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We construct a Dy flavor model based on SU(3)¢c ® SU(3)r ® U(1)x gauge symmetry
responsible for fermion masses and mixings. The neutrinos get small masses from anti-
sextets which are in a singlet and a doublet under Dy4. If the D4 symmetry is violated as
perturbation by a Higgs triplet under SU(3), and lying in 1’ of Dy, the corresponding
neutrino mass mixing matrix gets the most general form. In this case, the model can fit
the experimental data in 2012 on neutrino masses and mixing. Our results show that
the neutrino masses are naturally small and a little deviation from the tribimaximal
neutrino mixing form can be realized. The quark masses and mixing matrix are also
discussed. In the model under consideration, the CKM matrix can be different from the
unit matrix. The scalar potential of the model is more simpler than those of the model
based on S3 and S4. Assignation of VEVs to antisextets leads to the mixing of the new
gauge bosons and those in the Standard Model. The mixing in the charged gauge bosons
as well as the neutral gauge boson is considered.

Keywords: Neutrino mass and mixing; nonstandard-model neutrinos; right-handed neu-
trinos; extensions of electroweak Higgs sector; charge conjugation; parity; time reversal;
other discrete symmetries.
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1. Introduction

Following the discovery of neutrino oscillations, there has been a considerable
progress in determining values for neutrino mass square differences m7 — m? and

the mixing angles relating mass eigenstates to flavor eigenstates. The most recent
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fits suggest that one of the mixing angles is approximately zero and another has a
value that implies a mass eigenstate that is nearly an equal mixture of v, and v,.
The data in PDG2012'° imply:

sin?(2612) = 0.857 £ 0.024 (12 ~ 0.6717),

sin?(2613) = 0.098 £ 0.013  (s13 ~ 0.1585) ,

sin®(2623) > 0.95, (1)

Am2, = (7.50 & 0.20) x 107° eV?,
Am3, = (2.3215:02) x 1073 eV2.

These large neutrino mixing angles are completely different from the quark mix-
ing ones defined by the Cabibbo-Kobayashi-Maskawa (CKM) matrix.%7 This has
stimulated work on flavor symmetries and non-Abelian discrete symmetries are
considered to be the most attractive candidate to formulate dynamical princi-
ples that can lead to the flavor mixing patterns for quarks and lepton. There are
many recent models based on the non-Abelian discrete symmetries, such as A4, 2°
Ay 26°38 G, 39-80 g, 81-109 ) 110-121 ). 122,123 7/ 124-128 51 o6 forth. An alterna-
tive extension of the Standard Model (SM) is the 3-3-1 models, in which the SM
gauge group SU(2),®@U(1)y is extended to SU(3), ®@U (1) x, has been investigated
in Refs. 129-142. The anomaly cancelation and the QCD asymptotic freedom in the
models require that the number of fermion families is 3, and one family of quarks
has to transform under SU(3)y differently from the other two. In our previous
works, 1437145 the discrete symmetries have been explored to the 3-3-1 models. The
simplest explanation is probably due to a S3 flavor symmetry which is the smallest
non-Abelian discrete group, has been explored in our previous work.'® In Ref. 144,
we have studied the 3-3-1 model with neutral fermions based on Sy group, in which
most of the Higgs multiplets are in triplets under Sy except x lying in a singlet,

1467149 g obtained, where 613 = 0.

and the exact tribimaximal form

As we know, the recent considerations have implied 613 # 0,8 22397109 Lyt small
as given in (1). This problem has been improved in Ref. 145 by adding a new
triplet p and another antisextet s, in which s is regarded as a small perturbation.
Therefore, the model contains up to eight Higgs multiplets, and the scalar potential
of the model is quite complicated.

In this paper, we investigate another choice with Dy, the group of a square,
which is the second smallest non-Abelian discrete symmetry. D4 contains one dou-
blet irreducible representation and four singlets. This feature is useful to separate
the third family of fermions from the others. The group contains a 2 irreducible
representation which can connect two maximally mixed generations. Besides the
facilitating maximal mixing through 2, it provides four inequivalent singlet repre-
sentations 1, 1/, 1”7 and 1" which play a crucial role in consistently reproducing
fermion masses and mixing as a perturbation. We will point out that this model is
simpler than the S5 one, since fewer Higgs multiplets are needed in order to allow
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the fermions to gain masses and to break symmetries and the physics we will see is
different from the former. On the other hand, the neutrino sector is more simpler
than that of S5 one. The boson masses and mixings are considered more generally
and more detail than those in Ref. 150.

There are two typical variants of the 3-3-1 models as far as lepton sectors are con-
cerned. In the minimal version, three SU(3)r, lepton triplets are (vr,lr,1%), where
I are ordinary right-handed charged-leptons.'2%133 In the second version, the third
components of lepton triplets are the right-handed neutrinos, (vr,, [y, uf%).134’138 To
have a model with the realistic neutrino mixing matrix, we should consider another
variant of the form (vr,lr, Nj;) where Nr are three new fermion singlets under
standard model symmetry with vanishing lepton-numbers.43:144

The rest of this paper is organized as follows. In Secs. 2 and 3, we present
the necessary elements of the 3-3-1 model with the D4 symmetry as well as intro-
ducing necessary Higgs fields responsible for the charged lepton masses. In Sec.
4, we discuss on quark sector. Section 5 is devoted for the neutrino mass and
mixing. In Sec. 6, we consider the Higgs potential and minimization conditions.
Section 7 is devoted for the gauge boson mass and mixing. We summarize our
results and make conclusions in Sec. 8. Appendix A presents a brief of the Dy theory.
Appendix B provides the lepton number (L) and lepton parity (F}) of particles in the
model.

2. Fermion Content

The gauge symmetry is based on SU(3)c ® SU(3)r, ® U(1)x, where the electro-
weak factor SU(3)r @ U(1)x is extended from those of the SM where the strong
interaction sector is retained. Each lepton family includes a new electrically- and
leptonically-neutral fermion (Ng) and is arranged under the SU(3), symmetry as
a triplet (vp,lr, Ng) and a singlet Ig. The residual electric charge operator @ is
therefore related to the generators of the gauge symmetry by

L
V3

where T, (a = 1,2,...,8) are SU(3) charges with Tr T, T, = %5ab and X is the
U(1)x charge. This means that the model under consideration does not contain
exotic electric charges in the fundamental fermion, scalar and adjoint gauge boson
representations.

