the CKM matrix
Ucm = USTUY = 1. (21)

This is a good approximation for the realistic quark mixing
matrix, which implies that the mixings among the quarks are
dynamically small. The small permutations such as a breaking
of the lepton parity due to the VEVs (13), (15"), and (x})
or a violation of & and/nor S, symmetry due to unnormal
Yukawa interactions, namely, Qs xtsg» QX dir» QsrXUirs
Qirx"dsg, and so forth, will disturb the tree level matrix
resulting in mixing between ordinary and exotic quarks and
possibly providing the desirable quark mixing pattern. A
detailed study on these problems is out of the scope of this
work and should be skipped.

5. Neutrino Mass and Mixing

The neutrino masses arise from the couplings of ¥, y,;,
¥ ¥ and Yy, to scalars, where ¥, v, transforms as
3" @ 6 under SU(3); and 1 ® 2 @ 3 ® 3' under S, ¥, vy,
transforms as 3 ® 6 under SU(3); and 1 under S,, and
Y\ Y, transforms as 3" @ 6 under SU(3), and 2 under S,.
For the known scalar triplets (¢,¢’, x,7,7'), only available
interactions are (Y5, y,;)¢ and (¥, ¥, )¢ but explicitly
suppressed because of the Z-symmetry. We will therefore
propose new SU(3); antisextets instead of coupling to ¥}y
responsible for the neutrino masses which are lying in either
1, 2, 3, or 3’ under S,. In [112], we have introduced two
SU(3), antisextets o, s which are lying in 1 and 3 under
S,» respectively. Contrastingly, in this work, with fermion
content as proposed, to obtain a realistic neutrino spectrum,
the model needs only one antisextet which transforms as
follows:

0

+
11 S12 Si3
T

Si = 5(1)2 S S

N
2 4

~ 6*)_$__)2:|) 22

[ 3737 (22)

22
S13 S23 S33

where the numbered subscripts on the component scalars are
the SU(3), indices, whereas i = 1,2 is that of S,. The VEV of
sissetas ({s;), (s,)) under S, in which

A 0 v
(si>=<0 0 0>. (i=12). (23)

v; 0 A;

Following the potential minimization conditions, we have
several VEV alignments. The first is that (s;) = (s,) and
then S, is broken into an eight-element subgroup, which is
isomorphic to D,. The second is that (s;) #0 = (s,) or
(sy) = 0#(s,) and then S, is broken into A, consisting of
the identity and the even permutations of four objects. The
third is that (s;) # (s,) # 0 and then S, is broken into a four-
element subgroup consisting of the identity and three double
transitions, which is isomorphic to Klein four group [75] (in
this paper we denote this group by K,). To obtain a realistic
neutrino spectrum, we argue that both the breakings S, —
D,and S, — K, must take place. We therefore assume that
its VEVs are aligned as the former to derive the direction of
the breaking S, — D,, and this happens in any case bellow:

A0 v, (24)
00 0 ).
ve 0 A

The direction of the breaking S, — K, is equivalent to the
breaking D, — {Identity}. In this direction, we set (s;) =
(s) #(s,) #0. If D, is unbroken, we have (s;) = (s,) = (s)
as in (24), and on the contrary, if D, is unbroken, we have

(s) = (550 = (s1):
AL 0 1y
<sl>:<0 0 0). (25)
v, 0 A,

1]
o~
>
[
=
1
i

V=V, =

(1) = (s2) = ()

The difference between (s;) and (s,) is very small which is
regarded as a small perturbation as considered bellow. It is
noteworthy that the derivation in this paper contains a fewer,
in comparison with the model based on the S; group [111],
number of Higgs triplets; consequently the Higgs sector and
the minimization condition of the potential are much simpler.
Moreover, the obtained model, despite the compact in Higgs
sector, can fit the current data with 6,5 # 0, while the old
version [112] based on S, cannot provide nonvanishing 0, .
In general, the Yukawa interactions are

1 . 1 .
-Z, = Ex(WMWL);Si + Ey(WLIVL) s;+hc

| R— —c
= Ex (ViLWars: + V1 Va1s1) (26)

| R —
+ EJ’ (WorLvors: + Ws wss,) + hee.



With the alignments of VEVs as in (24) and (25), the mass
Lagrangian for the neutrinos is determined by

S|
—L = EJ_CCLMvXL + hc.,

v M, MP 27)
AL = N J” M, = Mp Mg )’

where v = (vl,vz,v3)T and N = (Nl,NZ,N3)T. The mass
matrices are then obtained by

0 arp bL,R,D

M gp= argp crp 0 , (28)
burp 0 digrp
with
X X X
ar EAS, ap =~V ag = EAS’
X X X
bL = EAI, bD = EVI, bR = EAl, (29)
=y, =YV =Y\,
dL:yAs’ dD:yvs’ dR:yAs

The VEVs A | , break the 3-3-1 gauge symmetry down to that
of the SM and provide the masses for the neutral fermions Ny
and the new gauge bosons: the neutral Z' and the charged Y*
and X”**. The A, , and v, , belong to the second stage of the
symmetry breaking from the SM down to the SU(3)-®U(1)q
symmetry and contribute the masses to the neutrinos. Hence,
to keep a consistency we assume that A ( > v, ;> A, ([105].

Three active neutrinos therefore gain masses via a combi-
nation of type I and type II seesaw mechanisms derived from
(27) and (28) as

A B, B,
Mg =M, - M Mz'Mp =B, C; D |, (30)
B, D C,

where

_ (agbp — apby)’

A=
2 2
bycg + apdy

>

B, = (bR [arbpep + arbrer = ap (brep + bpeg)]
+ag (aLaR - aZD) dR)

2 2 5 \7!
X (bRcR + aRdR) ,
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B, = (_bIZJbRCR + bLbfch + apagbrdp + alzszdR
—agbp (aRdD +apdy) )
X (bﬁcR + afzdR)fl,

2 2 2 2
by (CLCR - CD) + (aRcL +apcg — 2aDaRcD) dg

C =
1 2 2
bycp + azdy

>

—2bpbperdp + bycgdy, + bhcpdy + ap (dydy — dp, )
2 =

>

2 2
bgcp + azdy

_ (aRCD - aDCR) (deD - deR)

2

D
bicg + azdy

(1)
The following comments of S, breaking are in order.

(i) If S, is broken into D, (D, is unbroken), we have A =
D =0,B, =B, = B,and C;, = C, = C, which is
presented in Section 5.1.

(ii) If S, is broken into K, (D, is broken into {Identity}),
we have A = 0, B; = B,,C;, = C,, and D#0 but it
is very small. In this case the disparity of two VEVs
of (s) is regarded as a small perturbation as shown in
Section 5.2.

We next divide our considerations into two cases to fit the
data: the first case is S, — D, and the second one is S, —
K,.