Since the particles in the lepton triplet have different lepton number (1 and 0), so
the lepton number in the model does not commute with the gauge symmetry unlike
the SM. Therefore, it is better to work with a new conserved charge £ commuting

with the gauge symmetry and related to the ordinary lepton number by diagonal
143,144,151

Q:T3_ T8+X7

matrices
2

V3
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The lepton charge arranged in this way (i.e. L(Ng) = 0 as assumed) is in order
to prevent unwanted interactions due to U(1)z symmetry and breaking (due to the
lepton parity as shown below) to obtain the consistent lepton and quark spectra. By
this embedding, exotic quarks U, D as well as new non-Hermitian gauge bosons X°,
Y+ possess lepton charges as of the ordinary leptons: L(D) = —L(U) = L(X°) =
L(Y~) = 1. A brief of the theory of D4 group is given in App. A. The D4 contains
one doublet irreducible representation 2 and four singlets 1, 1/, 1” and 1””. In this
paper we work in real basic, in which the two-dimensional representation 2 of Dy
is real, 2%(1*,2%) = 2(1*,2*), and

2(1,2)®2(1,2) =1(11+22) @ 1'(11 —22) @ 1"(12+21) o 17"(12 - 21).  (2)

In the model under consideration, we put the first family of leptons in sin-
glets 1 of Dy, while the two other families are in the doublets 2. Under the
[SUB)L,U(1)x,U(1)z, D4] symmetries as proposed, the fermions of the model
transform as follows

i = (. i Nig)" ~[3,-1/3,2/3,1],

¢ir = (i lie Nip)" ~[3,-1/3,2/3,2],
hr~[1,-1,1,1], Lr~][1,-1,1,2] (i=2,3),

Qsr = (usy ds Up)" ~[3,1/3,-1/3,1],

Qor = (dar,  —tuar, Dorn)T ~[3%,0,1/3,2],

usr ~ [1,2/3,0,1], uar ~[1,2/3,0,2],

dsg ~[1,-1/3,0,1], dar ~[1,-1/3,0,2],

Ur ~[1,2/3,-1,1], Dar~[1,-1/3,1,2] (a=1,2),

where the subscript numbers on field indicate to respective families which also
in order define components of their D, multiplets. In the following, we consider
possibilities of generating the masses for the fermions. The scalar multiplets needed
for the purpose are also introduced.

3. Charged Lepton Masses

To generate masses for charged leptons, we need a minimum of five SU(3), Higgs
triplets lying in 1, 1/, 1”7, 1" and 2. In decomposing of 2 ® 2 into irreducible
representations, there is no 2 one. So, it is required two Higgs scalars

of 1
o=\ 49 | ~[3,2/3,-1/3,1], ¢ = 0| ~[3,2/3,-1/3,1], (3)
¢f 5"
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with VEVs as follows:
@)=0 v 0)F, (¢)=0 o 0)T. (4)
The Yukawa interactions are
—L; = h(Y100) 111k + ha(Vind)alin + ha(¥ind)2lir + h.c.
= (1o 1lir + ha(Pardlor + Y3 dlar)
+ h3(P2r.¢'lar — PY3r.¢'lsr) + hec.

The mass Lagrangian of the charged leptons reads

—L = (Iy,, lor, lar.) My (li g, l2r, 3r)T + hec.,

hyv 0 0 me O 0
M= 0 hov+ hst' 0 =10 m, O
0 0 hov — hsv' 0 0 m,

It is then diagonalized, and
UL =Umr=1.

This means that the charged leptons [/; 2 3 by themselves are the physical mass
eigenstates, and the lepton mixing matrix depends on only that of the neutrinos
that will be studied in Sec. 5.

We see that the masses of muon and tauon are separated by the ¢’ triplet. This
is the reason why we introduce ¢’ in addition to ¢. The charged lepton Yukawa
couplings hj 2 3 relate to their masses as follows:

hiv=me, 2hov=m;+m,, 2hgv' =m,—m;,. (5)

The experimental values for masses of the charged leptons at the weak scale are

given ag; 152,153

me = 0.511 MeV, m, =106.0 MeV, m, =177 GeV . (6)
Thus, we get

hiv =0.511 MeV, hov =938 MeV, |hgv'| = 832 MeV . (7)

It follows that if v and v are of the same order of magnitude, hy < ho and hg ~ |hs].

4. Quark Masses

To generate masses for quarks with a minimal Higgs content, we additionally intro-
duce the following Higgs triplets

_ T
x=0Kx) xa x3) ~1[3,-1/3,2/3,1],
_ T
n= (77? 772 773) ~ [37 _1/37 _1/371] 9 (8)
_ T
=0 n ny) ~[3,-1/3,-1/3,1'].
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The Yukawa interactions are:

~Ly = f3(QstUr)1x + f(QarDar)1 X
+h§(Qsrdsr)16 + h*(Qardar) 1"
+ W Qardar)1m™ + P4 (Qsrusr)1n
+h*(Qartar)1 ¢ + N (Qaruar)1/¢" +h.c.
= f3(Q3LUr)1 X + f(QizD1r + Q21.D2r) X"
+ h§(Qsrdsr)1 ¢+ h*(Qirdir + Qardar)n’*
+ ' (Qirdir — Q2Ld2R)n/* + Ry (Qsrusr)1m
+ h*(Qizuir + Qaruzr)¢*
+ " (Qiruir — Qaruzr)d” + hec. (9)

We now introduce a residual symmetry of lepton number P, = (—1)%, called “lepton
parity,” 13145 in order to suppress the mixing between ordinary quarks and exotic
quarks (for lepton number of the model particles, see App. B). The particles with
even parity (P, = 1) have L = 0,+2 and the particles with odd parity (P, = —1)
have L = 41. In this framework we assume that the lepton parity is an exact
symmetry, not spontaneously broken. This means that due to the lepton parity
conservation, the fields carrying lepton number (L = +1) ns, 15 and x; cannot
develop VEV. Suppose that the VEVs of x,  and n/ are

0 U u
x)={(0), m=(0, W)y=[0], (10)
0 0

then the exotic quarks get masses
my = fsw, mp,, = fw, (11)
and the mass Lagrangian of the ordinary quarks reads:
—[,;nass = hgvcszng + hdu(JlLdm + JQLdQR)
+ W% (dipdig — dardar)
+ h§utsrusp — h“v(alLulR + ﬂQL’LLQR)
— h’“v’(ﬂlLulg — ’L_LQL’LLQR) + h.c.
= (U1p, U2r, U3L)Mu(uiR, u2r, usr)"
+ (dip,dar, d3L)Ma(dig, dar, dsg)” + h.c. (12)
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From (12), the mass matrices for the ordinary up-quarks and down-quarks are,
respectively, obtained as follows:

—h%y — By’ 0 0 m, 0 0
M, = 0 —h% + h'%" 0 =10 m. 0],
0 0 hiu 0 0 my
13)
hiy + h/4y 0 0 mg 0 0
My = 0 Ry —h4 0 |=10 mg O
0 0 hdv 0 0 my

In similarity to the charged leptons, the masses of u and ¢ quarks are also separated
by the ¢’ scalar. We see also that the introduction of 7’ in addition to 7 is necessary
to provide the different masses for d and s quarks. The expression (13) leads to the
relations:

Su=my, —2h"w=my+m., —2h""'=my;—m.,
hv=my,  2h% = mg+ms, 20N = my — my.
The current mass values for the quarks are given by!52:153
My = (1.8 +3.0) MeV, ma = (4.5 = 5.5) MeV,
me = (125 +1.30) GeV,  my = (90.0 = 100.0) MeV, (14)

my = (172.1 = 174.9) GeV, my = (4.13 =+ 4.37) GeV.
Hence,
Yy = (172.1 + 174.9) GeV,  hdv = (4.13 = 4.37) GeV,
|hv| = (625.9 + 651.5) MeV,  hbu = (47.25 = 52.75) MeV , (15)
|| = (42.75 = 47.25) MeV, A0’ = (624.1 + 648.5) MeV .

It is obvious that if |u| ~ |v| ~ |v/| ~ |u/|, the Yukawa coupling hierarchies
are |h'd| ~ h? < h* ~ B < hY,h$, and the couplings between up-quarks
(h*, h', hY) and Higgs scalar multiplets are slightly heavier than those of down-
quarks (h?, h'4, h), respectively.

The unitary matrices, which couple the left-handed up and down-quarks to those
in the mass bases, are U = 1 and Ug = 1, respectively. Therefore, we get the CKM
matrix

Uckm = UiTUE = 1. (16)

This is a good approximation for the realistic quark mixing matrix, which implies
that the mixings among the quarks are dynamically small. The small permutations
such as a breaking of the lepton parity due to the odd VEVs (n3), (n5%), (x{), or a
violation of £ and/or Dy symmetry due to unnormal Yukawa interactions, namely
Qs xu3Rrs QarX*dar, QarXUar, QurXx*dsr and so forth, will disturb the tree level
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matrix resulting in mixing between ordinary and exotic quarks and possibly pro-
viding the desirable quark mixing pattern. This also leads to the flavor changing
neutral current at the tree level but strongly suppressed.!43:144

Note that Qurdar and Qaruagr transform as 1 @ 1’ @ 1”7 @ 1" under D,. All
terms of the Yukawa interactions responsible for quarks masses in (9) are invariant
under the [SU(3)r,U(1)x,U(1)z, D 4] symmetries. If Qurdor and Quruar lying
in 1”7 and/or 1", the 1-2 mixing of ordinary quarks will take place. In this work,
we add soft terms which violate Dy symmetry with 1”7. Hence, the total Lagrangian
of the ordinary quarks is added two extra terms —AEZ and —ALy, given by

—Aﬁg = kd(QaLdaR)l”n* + h.c.

= k%udypdag + k% udsrdig + hec. (17)
_A‘CZ = ku(QaLuaR)l”(b*
= —k"wiuirusr — k"vusrdig + h.c. (18)

The total mass matrices for the ordinary up-quarks and down-quarks then take the
form:

—ht%v — %’ —k%v 0
M! = M, + AM, = o “h'o b 0|, (19)
0 0 hiu
hy + h/%y kdy 0
M= Mg+ AM,; = kdu hiuy — KWy 0 | . (20)
0 0 hdv

The M/ in (19) is diagonalized as

ut s Yu s / / ’
VI M,V = diag(m),, m,,,m}) ,

where
(G “)? ( )P0 4 ()"
u \/( ) (huv — h/u,U/)Q
o = L “)? ( )20 4 ()" (21)
¢ \/( ) ( gy 1 h/u,U/)Q ’
my, =m; = hiu
and
h%v — h'%’ _ k%v
\/(ku)2v2 + (h“v _ h/uUI)Q \/(ku)QU2 + (h“v 4 h’“v’)2
V=1, Vi= _ kv hYv + b
\/(ku)QU2 + (h“v 4 h/uUI)Q \/(ku)QU2 + (h“v 4 h’“v’)2
0 0 1

1350159-8
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The terms in (18) and (17) violate the Dy symmetry, therefore they should be much

weaker than those in (9). This means that
k" < h", n'™,
k< hd, B
From condition (22), it follows that
2Rk y?
V(E")202 + (hvv — h'u0')2\/(k*)202 + (hvv + h/%v')2

is very small, and

P

1 -P 0
VitvE=-P 1 o] =~I
0 0 1

Similarly, the M/, in (20) is diagonalized as

d+ Iyyd s / / /
ViTMy Vg = dlag(md,ms,mb) ,

where
v ( 92 — ( N2 4 (R'4)%u'2
CVERE T
L2 = (h)?? 4 (P
s \/(k:d)2u2 + (hdu + h'du’)?
my, =mp = hdv,
and
—(h%u — n'y _ k4
\/(kd)2u2 + (hdu _ h’du’)2 \/(kd)2u2 + (hdu 4 h’du’)2
vi=1, vi= kdu B+ 1!
\/(kd)QuQ + (hdu _ h’du’)2 \/(kd)QuQ 4 (hdu 4 h/dul)Q
0 0

Analogously, from condition (23), we see that the value defined as
2h k2
\/(kd)QuQ + (hdu — h/du/)Q\/(kd)2u2 + (hu + h/du’)?

is very small, and

K=

vitvi = [ K

1 K
1
0 0

0
0] ~1I.
1
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The CKM matrix then takes the form:

Vit Vi 0
Verm = VPTVE = [Var Voo 0, (26)
0 0 1

where
- _(huhd 4 k“kd)uv 4 huh/du/v 4 h/uhduvl _ h/uh/du/v/
e VEDZu2 £ (hdu — Wau’)2 /()02 + (v — h'o’)?
—(h"k? + E*hMYuv — kv + bk’

)

V = 9

12 VEDZUZ + (hu + B2 /(202 + (b — o)
Vo — (h*k? + k*h®)uv — k*h'%v + b kTu’

2 VEDZUZ + (hu— Baul)2\/(k*)20% + (hto + W5o')?
v kEvkuv + hiu(h¥v 4+ h'“v") 4+ b/ (h%v + h'')

22 =

VED2uZ + (hdu + )2/ (k)02 + (b + Weo’)2
With the help of conditions (22) and (23) we have:
Vin=1l, Vig~0, Vor=~0, Va1,
and the Voku in (26) becomes
Verm >~ 1.