5.1. Experimental Constraints in the Case S, — D,. If S, is

brokeninto Dy, A, = A, = A, v, =v, = v, A, = A, = A,
wehave A=0,B, =B, =B,C, =C, =C,and D = 0,and

Mg reduces to
0 BB
Mg=(B C 0], (32)

B O0C

sz V2
B=(A-->])2, cC=(A--=]y. (33
O I (S

S

€

where

We can diagonalize the matrix M g4 in (32) as follows:

UM, U = diag (m,,m,,m;), (34)
where
2 2 2
y+ \/y +2x
m, = l(C—\/C2+SBZ)= (AS—£>—,
2 A 2

S

2\ y—yr+2x3
m, = %(C+ \/C2+SBZ)=< S—X—s>f>

(35)
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and the neutrino mixing matrix takes the form:

KL
VIKP+2 KPP +2
1 1 K| 1
U = = B — T
0 VIKR+2 VZ4kp+2 V2
1 1 K| 1 (36)
IK?+2 VZA|KP?+2 V2
 CHNTTEE

Note that m,m, = —2B*. This matrix can be parameterized in
three Euler’s angles, which implies

tan@,, = lﬁ (37)

K]

This case coincides with the data since sin*(20,5) < 0.15 and
sin®(20,;) > 0.92 [119, 120]. For the remaining constraints,
taking the central values from the data in [119]

v
0,5 =0, 0,5 = —,
13 375

sin® (20),) = 0.87, (7, = 0.32),
Amy, =7.59%107eV?,  Amj, =243 %107 eV?,
(38)

and we have a solution

m; = 0.0280284 eV, m, = 0.0293347 eV,

39)
m, = 0.0573631 eV,

and B = —0.0202757ieV, C = 0.0573631 eV, K = 1.44667,
and |x/y| = 0.707087. It follows that tan0,, = 0.977565,
(0, = 44.35%), and the neutrino mixing matrix form is very
close to that of bimaximal mixing which takes the form:

0.715083 —0.69904 0

1
0.494296 0.50564 ——
U = V2. (40)

0494296 0.50564 .
V2

Now, it is natural to choose A, v? /A ;ineV order, and suppose
that A > v2/A ;. Let us assume A, — v2/A ; = 0.1, and we have
then x = 0.399403i and y = —0.573631.

This result is not obviously consistent with the recent data
on neutrinos oscillation in which 0,5 # 0, but small as given in
[7]. However, as we will see in Section 5.2, this situation will
be improved if the direction of the breaking S, — K, takes
place. This means that, for the model under consideration,
both the breakings S, — D, andS, — K, (insteadof D, —
{Identity}) must take place in the neutrino sector.

5.2. Experimental Constraints in the Case S, — K,. In this
case S, is broken into the Klein four group K, A, # A,, v, #v,,

and A ; # A ,, and the direct consequence is A = 0, B; = B,,
C, = C,, and D #0. The general neutrino mass matrix in (30)
can be rewritten in the form:

0 BB a’r ap aq
Mg=(B C O |+|ap q r

B0 C ag r p
0 B B ar 00
={BCO|+[ 0 0 r (41)
BOC 0 r 0

0 ap O 0 0 aq
+{ap O O )+ O g 0 |,
0 0 p ag 0 0

where B and C are given by (33), accommodated in the first
matrix, which is matched to the case of S, — D,. The three
last matrices in (41) are a deviation from the contribution due
to the disparity of (s, ) and (s, ), namely, A = a’r, B, - B = ap,
B,-B=aq,q=C,-C,p=C,—-C,and r = D, with the
A, B ,,Cy ,, and D being defined in (5), which correspond to
S, — K.
Substituting (29) into (5) we get

q= ([A“S)L1 - LA, (Ai + A31) + A2A W+ A
+ A3Sv5 (ve—2vy) + ASAZ1 (/\IA1 - vf)] y)

x (A, (A2 +4%))"

:()‘1_/\5))’
A VvoA?
(LR i
1 s 1

AN
X 1+<—5> ,
(-
_ A (A _Asvl)zy _ As(Vs/As _V1/A1)2)’
A (N + A7) 1+ (A /A,)

_ _(Alvs B Asvl)zy _ As(As/Al) (VS/AS B Vl/Al)zy
AY + A L+ (A /A) .
(42)

Indeed, if S, — D,, the deviations p, g, r will vanish,
therefore the mass matrix M. in (30) reduces to its first
term coinciding with (32). The first term of (41) provides
bimaximal mixing pattern, in which 8,5 = 0 as shown in
Section 5.1. The other matrices proportional to p, g, r due to
contribution from the disparity of (s,) and (s,) will take the
role of perturbation for such a deviation of 6,5. So, in this
work we consider the disparity of (s;) and (s,) as a small
perturbation and terminating the theory at the first order.



Without loss of generality, we consider the case of
breaking S, — K,, in which A, # A, whereas v; = v, and
A=A, Ttisthenp =r =0,9g = (A, — A,y = ey with
€ = A, — A, being a small parameter. In this case, the matrix
M, in (41) reduces to

*ec Xc 0o 0 =
Mg = 5c C 0 ‘e y
43
c o ¢ Y00 )W
2y 2
EMSE+€M(1).

At the first order of perturbation, the physical neutrino
masses are obtained as

' Kx+y
m,=A=m +e<—>,
1= ! K2+2
, eK(Ky—Zx) , y
mzzkzzmz+m, m3:)\3:m3+65,
(44)

where m, , ; are the mass values as of the case S, — D, given
by (39). For the corresponding perturbed eigenstates, we put

U—U = U+AU, (45)
where U is defined by (36), and

AU,, AU, AU,
AU = | AU,, AU,, AU, |, (46)

AU;, AU;, AUs

with
K*-2)x+2K
AU]I = —€ (2 322 y >
2(K2+2)"" (m, —my)
AU (Kx -2y) K[(K*-2)x+2Ky]
=—€ +€ ,
! AVK? +2(my - ms)  A(K>+ 2)3/2 (my —my,)
Kx-2 K[(K*-2)x+2K
AU, = e Kx=2) [(K* -2)x + 26y

€ +e ,
AVKZ+2(my -my) 4K +2) (my - m,)
K[(K*-2)x +2Ky|
AU, = —€ 32 ,

2V2(K? +2)7" (my - my)
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AU, = _€ Ky +x
2 2V2 VK2 + 2 (my — m;)

€ (KZ—Z)x+2Ky
2V2 (K2 +2)** (m, - mz)’

AU = —_€ Ky +x
2 22 VKT +2(my - my)

€ (K2 —2)x+2Ky
2V2 (K2 +2)"* (my — m,)’

€ K (Kx -2y)
Y (K? +2) (m; —m5)
€ Ky +x
) $(K2 +2) (my —my)’
€ Kx -2y
_E(Kz +2) (m; —m;)
€ K (Ky + x)
" 23 (K2 2) (my —ms)’