If SU(3). Higgs triplet ¢ in (3) lying in 2 under Dy, the 1-3 and 2-3 mixings of
the ordinary quarks will take place. A detailed study on these problems are out of
the scope of this work and should be skipped.

5. Neutrino Mass and Mixing

The neutrino masses arise from the couplings of ¢ ¥z, ¥§, 1 and ¥§, i1, to
scalars, where 1/_)fL i1, transforms as 3* @ 6 under SU3), and 1 @1’ @ 1" @ 1"
under Dy; ZZ_Jle/)lL transforms as 3* @ 6 under SU(3);, and 1 under Dy, and 1/_)TL1/)1'L
transforms as 3* @ 6 under SU(3);, and 2 under Dy. For the known scalar triplets
(¢,8',x,m,m'), the available interactions are only (1§, t:1)¢ and (1§ )¢, but
explicitly suppressed because of the L-symmetry. We will therefore propose new
SU(3), antisextets, lying in either 1, 1’, 1”7 or 1" under Dy, interact with ¢,
to produce masses for the neutrino. To obtain a realistic neutrino spectrum, the
antisextets transform as follows

oty o frz a?s

o= |ofy ot o5 | ~[67.2/3,-4/3.1],

0 + 0
013 023 033
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st sf sl
sk=|sfy sit s3s | ~1[67,2/3,-4/3,2],
sl3 S35 833 &
where the numbered subscripts on the component scalars are the SU(3), indices,
whereas k = 1,2 is that of Dy. The VEV of s and o is set as ((s1), (s2)) under Dy,

in which

A 0 w4

eb=(0 0o o |, (27)
ve 0 Ags
)\k 0 Vk

(siy=(0 0 0. (28)
Vk 0 Ak

Following the potential minimization conditions, we have several VEV alignments.
The first alignment is that (s1) = (s2) or (s1) # 0 = (s2) or (s1) = 0 # (s2) then
the Dy is broken into Zy that consists of the elements {e,a®b} or {e,b} or {e,a?b},
respectively. The second one is that 0 # (s1) # (s2) # 0, then the Dy is broken into
{identity} (or Zz — {identity}). In this work, we impose the first case in the first
alignment of D, breaking, i.e.

/\1:)\25)\5, V1 = V2 = Vg, AleQEAS.

And, we additionally introduce another scalar triplet lying in either 1’,1” or 1"
responsible for breaking the Zs subgroup as the second stage of D, breaking. This
can be achieved by introducing a new SU(3), triplet, p lying in 1" as follows

o

pP= pg ~ [37 2/37 _4/371”/] ) (29)
P3
with the VEV given by
(o) = (0.0,,0)" . (30)

The Yukawa interactions are:

—L, = %x( _leblL)lU + §y(1/_)§L1/)2L + 5 sL)o
1o - ; L
+ §z[(¢fL¢z‘L)8 + (dipr)s] + §T(¢fLwiL)1,,,P + h.c.

1350159-11
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=+ §T(UPN2RV3L — UpﬂgLNgR — UpNgRUQL + ’l}pﬂgLNQCR) + h.c. (31)

The neutrino mass Lagrangian can be written in matrix form as follows

where

1
=L = §>ZCLMUXL +h.c., (32)
T M, M}
= (Vv N7, 5 MV = ’
XL ( L R) (MD Mp

v, = (L, var,v3n)’ . Nr = (Nig, Nag, N3g)",

and the mass matrices are then obtained by

with

ar,r.p brrp bLRD
Mprp=|b,rp cLrD dLRD]|, (33)
br.r.p —dr.RD CL,RD

ar, = Ao, ap = Vo, ar = Aoz,
br, = Xsz, bp =wvsz, br = Asz,
(34)
Cr, :)\0317 Cp = VsV, CR:AO'y7
dLZO, dD:’UpTEd, dRZO.

Three observed neutrinos gain masses via a combination of type I and type II seesaw
mechanisms derived from (32) and (33) as

where

A:

B,

By

A By Bs
Mg =My — MEMz'Mp=| B, C D], (35)
By, D Cy

(QCLRb% —4apbpbr + 2aLb% + a%cR — CLLCLRCR)

(2[)%_3 — aRcR) ’

[—2b2DbR+bL(2b§%—aRcR)—i-bD(aDcR—i-aRcD —aRdD)—anR(cD —dD)]

(Qb% — CLRCR) ’

[—2b%bR+bL(2b%—CLRCR)—|—bD(aDCR+aRCD—|—aRdD)—anR(CD—FdD)]

(2[)%% — CLRCR) ’

1350159-12
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[—2bDbRCR(CD — dD) — b%[(CD + dD>2 — 2CLCR]

+ cr(bher + arcy, — arcrer + aRd%)]

O = )
! [CR(2b% — aRcR)]
[—QbDbRCR(CD +dp) — b%[(CD — dD)2 — 2¢rcR|
Cy— + cr(bher + arcy —aRchR—i—aRd%)]

[cr(2b% — agcr)]

. [(bRCD — bDCR)2 — b%d%]
= T o —anen)] (36)

5.1. Ezxperimental constraints in the case without the p triplet

In the case without the p contribution (v, = 0), A1 = Xy = Ag, v1 = v2 = v,
Ay = Ay = Ay, we have By = Bo = B, C; = Cy = C and Mg in (35) becomes

A B B
M%=|B C DJ, (37)
B D C
where
A x[AU(AU/\U —v)ay — 2(A2N\, + Ayv? — 2Asvsvg)z2]
N A2ay — 2A222 ’
AN+ v (Asv, — 20 505) | ayz + 2A5 (02 — A A)2°
N A2y — 2A222 ’
. y{A[Q,()\UAU —v)ay — [A?,’Uf — 20 A 0505 + AZ(2X6 A — 'U(Q,)] zQ} (38)