AU

AU,3 = AU;; =

(47)

The lepton mixing matrix in this case U’ can still be parame-
terized in three new Euler’s angles 61.']., which are also a pertur-

bation from the 6;; in the case 1, defined by

! !
13 = U3 = AU

G K (Kx-2y)
- 2V2 (K2 +2) (m; —m;)
€ Ky +x _ ¥
V2 (K2 +2)(my—ms) 2428’
g U
==y,

= (- [4eB’Cx + eC? (C+ VC? + 857 x
+2BC(C+ VC? +8B) (2C - ¢y)
+8B° (4C+4VC + 8B - ¢y )] )

x ({V2[64B" +2C° (C+ VC? + 8B2)
—eBC(C+\C* +8B) x
+2B”(12C° +8CVC? + 87
+eCy+eyVC 188 })
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g U£3 _ 4B* + €Bx — eCy
B Ul, 4B*-eBx+eCy’
(48)

It is easily to show that our model is consistent since the five
experimental constraints on the mixing angles and squared
neutrino mass differences can be, respectively, fitted with two
Yukawa coupling parameters x, y of the antisextet scalar s
with the above mentioned VEVs. Indeed, taking the data
in (1) we obtain € = 0.0692, x =~ 0.0728, y =~ -0.1562,
and B = -0.0241¢V and C = 0.022¢eV, K = 1.943, and
23 = 0.9045 [923 =~ 42.13%sin (29'3) = 0.98999 satistying

6. Gauge Bosons

The covariant derivative of a triplet is given by

. Ag I .
D,=0,- zg?W - 1ng73y =0, —iP,, (50)
where A, (a = 1,2,...,8) are Gell-Mann matrices, Ay =
V2/3diag(1,1,1), TrA Ay = 28, TrAghy = 2, and X is X-
charge of Higgs triplets.
Let us denote the following combinations:

w,,-iWw W, —iW
the condition sin (29;3) > 0.95]. The neutrino masses are :’ = u, XLO = u,
explicitly given as m] = —0.02737 eV, m}, = —0.02870 €V, and V2 V2
! . P . .

m; = —0.05607 eV. The neutrino mixing matrix then takes e Wi —iW,; . e . o
the form: Y, = A W, =W,), v, =@,

0.8251 —0.5657 —0.1585 (5D)

U=1{03302 06781 -0.6716 |. (49)
0.4697 04888 0.7426 and then P, is rewritten in a convenient form as follows:
Wi+ — +t\/ XB, ﬁw’* V2X,
% \/EW[ W+ —2 +t\/ XB, VoYl , (52)
2
10 I+
VX! \/EYM \/_WMS + t\/gXBH

with t = gy/g. We note that W, and W; are pure real and [Dy(s)],, = [Dy (s, [D, (s:)1,, = Dy (s)] 5

imaginary parts of X° and X°*, respectively. The covariant
derivative for an antisextet with the VEV part is [121]
1g * *T .
D, (s;) = 5 {W:Aa (s;) + (s;) W:Aa } —igxTeXB, (s;) -
(53)

The covariant derivative (53) acting on the antisextet VEVs is
given by

[D#(s,-)]11 =ig (/\ W+ — \/_ Ws
+\/§§t)t,-3” + V27, X" ),
D], = = (LW +vy)),
[D, ()], = %g <v,.wﬂ3 \/I_WHS L2 JEWB

+\/§AiX;° + \/EA,-XLO* ) ,

[D#<si>]21 =[D, <Si>]12

ig
V2

[D, (si)],, =0

[D,(s)],, = == (vW," + AY,"),

2 21
[D, (s, = ig <_%AiWH8 + \/ggtAiBH + \/EV,-X}’:)) .
(54)

The masses of gauge bosons in this model are defined as
follows:
<GB

mass

= (D (9)) (D () + (D, (#')) (D" (¢"))
+(D, ()" (0" () + (D, ()" (D" ()

(D, (1)) (D" (') + T [ (D (s1))" (D (s1))]
+T[(D, () (D ()]

(55)

where Qgis in (55) is different from the one in [122] by the
difference of the components of the antisextet s. In [122],
(sy) = (sy), namely, A, = A, = A, v, = v, = v, and
A, = A, = A, are taken into account, and the contribution
of perturbation has been skipped at the first order. In the
following, we consider the general case in which A, #7,,

v, #vy,and A # A,. As a consequence, the fewer number of
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Higgs multiplets is needed in order to allow the fermions to
gain masses and with the simpler scalar Higgs potential as
mentioned above.
Substitution of the VEVs of Higgs multiplets into (55)
yields
GB

mass

V2

o (8197 (W, + W2,) + 819> (Wig + W)
+(—9gWH3 + 3\/§gWH8 + 2\/€ng[4)2]

12
v

o [81g2 (Wo, + W2, ) +81g” (Wi + W)

+(—9gW!43 + 3\/§gWﬂ8 + ZVEgXBﬂ)Z]

2
w 2 2 2 2 2 2
* 108 [279° (W, + W,5) + 279" (Wi + Wy )
+ 36g2Wj8 +12V2g9,W,4B, + 2g§(3i]

2
+ ;‘ﬂ [81g2 (W2 +W2,) +81g> (W2, + W)

+(-9gW,5 ~33gW, + V6gxB, )]

2
u

+ 257 8197 (Wi + W) + 8197 (W, + W)

2
+(—9gW#3 - 3\/§gW#8 + \/ggXB#) ]
g2
+i [2(A vy + A,v,) (BW,3 W,y + 3W,, W6
—3W,, W7 = 5V3W,, W)
+3 vf+v§+/\§ +A§)Wil

2 2 2 2 2
+3 v1+v2+A1+A2)W#2

+

(
(
3(vi+vs+20] +200) Wy,
+3(4vf+4v§+/\§ +/\§+A2l +A22
+2A A+ 2A,0,) W,
+3(4vf+4v§+/121 + AL+ AL+ A
—2A Ay = 20,0, Wi
+3 (vf + vi + A21 + AZZ)WMZ6

+3(vf +v§+A21 +A22)Wj7

+2V3 (v} = vy + 207 +203) W5 W
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+ (Vi +5 + 207 + 215 + 8A% + 8A%) W
+ 18 (Ayvy + Ayv,) WsW,,
+6 (A, vy +A,0,) W W
=6 (Av +4,1,) W oW,

+2V3 (A vy + Ayv,) Wy Wy |

2
+ Etzg2 (/ﬁ T S S S 21/§)B2

u
202 27002 12 2. 2
- 5\/§tg (/\1 A+ VZ)WWBH
4 [2 ,
T3 gtg [(A + A ) v+ (A +Ay) ] W,4B,
2V2 2000 a2 2 2 2
-t (AT + A3 —vi —v; —2A% - 2A%) W,4B,.
(56)
We can separate 3&255 in (57) into
gGB — 3W5 + gCGB + :ZNGB (57)

mass mass mix mix

where Z" _is the Lagrangian part of the imaginary part W.

This boson is decoupled with mass given by

2
M; —g—(w2+u2+u'2+8vf+8v§+2/ﬁ+2/\§
2

W (58)
+ 200 +20% —4A ) —4A,0,) .
In the limit A, A,,v;,v, — 0 we have
gZ
My, = = (o +u” +u?+20% +20%).  (59)

ZCCB is the Lagrangian part of the charged gauge bosons W

mix

andY:
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+2 (vf + vg + A21 + Azz)] (W:6 + Wlf7)
+ g (A vy + Ay + Ay, + Ayvy)

X (W Wes = W W) .
(60)

Méw=2(

The matrix M,y in (62) can be diagonalized as follows:

U, My U, = diag (Mg, My,) , (63)

2
M‘Z,\,:gz{2(/\§+/\§+2vf+2v§+A21+A22)

2. 2.2 2., .n
tw +u" +u +2(V +v )—\/f},

5 (64)
Mf, = %{2(/\21 +/\§+2vf+2v§+A21 +A22)
+w2+u2+u'2+2(v2+v'2)+ \/f}
with
T=a)t 4 ant + (202 - 202 - & + 0 + )’
—4)] (207 24 120 + 0’ - P - - an})
— 4N (2)@ 2N -+ U - 41/%) (65)

+ 320, (A, + Ay) vyv, + 16(A, + A,)*V2
+ 324y (A vy + A0, + Ayyy).

With corresponding eigenstates, the charged gauge boson
mixing matrix takes the form:

U2=<cos9 —sin0>' (66)

sin@ cos®
The mixing angle 0 is given by
4A+A ) v +4(A, + 7)),

tan 0 = .
202 = 2A% +2A2 - 2A% - ? +u? +u? =T
(67)
The physical charged gauge bosons are defined
- - . -
W, =cos6W, +sinbY, ",
(68)

- - -
Y# = sm@W” +c059Y‘u .

In our model, the following limit is often taken into account:

2 2 2 12 2 n 2 2
AV, <us,u’, v vt <o ~ A, (69)

) !
Vvt +u? +2(V + v+ A3+ 13)
2(A v + Ay + Ay, + A,,)

1

ngicf in (60) can be rewritten in matrix form as follows:

o L (v v ), @)

where

2(A vy + A vy + Ayv, + A,0,)
2.2 2 2, .2, a2 2\ |- (62)
V+Hvitow +2(v1+v2+A1 +A2)
With the help of (69), the I' in (65) becomes
VT = (21\21 + 2A22 +t—ut - u'z)
16A 1A yv,v, + ALY (70)
+ .
2A% +2A% + w? —u? —u?
It is then
2 Eiz 2 2, 2 2 92
I i
MW':?(u UV Y )_7AM€I, (71)
with
4 (20N, viv, + 202
A ( 1421V, P 2) 72)

Vo202 +2A% + - u -

In the limit v, , — 0 the mixing angle 6 tends to zero, T' =
2A% +2A% + w* — u* — u'?, and one has

2
g
M2, =L
w9

[

(u2 + u’2 + V2 + V’Z) >
, (73)
Mf, = %(2/\21 +2A22+w2+v2+v'2).

With the help of (69), one can estimate

tan ~ 4N v +4A v, v

207 - 205 - @ = 2(AT+ AY) A (g

(i=1,2).

In addition, from (73), it follows that M‘ZM is much smaller
than M. Note that, due to the above mixing, the new gauge
boson Y will give a contribution to neutrinoless double beta
decay (for details, see [123-125]).
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ZNGP s the Lagrangian that describes the mixing among

the neutral gauge bosons W3, Wy, B, W,. The mass Lagrangian
in this case has the form
NGB
2, .
(V +v ) 2
= T(—9gWM3 + 3\/§ng8 + nggXBH)
2

w 21472 27472
* 108 (279 W2, +369° W

+ 12V2gg,W,4B, + 29 B,
(u +u'2) [

81g°W,,

2
+(—9gW#3 - 3\/§gWH8 + \/ggXBM) ]

2
+ % [2(A v, + A,w,) (BW,5 W, — 5VEW, W)
+3 (vf +17 4210 + 2)@) W:3
+3(4v§+4v§+/\21 + A2+ A%+ A
+20 A +20,0,) W,
+2V3 (=71 =3 + 207 + 205) W3 Wq
+ (vf + vi + 2/\% + 2/\2 + 8A21 + AZZ) W:s
+ 18 (A vy + A1) W3 W,

+2V3 (A vy + Ayv,) W W

2
+ —t’g’ (/\i + A H A AL 20 21/§)Bf4

27
202 570 2 2
- 5\/§tg (/\1 +AS V] VZ)WIﬁB#
4 [2,
T3 gtg [(Ay+ A ) v+ (A + Ay) vy WuB,
2V2, 5002 22 2 2 2 2
-t (AT + A3 =i = v3 —2A% —2A%) W,4B,.
(75)
On the basis of (WM, Wg> By WM4), the 31;11%(3 in (75) can

be rewritten in matrix form:

mix

NGB _ %VTsz)

vi=(w,

w W,

us> By WM4) ’
2 2 2 2
Mll M12 M13 M14

2 2 2 2 (76)
M12 M22 M23 M24

[

2 2 2 2 >
Mi, My, M3, M;,

2 2 2 2
M, M5, M;, M,
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where

! )
Mfl:2(v2+v2+u2+u2+2vf+2v§+4)ﬁ+4A§),

2V3
Mfz =—-— (v2 +v? -’ —u”? +2vf +2v§ —4){? —4)@),

2 2
Mf3 = ——\/—t (21/2 +2v2 v’ +u”
31V3
2 2 2 2
+4A] + 445 + 4v) + 4v2),
My, =4 (A v+ Ayvy) +12(A v + A,w,),

2
M;, =

SNSRI S

(v2 v+ 40’ + P+ + 21/% + 21/5
2 2 2 2
+4A] + 4A5 + 16A7 + 16A2),

27 + 2" 4 207 - - - 4)@ - 4)@

. 22t
My, = T(

+4vf + 41/% + 8A21 + 8A22) ,

2 _ 4

M, = NG [Avy + A0, =5 (A v, + Ayny)],

4’
M, = — (41/2 + 47+ 0" il U+ 40+ A
27

2 2 2 2
+4AT +4A7 + 8vy + 81/2),

, 16 [2
M;, = 3 gt()tlvl AV A, ALY,
M, =2 (w2 +u +u? 8+ 82 207 202

+2A21 + 2A22 +4A A, + 4A2A2) .
(77)

The matrix M? in (76) with elements in (77) has one exact
eigenvalue, which is identified with the photon mass:

M; = 0. (78)
The corresponding eigenvector of M}z, is

V3t
N2 +18

Y
A = V4ts + 18 ' (79)

# 312
V4t? + 18
0

Note that in the limit A, ,,v;, — 0, M}, = M3, = M2, =
0, and W, does not mix with Wj,, Wy, B,,. In the general
case A, 5, V), # 0, the mass matrix in (76) contains one exact
eigenvalues as in (78) with the corresponding eigenstate given
in (79).
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The mass matrix M? in (76) is diagonalized via two steps.