A3xy — 2A2A,22 ’

po Bovs—Awo)?yz? A Agye? (v_ B v_o>2 <1
A3xy — 2A2A, 22 A, (xy _ 2[/:_2322>

This mass matrix takes the form similar to that of unbroken Z (i.e. v, = 0).
However, the breaking of Zy (v, # 0) in this case is necessary to fit the data (see
below). Indeed, we can diagonalize MY in (37) as follows:

UT M gU = diag(mq,ma, m3),

where
mlz%(A+C+D—\/8B2+(A—C—D)2),
mgz%(A+C+D+\/8B2+(A—C—D)2), (39)
mng—D,
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and the corresponding eigenstates put in the lepton mixing matrix:

K V2 0
VEZ 12 K212
U= ! oK 1
VE?+2 V2VET+2 V2
1 1 K 1
VETT2 VeVEZi2 2
A—mo B V2B 0
\/(A—m2)2+232 V(A —my)? +2B2
- | L V2B x A—ma L o
\/_\/A ma)? +2B2 V2 \/(A—my)*+2B2 V2
1 V2B 1 A—my 1
7\/ A —my)? +2B? E\/(A—m2)2+232 V2
with
K:A—C—D—\/8B2+(A—C—D)2
2B
Relations between K and my, mso, ms take the forms:
mi=KB+C+D, me=—KB+A, m3=C—-D, 1)

m1—|—m2—|—m3:A—|—20, m1m2:—2BQ+A(C’—|—D).
The U matrix in (40) can be parametrized in three Euler’s angles, which implies:

2B 2
V2B _ V2 (42)
A— mo K
The recent data imply that 613 # 0.17° If it is correct, this case will fail. However,

the following case improves this.

013 =0, 0Ox3= %, tan o =

5.2. Experimental constraints in the case with the p triplet

In this case with the p contribution, v, # 0, the general neutrino mass matrix in
(35) can be rewritten in the form:

A B B 0 P1 —P1
Mg=|B C D|+|m & 7 |, (43)
B D C -p1 q2

where A, B, C and D are given by (38) due to the contribution from the scalar
antisextets s and o only. The second matrix in (43) is a deviation arising from
the contribution due to the scalar triplet p, namely py = By — B = —(Bs — B),
qi2 =Ci12—C and r = D; — D, with the A, B; 2, Ci 2 and D; being defined in
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(36). Indeed, if the p contribution is neglected, the deviations py, g1 2, r will vanish.
Hence the mass matrix Mg in (35) reduces to its form in (37). The first term, as
shown in Subsec. 5.1 can approximately fit the Particle Data Group 2010'°? with
a small deviation for 6;3. The second term is proportional to pi, 1,2, © due to
contribution of the triplet p, will take the role for such a deviation of #13. So, in
this work we consider the p contribution as a small perturbation and terminating
the theory at the first-order.

Assuming that A\; < vy € Ag, Ay € v, K A, Or % ~ 1)‘\—‘; <1, X—Z i X—‘; <1,
v, L Vs, Vo, Ay ~ Ay and z, y, 2, 7 being in the same order then we get

TV, (AgUs — Agg)z2 Vs Vg
b1 AZzy — 20222 T\, A, ) (44)
Y [—A?,Tvpxy + Ag(AsTv, — 2A 505y + 2Asvgy)22]
= Asy(AZay — 2A322)
Vs Ug
~ 27V, (A_s — A_U> ) (45)
TV, [—A[Q,Tvpa:y + As(Astv, + 2505y — 2Asvgy)z2]
q2 = 3 5.9 = —q1, (46)
Aay(Aaxy - 2Asz )
which all start from the first-order of the perturbation
A27202 52 v
= SR ~ — L. 47
" Azy? — 2A2A,yz? U <Ag> (47)

Because of v, < Ag, vo < Ay and v, < vs, U5 so 7 in (47) is the second-order
of the perturbation. Consequently, it can be ignored. The last matrix in (43) now
takes the form:

0 pm —m 0 -1 1
P q r rev,T | —1 2 0], (48)
—p1 T q2 1 0o -2

where € = 3= — §< is very small and plays the role of the perturbation parameter.
The explicit form of the mass matrix (35) is thus given by

A B B
Mg=|B C D|+eM, (49)
B D C

where M) is the perturbation contribution at the first-order:

0 -1 1
MO = v,7 | —1 2 0
1 0 -2

It is clear that the first term in (49) can approximately fit the data with a “small”
deviation as shown in Subsec. 5.1. So, in this case we consider € being small as a
perturbation parameter.
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At the first-order of perturbation theory, the matrix M) does not give contri-
bution to eigenvalues. However, it changes the eigenvectors. The physical neutrino
masses are thus obtained as:

/ / /
mlzml, m2=m2, m3:m3,

where mj 23 are the masses in the case without contribution of p given by (39).
For the corresponding perturbed eigenstates, we put:

UsU =U+ AU,
where U is defined by (40), and

V2K (K — 2)71v,

0 0 T KT 2)(m1 —my)

AU = | —e (K —2)Tvp . V2(K 4 1)7v, . V2(K — 2)Tv,
\/K2—+2(m1 —ms3) K2 + 2(mg —ms3) (K2 +2)(my —mg3)

. (K —2)7v, e V2(K 4 1)7v, e V2(K —2)Tv,
VEZ +2(my — m3) K2 + 2(mgy — mg3) (K2 +2)(m1 —mg3)

(50)
The lepton mixing matrix in this case can still be parametrized in three new Euler’s
angles ng, which are also a perturbation from the 6;; (without contribution from
the p triplet), defined by
V2K (K — 2)Tv,
(K2 + 2)(m1 — m3) ’

U _ V2

/ _ ! _
s13=—Ug=c¢

the = =—=t

12 U{1 K 12,

v Uss 14 de(K — 2)v,7 '
# Ul 2¢(K —2)v,m + (K2 4 2)(my —mg3)

It is easy to show that our model is consistent since the five experimental constraints
on the mixing angles and squared mass differences of neutrinos can be respectively
fitted with four Yukawa coupling parameters x, y, z and 7 of the s, o antisextets
and p triplet scalars, with the given VEVs. To see this, let us take the data in
2012 as shown in (1). It follows K ~ 2.1054, and th; = 1.2383 [0}; ~ 51.08°,
sin?(204;) = 0.9556 satisfying the condition sin?(26%;) > 0.95].