In the first step, the basic (W3, Wz, BL, W,,) is transformed

into the basic (A, Z,,, ZL, W,,,) by the matrix:

Sy —Gy 0 0
wlw Swiw \j ) t 0
V3 V3 3
Uncs = 2 £ t
ayv\|1 - sw\ll— W W 0
3. V3
0 0 0 1
(80)
The corresponding eigenstates are given by
t ty
w w
A[A :SWW3(4+CW _@W8M+ 1- ?B‘“ N
t ty
w w
Zy = —cyWs, + sy —ﬁwsu +\1- ?Bﬂ , (@

z’—\/l té\/W ciwg
- 3 s \/gu'

To obtain (80) and (81) we have used the continuation of the
gauge coupling constant g of the SU(3); at the spontaneous
symmetry breaking point, in which

B 342sy,

BNy (82)

On this basis, the mass matrix M? becomes

0 0 0 0

12 12 12
, [ 0 My My My,
” + 2 g
M™ = UnepM Unea = 77| 0 My My My |
12 12 12
O M24 M34 M44’

(83)

13
where
2
My == (P +u? + V2 07 + 407 + 405 + 207 +203),
G
My = (2[(1-2q,) (u® +u”? + 417 + 413)
-1
w4 Vf + vi] \/oc—o) (C‘%v) ,
” 4
M,, = “on (Ayvy + Ayvy +3A,v; +34,1,),
” 2, a2\ 2 22
M5 =32 (A1 + Az)cw.oc0 + 8w ¢y
+ % (v2 +v7 21/? + 2v§) o
Gy
205 200 1
+ %(ZCW— 1) (u +u )(xo
8(2¢, - 1)
- 2,42
+ (Al + )LZ)OCO,
2 4+/a
M;, = —? xo (Ayvy +4A,1,)
1
+H 2= — (A +Am,) |,
%o
M, =2 (u2 +u? + @0’ + 207 + 202 +2A7 + 270

+4A A +4A,A, + 8vf + 8v§) .
(84)

L 92 2 2 2
In the approximation A7 ,,vj, < A7, ~ w”, we have

2

I I U

Mzi - ( 2 2 2 2))
Gy

2[(1-26y) (2 +u”) + V> +] vty
5 ,

Lok

n _
My, =

4
MZ; T (A vy + Ayv,y),
W

M;é =32 (A21 + A22) cévoco + 8w2c€\,oc0

2 2 2
+ 5 (vz + v'z)oco + T(ZC‘fV - 1) (uz + u'z)oco,
4x,+\a
2 0
M, = - (A vy +Ay,y),
Sw

M, =2 (u2 +u? + @+ 20 + 200 AN A+ 4)L2A2),

(85)
with
Sy = sin Oy, ¢y = cos Oy, ty = tan 0y,

(86)

-1
Xo=4dG,+ 1, ay=(dg,—1) .
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From (83), there exist mixings between Z w Z; and Wy Itis
noteworthy that, in the limit v, , = 0, the elements M;; and
M; vanish. In this case there is no mixing between W, and
Zy Z,,

In the second step, three bosons gain masses via seesaw
mechanism

2
T _
My = Mgy - ) () M) 87)
where
12 12 12
Mof_f M23 M’Z M33 M34 38
) Mot g )

Combination of (87), (88), and (85) yields

gz (u2 +u? v+ v'z) gz

M, = 2 - EAM? (89)
where
B 4AZZ (4cévx3 = 2xpx; + x4) + x%x2 (90)
M~ x, (4 +4cyxs) —4A2x2
with

X = (1 - 20‘24,) (uz + u'z) +v v
x, =20, (20, + A )+ 20, (24, + A,) + @ + 1P + U,
X3 = 4A21 +4A22 +w’ +ut +u”
Xy = (1 - 4C2) (u2 +u’2) +v7 07,

A, =A v+ Ay,

o1

The p parameter in our model is given by

M, 8
p=%=l+lzsl+8me, (92)
M, cos*0y, M;
where
7

S, = 2 (A —Ane). (93)

Let us assume the relations (A.17) and putv, = v, w = A, =
A, and then

Ape —App =

8(K 1), K+l (94)
2k* +3 2¢%, '

From (92)-(94) we have

2 2
g 1 SEA R )
e 2¢k, M2 2k +3 2¢2, '
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The experimental value of the p parameter and M, are,
respectively, given in [7]

0.0003 0.0003
p = 1.0004" 0004 ((Stree = 0-0004i0.ooo4)’

sy = 0.23116 + 0.00012, (96)
My = 80.358 + 0.015 GeV.

It means

0 < 8o < 0.0007. (97)

From (95) one can make the relations between v, g, and k.
Indeed, we have

. oy \Oee V2K + 3M,

IR 11— 2, o

Figure 1 gives the relation between v, and g, k provided that
g =0.5,and k € (0.9, 1.1) in which |v| € (0, 8.0) Gev.

Figure 2 gives the relation between g and §,..., v, provided
that k = 1 and d,. € (0,0.0007), vy € (0,8.0)GeV in
which |g| € (0,2.0) GeV. The conditions (69) are satisfied.
The Figure 3 gives the relation between k and g, v, provided
Oiree = 0.0005 and g € (0.4,0.6), v, € (0,8.0) GeV in which
k € (1,3) GeV (kisareal number, Figure 3(a)) ork = ik, k; €
(-1.2,-1.05) GeV (k is a pure complex number, Figure 3(b)).
The conditions (69) are satisfied. From Figure 3 we see that
a lot of values of k that is different from the unit but nearly
it still can fit the recent experimental data [7]. It means that
the difference of (s;) and (s,) as mentioned in this work is
necessary.

Diagonalizing the mass matrix M;zxz, we get two new
physical gauge bosons

" ! .
Z, =cos@Z, +sin W,

) / (99)
Wy = —singZ, + cos¢pW,,.

With the approximation as in (69), the mixing angle ¢ is
given by

tan g ~ 2~/aey (A vy + Agvy) X Y (100)
—dotgCp X3 + GoyXy —0gXy A A,

provided that v; ~ v,, A; ~ A,.
In the limit A, ,,v,, — 0 the mixing angle ¢ tends to
zero, and the physical mass eigenvalues are defined by

2
2 g9 4
MZL' = E (x4 + 4ch3),
(101)
2
g

Mév = ?(u2+u'2 + o +2A21 +2A22).

i
From (59) and (101) we see that the WI:4 and W, components
have the same mass in the limit A, ,, v, , — 0. So we should
identify the combination of WI:4 and W

V2X,, = W, —iW,

5 (102)
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Ouree 0.0006
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FIGURE 2: The relation between g and J,., v, with k = 1 and §,,.. € (0,0.0007), v, € (0, 8.0) GeV.

FIGURE 3: The relation between k and g, v, provided that §

as physical neutral non-Hermitian gauge boson. The sub-
script “0” denotes neutrality of gauge boson X. Notice that
the identification in (102) only can be acceptable with the
limit A, ,,v;, — 0. In general, it is not true because of the
difference in masses of W'4 and W,s asin (58) and (99).

The expressions (74) and (100) show that, with the limit
(69), the mixings between the charged gauge bosons W — Y
and the neutral ones Z' — W, are in the same order since

= 0.0005 and g € (0.4,0.6), v, € (0,8.0) GeV.

tree

they are proportional to v;/A; (i = 1,2). In addition, from
(101), M;M, = g7 (4N% + 4N° + ) is little bigger than

M, = (§°/2)(@* + 2A% + 2A%) (or M%), and [My —
w4 “

M§0| = (g*/2)W? + u* = v* — V%) is little smaller than
"

Mév = (g2/2)(u2 +u'? + 2 + /%), In that limit, the masses
of Xz and Y degenerate.
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7. Conclusions

In this paper, we have constructed a new S, model based
on SU(3); ® SU(3); ® U(1)x gauge symmetry responsible
for fermion masses and mixing which is different from our
previous work in [112]. Neutrinos get masses from only an
antisextet which is in a doublet under S,. We argue how
flavor mixing patterns and mass splitting are obtained with a
perturbed S, symmetry by the difference of VEV components
of the antisextet under S,. We have pointed out that this
model is simpler than those of S; and S, [111, 112] with the
fewer number of Higgs multiplets needed in order to allow
the fermions to gain masses but with the simple scalar Higgs
potential. Quark mixing matrix is unity at the tree level. The
realistic neutrino mixing in which 6,5 # 0 can be obtained if
the direction for breaking S, — K, takes place. This corre-
sponds to the requirement on the difference of VEV compo-
nents of the antisextet under S, group. As a result, the value
of 0,5 is a small perturbation by [A; — A,|. The assignation
of VEVs to antisextet leads to the mixing of the new gauge
bosons and those in the SM. The mixing in the charged gauge
bosons as well as the neutral gauge boson was considered.

Appendices

A. Vacuum Alignment

We can separate the general scalar potential into

Vvtotal = va + Vvsext + Vvtri—sext + V) (Al)

where V,,; and V., respectively, consist of the SU(3);
scalar triplets and sextets, whereas V,,;_..; contains the terms

connecting the two sectors. Moreover Viri.sext tri—sext CONSEIve

P-charge and S, symmetry, while V includes possible soft
terms explicitly violating these charges. Here the soft terms as
we meant include the trilinear and quartic ones as well. The
reason for imposing V will be shown below.

The details on the potentials are given as follows. We first
denote V(X — XY — Yy,...) = VIX, Y, .. )lxx, y=v,...
Notice also that (Tr A)(Tr B) = Tr(A Tr B). V... is a sum of

tri

V() =i 0’

V) =vix—19), V()=V(e—9¢)
Vi) =V —mn, V()=vV(e—r)
V(09) = A7 (8'¢) (x"x) + A% (¢'x) (x"¢).

Vg )=v(e—9¢.x), Vn=V—ny),
V(') =v(¢—n'x)
V(9¢)=V(sx —¢)+ 25" (¢79) (679

A CA TR
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V(gn) =Vipx—m, V(en)=V(ex—r),
V(¢hn)=V(p— ¢ x —n),
V(ea)=v(e—¢x—1).

V(') =V (¢ —nx — )+ 28 (') (')

w7 () ("),

Vi = Bxon + i x@'n' + 2,@°¢) )y
SO SN S NEPHC DM
R SCENCAES I RO ACAr N

F A5 ) (¢ )y + e,
(A.2)

Viext 18 only of V (s),
V(s)= //152 Tr (sTs) + A Tr [(STS)L(STS)L]

+ A5 Tr [(STS);’ (STS)y] AT [(STS)Q(STS)Q]

+ A, Tr (sTs)l Tr (sTs)l +ALTr (sTs)lr Tr (sTs)y

+ Ay Tr (sTs)g Tr (sTs);,
(A3)

And V,i_y i @ sum of
V(rs) =27 (X x) Tr (s"s) + A5 (s, (),
+ A5 (x9),(s"x),
V() =V(x—¢s),  V(¢hs)=V(x—¢.s),
Vins)=V(x—mns),  V(ds)=V(x—rs),
Vixgsnm' = (All‘/’%’ + )‘,2’7T’7’) Tr (STS)!

+ )\'3[(¢TST) (s;(/)')]l + A;[(?]TST) (517')]l + h.c.
(A4)

To provide the Majorana masses for the neutrinos, the lepton
number must be broken. This can be achieved via the scalar
potential violating U(1)g. However, the other symmetries
should be conserved. The violating & potential up to quartic
interactions is given as

V= [Xl Tr (sTs)l + inTX + ngq + 14;7”11’
+ Xs’IT’?’ + X6HIT;7 + X7‘/51“/’ + ngb”(b'

+99'¢" + X109 ] ' x
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+ [XH Tr (st)y + Ao T+ A+ A
+ Asn' g+ A+ Aigg '
+hiot'¢' + Aot 0] " x

+ 151 (1°6) (6"x) + A28 X0,

+ s (") (8 010 + Maa (191, (6 ),

+ Xzs(nTsT);(sx); + 126(11”5);(5)()g + h.c.
(A5)

We have not explicitly written, but there must additionally
exist the terms in V explicitly violating the only S, symmetry
or both the S, and Z-charge too. In the following, most
of them will be omitted, and only the terms of the kind of
interest will be provided.

There are the several scalar sectors corresponding
to the expected VEV directions. The first direction,
0# (s;) # (s,) #0, S,, is broken into a subgroup including the
elements {1, TS*T?,S%, T>S*T} which is isomorphic to the
Klein four-group [75] [S = (1234), T = (123), obeying the
relations $* = T = 1, ST?S = T, are generators of S, group
given in [112]]. The second direction, (s;) = (s,) = (s) #0,
S, is broken into D,. The third direction, 0 = (s;) # (s,), or
0 = (s,) #(s1)> Sy, is broken into A,. As mentioned before, to
obtain a realistic neutrino spectrum, we have thus imposed
both of the first and the second directions to be performed.