Until now values of neutrino masses (or the absolute neutrino masses) as well as
the mass ordering of neutrinos is unknown. The tritium experiment!®*155 provides
an upper bound on the absolute value of neutrino mass

m; <2.2eV.

A more stringent bound was found from the analysis of the latest cosmological
datal®®

m; < 0.6 eV,
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while arguments from the growth of large-scale structure in the early Universe yield
the upper bound!®”
3
Z m; <0.5eV.
i=1
The neutrino mass spectrum can be the normal mass hierarchy (m; ~ ma <
ms3), the inverted hierarchy (mgz < mj =~ ms) or nearly degenerate (m; ~ mg ~
m3). The mass ordering of neutrino depends on the sign of Am32, which is currently
unknown. In the case of 3-neutrino mixing, in the model under consideration, the
two possible signs of Am3, corresponding to two types of neutrino mass spectrum
can be provided as shown below.

5.2.1. Normal case (Am3; > 0)

In this case, the neutrino masses are functions of § = ev,7 as follows

, 1
my — _M +0.1539285, (51)
0.236416
0.00388981
my = — = — 0.1530280. (53)

In Fig. 1, we have plotted the absolute value |m;| (i = 1,2, 3) as a function of § with
the values of § € (—0.5,0.5) eV. This figure shows that there exist allowed regions
for value of § where either normal or quasi-degenerate neutrino masses spectrum
achieved. The quasi-degenerate mass hierarchy obtained when 6 — 0 or § — +o0
(8] increase but must be small enough because of the scale of €, v,, 7). The normal
mass hierarchy will be obtained if ¢ takes the values around (—0.20, —0.15) eV or
(0.15,0.20) eV as shown in Figs. 2(a) and 2(b), respectively. Figures 3(a) and 3(b)
give three absolute neutrino masses m; with 6 € (—0.2,—0.15) and ¢ € (0.15, 0.20),
respectively. The values 327, m; as well as 3 |m;| as a functions of § are plotted
in Figs. 4 and 5, respectively.

To get explicit values of the model parameters, we assume 6 = ev,7 =
0.15 eV, which is safely small. Then the neutrino masses are explicitly given as
myp ~ —0.00284 eV, mo ~ £0.00911 eV and ms ~ —0.04902 eV. It follows
that A ~ 8.75 x 107* eV, B ~ —3.913 x 1073 eV, C ~ —2.18 x 1072 ¢V and
D ~2.72 x 1072 eV (equivalently to mq = 0.00911 eV), or A ~ —7.16 x 1073 eV,
B~ -205x10"%eV, C ~ —-2.69x 1072 eV and D ~ 2.21 x 1072 eV (equivalently
to ma = —0.00911 eV). This solution means a normal neutrino mass spectrum as
mentioned above. Furthermore, if Ay = A\, = 1 eV, v5 = v,, Ay = —A, = —v% eV,
we obtain & ~ —1.57 x 1074, y ~ —7.16 x 1073, 2 ~ 1.09 x 1072 (equivalently to
mo = 0.00911 eV), or  ~ —3.68 x 1073, y ~ —1.12 x 1072, 2 ~ —3.69 x 1072
(equivalently to my = —0.00911 eV) and 7 =~ %. If v, ~ 1.5 x 1073 GeV then

T ~ 1.5 x 10~* which is on the same order in magnitude with z, y, 2.
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-0.4

Fig. 1. The absolute values |m1|, |mz|, |ms| as functions of § with § € (—0.5,0.5) eV in the case
of Am3; > 0.
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Fig. 2. The values m; (i = 1,2,3) as functions of §. (a) § € (—0.20,—0.15) eV, (b) § €
(0.15,0.20) eV in the case of Am3, > 0.
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Fig. 3. The absolute values |m;| (i = 1,2,3) as functions of ¢. (a) § € (—0.20,—0.15) eV,
(b) 6 € (0.15,0.20) eV in the case of Am3; > 0.
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ml+m2+m3(eV) ml+m2+m3(eV)
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(@) 5(ev) )

Fig. 4. The value > m; as a function of & in the case of Am32; > 0. (a) § € (—0.20, —0.15) eV,
(b) & € (0.15,0.20) eV.

‘ml‘+‘m2‘+‘m3‘(6V) ‘ml‘+‘m2‘+‘m3‘(eV)

0.075
0.0725

0.07
0.0675

0.065
0.0625 5(6V) 5(eV)
0,057 -0.19 -0.18 -0.17 W€15 O.; 016
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Fig. 5. The value 3 |m;| as a function of & in the case of Am3; > 0. (a) § € (—0.20,—0.15) eV,
(b) & € (0.15,0.20) eV.

5.2.2. Inverted case (Am3; < 0)

In this case, the neutrino masses are functions of § = ev,7 as follows

00364619
my = % +0.153928 (54)
020772
ma = £8 x 10_3\/18.7109 + Tg +370.21642, (55)
0.00364619
my = ————— — (.153928. (56)

In Fig. 6, we have plotted the values m; (i = 1,2,3) as a function of § with the
values of 6 € (—0.5,0.5) eV. This figure shows that there exist the allowed regions
for value of § where either inverted (|m1| =~ |ma| > |ms|) or quasi-degenerate
neutrino masses spectrum (|mi| ~ |mg| =~ |mgs|) achieved. The quasi-degenerate
mass hierarchy obtained when § — 0 or 6 — Zoo. The inverted mass hierarchy
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5(eV)

Fig. 6. The absolute values |m1|, |mza|, |ms| as functions of § with § € (—0.5,0.5) eV in the case
of Am3; < 0.
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Fig. 7. The values m; (i = 1,2,3) as functions of §. (a) § € (—0.20,—-0.15) eV, (b) § €
(0.15,0.20) eV in the case of Am2, < 0.

is obtained if § takes the values around (—0.20,—0.15) eV or (0.15,0.20) eV as
shown in Figs. 7(a) and 7(b), respectively. Figures 8(a) and 8(b) give three absolute
neutrino masses m; with ¢ € (—0.2,—0.15) and ¢ € (0.15,0.20), respectively. The
values Z?Zl m; as well as 2?21 |m;| as a functions of § are plotted in Figs. 9 and
10, respectively.