Let us now consider the potential V,,;. The flavons y,
¢, ¢', n, ' with their VEVs aligned in the same direction
(all of them are singlets) are an automatic solution from the
minimization conditions of V,;;. To explicitly see this, in the
system of equations for minimization, let us put v* = v,
v =V ut = u ' =, and v, = V. Then the potential
minimization conditions for triplets reduce to

v,

i _ x5 2 X, 2, Xkt 2 yx$. 2
S = 40w +2([4X+/11 uw A U+ A
+)L)f¢ v'z) w - puv—uu'v' =0,
(A.6)
a‘/tri — 4A¢V3
ov
+2 [‘ui + /\‘f”uz + A‘f" u”?
+ (A‘f¢ +2%0 A0 ) V4 wz/l‘f"] v
+ (/\11 +A0+ /\31) w'v' — pwu = 0,
(A7)
Vi e
=4)%y
ov'

+2 [‘u;/ + /\‘f T2+ )\‘f Ty'?
+ (/\‘f¢ +)U’25"5 +A‘§¢ +/\‘Z¢ >v2+w2)t‘f"] v

+ (All +A3+ /\31) wu'v — ylwu' =0,
(A.8)

17
a‘/tl’i —_ 4A11u3
ou
+2 [”721 + ()LT’, + /\Z”’ + Xg", + /\T’) u?
(A9)
+ A(f"vz + )L(f 12 4 wz/\'zx] u
+ ()Lll +A2+ /\31) u'w - v =0,
Vi '3
=4\
ou'
+2 [yi, + (/\’17”, + )»Z"l + /\’37’7, + )LG/) u’
(A.10)
+ )L(f” v+ A‘f Ty 4 wz/\’} X] u'
+ (All +A% + /\31) u' — ' = 0.
It is easily shown that the derivatives of V,,; with respect to the

variables u, u', v, v' shown in (A.7), (A.8), (A.9), and (A.10)
are symmetric to each other. The system of (A.6)-(A.10)
always has the solution (u, v, u' v as expected, even though
it is complicated. It is also noted that the above alignment is
only one of the solutions to be imposed to have the desirable
results. We have evaluated that (A.7)-(A.10) have the same
structure solution. Consequently, to have a simple solution,
we can assume that u = u' = v = V. In this case, (A.7)-
(A.10) reduce a unique equation, and system of (A.6)-(A.10)
becomes

Vi
a_at)rl = 4V 0’ + 20 [!4)2( * (ZA)IM + 2)‘)1@) VZ] ~2mv=0,
et oy [2a? (W4 1)+ 2 + 1)

+2<A1+A§+Ai+4)ff”+ﬂ" + A0
+ A0+ A0 +)t‘f¢ +/\‘§¢ +A‘§¢

A3 1 20% +201) v - 2] = 0.

(A1)
This system has a solution as follows:
L w ([J)Z( + /\Xa)z)
u=u =v =v=t ~
\/(41 - 2w (/Vlm + A)f )
3 oy B Q
202 = BA) 35923 (a2 - BAY) (T + VIZ 1 40°) "
(r+ V2 +40°)"”
+ b
6 x 2153 (a? — BAX)
(A12)
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where vy
T = 54afBu, (/\ny + “2#)2( - /)’AX[A;) om
— 1081, By (o = A¥B)
2 2 2 22
Q=6 (oc - [3/\’() (Zcxy - BP‘X) - 9"y,
a =T+ 20,
B=A+AT+ A +4/\‘f"+)t¢¢’ o +2()L”+/\¢),
LR DL L I
LD LI L VN L
(A.13)
Considering the potentials V., and V,,;_., We impose
that
Al =2y, Ay =2y, V) =V, vy =y, v,
A=A, ANy=A,  vi=v, V=V, (A1) o,
* 1E3 ! * *
u” =u, u'=u, Ve =V V=V
and we obtain a system of equations of the potential mini-
mization for antisextets:
oV, s L Ams L AT
ﬁ =2 {0, [+ + (UF + 2T 4 2T) o
+ (A’Z’S + /\Z’s + AZ’S> u? + (A + Ay uu
+ A‘fsvz + /\(f’svlz + A
F2(3A5 + A5+ A+ 44 vyvy + AASA A, |
20, (A = A5+ A) vivy + 24 (A5 + A)) v2
£ 2 [ASAS + A2 (25 + A5+ 205 + AY) M _
oA,
(A=A A+ 2251 | =0,
oV, s
W; =20, [WF0P + g+ (AT + AT+ A5 0l
+ ()L'l’ls - /\Z,S + )LZIS) u? + (A + Ay ud
+)L¢s 2+A¢S '2+A w
+2(BA] + A5 + A5 +445) vy,
oV,
+4/\1A1A2] +2A1 (A] = A5+ A3) vy, oA,

+2A, (A5 +A3) v
+ 20, [ASAT + AT (22 + A5 + 25 + A5)

5=+ a5+ 229) 0] =0,
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=2 {vz [ A 428+ A 0 + 24
+ (AT + AT AT+ (20 + X)) uu
+ (z)u'l’ls - /\Z’s + )L'S”S) u? 42297 £ 200
2002 2 (A, + LA, ) (A = A5+ A3)
F2 (A Ay + AL AL) (BA] + 45 + 45 +415) |
2[22,0, (A +25) + (A3 +A)
x (A= A5+ 25 +24%) | v
+4 (217 + A5 + 445 +245) v, vi} =0,
=2 {vl [ AV 428 + A8 0 + 242
+ (AT + AT+ A7)t + (21 + X)) uu
+ (2)&'},5 - /\Z,S + AZ/S) u? 4 22097 £ 20,0
F 202 2 (0 A, + A,A ) (4 = A5 +A3)
#2 (A Ay + AL AL) (BA] + 45 + 45 +405) |
+2 [2A1A1 (A +A5) + (Aﬁ + AZI)
x (AL = A5+ A5 +245) | v
4(205 + 45 + 405+ 205) i) = 0,
= 2{A, [(VE+ A5 + A0) @ + 4 + ATW
+ AMyuu +/V7S '2+)t'1vv'+/\¢s 2+}L¢S 2
AL A, +2 (BAS + A5 + A5 +405) vy v, |

20, (A5 = A5+ A3) vvy + 20, (A5 + A3) 42

+ 200 [AA5 + A% (20 + A5 + 225 + AY)

T I I
= 2{A1 [()VfS + A A 0 + il + AT
+ AMyuu +/\"S 2N w A8 2+)L¢S 2

AL A, + 2 (BA] + A5 + A5 +405) vy vy |

+200 (A5 = A5+ A3) vyvy + 20, (A5 + %) 07
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+ 20, [AAT + A% (207 + A5 + 205 + A)

+(A —A;+A;+2A;)vf] } =0,
(A.15)

where V] is a sum of V., and Vii_qey:

vV, =V,

sext + \/t (A16)