In similarity to the normal case, to get explicit values of the model parameters,
we also assume ¢ = ev,7 = 0.15 eV, which is safely small. Then the neutrino masses
are explicitly given as

mp ~474x1072 eV, mo~4.82x107%2eV, m3~122x10"2eV, (57)
or
mp ~4.74x 1072 eV, mo~—482x10%eV, m3~122x10"°eV. (58)
From (57) we find out
A~476x1072eV, B~257x10"%eV,

(59)
C~246x1072eV, D~234x10"2¢eV.
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Fig. 8. The absolute values |m;| (i = 1,2,3) as functions of §. (a) § € (—0.20,—0.15) eV,
(b) 6 € (0.15,0.20) eV in the case of Am32; < 0.
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Fig. 9. The value Y m; as a function of § in the case of Am32; < 0. (a) § € (—0.20, —0.15) eV,
(b) & € (0.15,0.20) eV.
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Fig. 10. The values m1,2 3 as functions of § in the case of Am%;; < 0.
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Fig. 11. The value C as a function of a in the case of Am§3 < 0.

Furthermore, suppose that

As = Ay =1 eV s = Uy As:Ao:2 U_U:U_S 60
eV, vs=u,, vy, A a A (60)

we obtain the relation between C and a as in Fig. 11. Then the satisfied value of

a, which can be inferred from this figure, is as follows a = —0.950. With this value

of a we get 1 ~1.22x 1072, y ~ 1.23 x 1072, z ~ 1.11.
In a similar way, from (58) we get A ~ —1.85x 1072 eV, B~ —3.13 x 1072 eV,
C ~ 945 x 1073 eV, D ~ 8.23 x 1072 eV. With the assumption in (60) we get
a ~ —0.9815, and it follows z ~ —3.47 x 1072, y ~ 3.32 x 1072, z ~ —9.12 x 1073,
In both case, the parameter 7 ~ 1.5 x 10~* provided that € ~ 1073 eV and
v, ~ 1.5x 1072 GeV. The solutions in (57) and (58) mean a inverted neutrino mass
spectrum.

6. Vacuum Alignment

In order to make this work complete we write out the scalar potentials of the
model. Tt is to be noted that (Tr A)(Tr B) = Tr(ATr B) and we have used the
following notation: V(X — XY — Y',...) = V(X,Y,...)|x=x/,y=y’,... The
general potential invariant under all subgroups takes the form:

Viotal = Viri + Veext + Viriosext » (61)
where Viy; comes from only contributions of SU(3), triplets given as a sum of:
V(x) = mxx + X (o?, (62)
Vg)=Vix—=9), V(@)=Vx—=¢), V)=Vk-—=n, (63)
Vi) =Vix—=1), Vi) =Vk—=p),
V(.30 = AP @10) () + 25X (60 (x o), (64)
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V(6,¢) = V(6,x =~ &) + 37 (670) (01 @) + A17 (¢ 1) (¢ 9),
V(g.m) =V(d,x = n), Vig.n') =V(e,x = '),
V(g.p) =V(d,x = p), V(¢'x)=V(e— ¢ x),
Vighm)=V(p—=¢ . x—=mn), V(n)=V—=d x—=1),
V(g.p)=V(—=d x—p), Vin=V—=xx—n), (©5)
Vien) =V —=x.x—=1), Ve =V(e—=x,x—p),
V') = V(e —nx =)+ N7 (i) tn') + NJ7 (' Tn) (' )
V(n.p)=V(é—=nx—p), w,m V(e —=n',x —p),
Viosran'p = maxen + phxe'n’ + X (67" ) (n™n') + X (o) (0 Tn)
+ A @I (' T¢') + M (810 )(n'¢') + hc.
The Viext is summed over only antisextet contributions:
V(s) = 3 Tr(s's) + A} Tr [@Sh( $)1] + A5 Tr[(sTs) 1 (sTs)1 ]
+ A3 Te[(sTs) 1 (sTs) 1] + A3 Tr[(s7s) 1 (s7s) 1]
+ A3 Tr(s's ) ( s)1 4+ A§ Tr(sts)1 Tr(s's)1
+ A5 Tr(sTs) v Tr(sts)1m + A3 Tr(sts)ym Tr(sTs)ym (66)

V(o) = p2 Tr(oto) + M Tr[(of0)1 (oT0)1 ] + A Tr(oTo)1 Tr(oto)y ,
V(s,0) = A\ Tr[(s's)1(cTo)1] + A57 Tr[(s's)1 ] Tr[(070)1 ] (67)
+ A7 Tr[(sT0)2 (0Fs)2] + A7 Tr[(sTo)2] Tr[(ofs)2] + huc.

The Viyisext 1s given as a sum over all the terms connecting both the sectors:

V(g.5) = AT (670) Tr(sTs)1 + 5% [(¢7sT)(s0)],
VI(¢',s) =V(p—d,s), V(x,s) =V(o—x,s),
Vin,s)=V(od—mn,s), Vin',s)=V(e—1n',s),
Vip,s) = V(g — p,s)+ {Np[( ,OST)ST] +h.c.},
V(6,0) = V(6,5 = o) + A7 (810} (o1 0):
V(¢'o) =V(¢—¢,0), Vix,0) =V(¢—x,0), (68)
Vin,o) =V(¢—=n,0), Vin',o)=V(¢—n'0),
Vip,o) =V(¢p— p,o)+{\§ p[(paT)aT]l,,, +h.c.},

Vi(g,s,0) =0, V(¢',s,0)=0,

Vi(x,s,0) =0, Vn,s,o0) =0,

V(n',s,0) =0, V(p,s,0) =0,

1350159-23



V. V. Vien € H. N. Long

Vsoxos o = (MoT¢" + XanTey') Tr(sTs)y + A3 [(¢T5T)(5¢I)] 1
+ A4 [(nTsT)(sn')] , The (69)
To provide the Majorana masses for the neutrinos, the lepton number must be

broken. This can be achieved via the scalar potential violating U(1).. However, the
other symmetries should be conserved. The violating £ potential is given by

V= [Aol o+ X’ 16" + Xaxx + Man'n + Ay’ T’ + Xep'p

+ /_\77]Tx + Ag Tr(sTs)l + X Tr(chcr)l] (nTx)

+ [5\10¢T¢I + 2119 To 4+ Man'n’ + Xz’ T+ M’ Tx + Ais TI"(STS)l_’] (')

+ [Men' o+ e’ o+ s’ Tp] (6Tx) + [Mon'e + Aaon’ Té] (¢ Tx)

+ Aa1 Tr(sTs) 1m0 (67 p) + Az Tr(s7s) 1 (¢ Tp) + Aoz (n's™) ()1

+ 24 [(n7 o) (0x)] + Aas[(0" TN (sx)] | + Aas[(0TsT)(s9)] |

+ ;\27¢[(¢5T)5Th + /_\28¢[(¢0T)0T] 1t A29¢/ [(QS/ST)ST]H

+ X0 [(9'oh)at] |, + Aa10[(¢'5)sT] | + Xs2e [(0sT)sT] |, + e (70)
In the decomposing of 2 ®2,2®2 =1® 1" @ 1" ® 1", there is no term which, as
shown in (68), (69) and (70), is invariant under combination of one scalar triplet
and two different antisixtets; and some couplings between p and some other triplets
are ruled out. As a consequence, the general scalar potential violating £ and being
invariant under Dy, is more simpler than those of S3 and Sy.