Ti—sext

It is easily shown that (A.15) takes the same form in couples.
This system of equations yields the following relations:

Ay =KA,, V) = KV,, A =xA,, (A.17)
where x is a constant. It means that there are several
alignments for VEVs. In this work, to have the desirable
results, we have imposed the two directions for breaking
Sy —» Dyand S, — K, as mentioned, in which ¥ = 1 and
x # 1 but approximates to the unit. In the case that x = 1 or
A=A =A,v, =v, =v,and A| = A, = A, the system
of (A.15) reduces to system for minimal potential condition
consisting of three equations as follows:

M [Ay+il +2A N +2(A,+B) A + A,
+4 (A, +B,)v}] +2B,A V] =0,
2(A, +B,)+2ul + A, + A +4BAA
+4(A; +By) (Ai +v7 +A25) =0,
A [A,+B,+pl +2A0% +2(A,+B) A’

+A, +4(A,+B,)v}]| + 2BV =0,

(A.18)
where
Ag=NEw By = (W),
A, =2)5 + A5, B, =2\ + A3,
_ li li i ¢bs ¢’s s s
Av_(A1+A2+A4+A1 AT )

! ! !
ns ns ns nsy, 2
+ A3 AT AT+ A )v,
Y, ' ¢s  qd's  ans s\ 2
L= (AL AL+ AT AT AT )

The system of (A.18) always has the solution (A, v, A) as
expected, even though it is complicated. It is also noted that
the above alignment is only one of the solutions to be imposed
to have the desirable results.

B. S, Group and Clebsch-Gordan Coefficients

S4 is the permutation group of four objects, which is also
the symmetry group of a cube. It has 24 elements divided
into 5 conjugacy classes, with 1, 1', 2, 3, and 3’ as its 5
irreducible representations. Any element of S, can be formed

19

by multiplication of the generators S and T obeying the
relations $* = T2 = 1, ST2S = T. Without loss of generality,
we could choose S = (1234), T = (123) where the cycle
(1234) denotes the permutation (1,2, 3,4) — (2,3,4,1),and
(123) means (1,2,3,4) — (2,3, 1,4). The conjugacy classes
generated from S and T are

C :1,
C,:(12)(34) = TS’T?, (13)(24) = &%,

(14) (23) = T*S*T,

Cy:(123)=T, (132)=T7 (124) =TS,

(142) = S*T, (134) = S’TS*, (143) = STS,

(B.1)

(234) = S*T?,  (243) = TS,
C,:(1234) =S, (1243) = T°ST, (1324) = ST,

(1342) = TS, (1423) = TST?, (1432) =S,
Cs:(12) = STS?, (13) = TSTS?, (14) = ST?,

(23) = S’TS, (24) = TST, (34) = T*S.

The character table of S, is given as shown in Table 1,
where 7 is the order of class and h is the order of ele-
ments within each class. Let us note that C,,; are even
permutations, while C,; are odd permutations. The two
three-dimensional representations differ only in the signs of
their C, and C; matrices. Similarly, the two one-dimensional
representations behave the same.

We will work on a basis where 3 and 3’ are real representa-
tions whereas 2 is complex. One possible choice of generators
is given as follows:

1:8S=1, T=1,
1':85=-1, T=1,

01 w 0
g.S— 10)) T:<O wZ))

(B.2)

where w = ¢7® = -1 /2 + iV/3/2 is the cube root of unity.
Using them we calculate the Clebsch-Gordan coefficients for
all the tensor products as given below.

First, let us put 3(1, 2,3) which means some 3 multiplet
such as x = (x,%5,%3) ~ 3ory = (yy293) ~ 3,
and similarly for the other representations. Moreover, the
numbered multiplets such as (...,ij,...) mean (..., x;¥;,...)
where x; and y; are the multiplet components of different
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TABLE 1

Class n h X1 Xv X2 X3 X'
C 1 1 1 1 3 3
C, 3 2 1 1 2 -1 -1
c, 8 3 1 1 -1 0 0
C, 6 4 1 -1 0 -1

Cs 6 2 1 -1 0 1 -1

representations x and y, respectively. In the following the
components of representations in Lh.s will be omitted and
should be understood, but they always exist in order in the
components of decompositions in r.h.s.:

—_
|
-
I
=
~
—
—
~
[—
®
=
I
=
-
~
—_
—
~

!

1©3=3(11,12,13), 1'®3=3'(11,12,13),

! !

13 =3'(11,12,13), 1

!

®3' =3(11,12,13),

202=1(12+2) @1 (12-21)®2(22,11),

|—=

203=3((1+2) Lo +w2)2,0 (1+0’2)3)
©3' (1-2)Lw(1-w2)2,0° (1-w2)3),
203 =3 (1+2) Lol +w2) 2,0 (1 +w2)3)
®3((1-2) Lol -w2)2,0 (1-02)3),
3®3=1(11+22+33)
®2(11+ w22 + 33,11 + w22 + *33)
®3, (23 +32,31 + 13,12+ 21)
®3 (23-32,31-13,12-21),
3'®3 =1(11+22+33)
©2(11+ w22 + 33,11 + w22 + w’33)
®3,(23 +32,31 + 13,12+ 21)
®3' (23-32,31-13,12-21),
303 =1'(11+22+33)
®2 (11 + w22 + w33,-11 - w22 — w’33)
®3! (23 +32,31 + 13,12 + 21)

GB§a (23-32,31-13,12-21),
(B.3)

where the subscripts s and a, respectively, refer to their sym-
metric and antisymmetric product combinations as explicitly
pointed out. We also notice that many group multiplication
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TABLE 2
particles L P,
Nis thdy §15 @17 $s $'> 10 1> Moo 1y > K> O35 S35 0 1
v LU, DY 0, 55,1 X4 X 010 030 130 83, -1 -1
T11 015 0335 11> 13 S37 -2 1

rules above have similar forms as those of S; and A, groups
14, 112].

In the text we usually use the following notations, for
example, (x)’,)g = [x)”]; = (X205 = X393 X3 Y| = X1 V5 X1 Yy~
x, ;) which is the Clebsch-Gordan coefficients of 3, in the
decomposition of 3®3', whereas mentioned x = (x,, x,, x3) ~
3andy' = (31,55, 75 ~ 3"

The rules to conjugate the representations 1, 1', 2, 3, and
3’ are given by

(112 =2(2017),

1"(17)=1(17),
1" =101",

(B.4)
é* (1*)2*,3*) — é(l*,z*,3*),

él* (1*’2*’3*) — éI (1*,2*,3*)’

where, for example, 2*(1%,2") denotes some 2" multiplet of
the form (x, x3) ~ 2",

C. The Numbers

In Table 2 we will explicitly point out the lepton number (L)
and lepton parity (P)) of the model particles (notice that the
family indices are suppressed).
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