Let us now consider the potential V;;;. The flavons x, ¢, ¢’, n, ’ with their VEVs

aligned in the same direction (all of them are singlets) are an automatical solution

from the minimization conditions of V;;;. To explicitly see this, in the system of
equations for minimization, let us put v* = v, v* = v/, u* = u, v* =/, vy = vy,

vy, = vp. Then, the potential minimization conditions for triplets reduces to
OViri — ANXB 9 2 X2 )\Xn’ 12 L \X9,,2 )\X¢>' 12 4 A\XP,,2
o w—l—(ux—l—lu—i—lu—i—lv—i—lv—i—lvp)w
— puv — phu'v’ (71)
OViri 3 2 on, 2 o' 12 po poY, 2
3 :4/\”vp—|—2{,up—|—)\lu + M u —|—(/\1 + A5 )’U
Up
+ ()\,1;¢’ + /\54)/)1/2 + /\fpwﬂ vy, (72)
OV — 40%3 9] ,2 sz 2 )\¢n' 12 XM" XM" XM" )\¢¢' 12
W = v° 4 //z(z, + 1 U + 1 u + 1 + 2 + 3 + 4 v

+ ()\f¢ + )\g¢)vi + oJQAfX] v+ ()\} + )\%)uu'v' — pwu, (73)
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aVrl ’ ’ ’o ! ’ ’ ’ ’
Vot _ 3642l + A2 8 4 (M 8 42 42 )

+ ()\,1;¢’ + /\54)/)1% + wQXf,X] v+ (z\} + )\%)uu’v — piwu’, (74)
OWViri 3 2 mn’ o' o’ ', 2
Sl v +2[Mn+ ()\1 FATT AT )u

F AP 2 AP APv2 + wz)\’fx} u+ ()\} + )\%)u'vv’ — pwv,  (75)
OViri 0. 13 2 nn’ nn’ nm’ '\, 2 on', 2
o — 4y +2{Mn,+ ()\1 FAIT AT T )u F ATy

AT 2 )\?,pfug + w2/\717lx] u + (z\} + )\%)um/ — phwo’. (76)

It is easy to see that the derivatives of Vi, with respect to the variable w and v,
shown in (71) and (72) are symmetric to each other. Similarly, the two pairs (v,v")
and (u, u/) behave the same as shown in Egs. (73)—(76). The parameters AX?, /\Q@, in
Eq. (71) vanish because of the interaction (¢¥x)(xT¢) in (64), and the parameters
A%‘EA, )\3‘7@14 in Egs. (71) and (72) vanish due to the symmetries of the model (such
as L or X or £ or Dy or one of their combinations).

The system of equations (71)—(76) always has the solution (u,v,u’,v’) as
expected, even though the complication. It is also noted that the above alignment
is only one of the solutions to be imposed to have the desirable results. We have
evaluated that the Eqgs. (73)—(76) have the same structure solution. The solution is
as follows

u=u =v =v==4Va, (77)
with
a= {—oﬂ()\i‘" AT A A ) w(py + () — i — b — p — 1y
(X A g7 4 072}

{2 [)\} NI IS VLA LISV LD L\ Y LY L

SR PR PYAR YA URSIE ]

— 20 XX+ wpy — 2p3 + 3/\‘fpv§

~ . 78
AL+ 12207 4 409 (78)
Substituting (78) into (71) and (72) we obtain
8(;31 = 4\ + 2(/13( +4X%0? 4 )\fpvz)w —2u10?, (79)
Wi
ﬁ = 4\v) + 2(u2 + 60?4 )\i‘poﬂ)vp . (80)
p
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Noting that the solution (77) leads to special relations among coupling con-
stants: A7 = A7 = \® = \? and mass parameters pr = pl, = pf = pg, and so
on. In general, these couplings and mass parameters are independent, however, the
neutrino data and the discrete D, symmetry force them being related. This is the
common property of the discrete flavor symmetries.

Considering the potential Ve and Viyigex, We urge that the contribution of
Voo qn p i (65) is very small in comparison with the other terms in V4, so it can
be neglected. From (62) to (65) and with the help of (4), (10), (29), and imposing
that

* * * * * *
)\1:)\17 )\2:)\2, U1:'U17 U2:U27 ,AL:L:[\Ll7 A2:A27

we obtain a system of equations of the potential minimization for antisextets:

g‘;} = AL+ 2(A A5 + A%+ AZ)AT + 4AAEA A A,
AT A A, + 200 + A3 A7+ 2(AAe + AJAz — AjAs — AAs
+ 3NN + A As + A5Ae — A3A + 4NN vrvs
+2(A5 4+ A A3 + [(A57 4+ 257 4+ 2X57) Ao + (AT + A7) Ag | v1v0
{2008 + A AT+ (A7 + 457+ A5 + A7) A2 + X372
2 (AP A2 ) 4 (AT 4 A )2 4 A% 4 A 2
+2[(08 = M)AZ+ AZ(A — A+ 235 + A — Ap +2)
F2(N A5 A+ AU+ (A — A3 Af — A+ 225 — 235)f
+ M%7 + (A° +2X3° +Ag5)fu§}, (81)
a‘/l 2\ XS s s s s)\3 s
o = VA A 4 2(A7 A5 4 A+ AZ) A3 + 4AA A Ay

AT Ao, + 20X+ A3) Agv? + 2(Ai A1 + ATAL — A3

— )\§A1 + 3)\:5),)\1 + )\:S),Al + )‘Z)‘l - )‘ZAl + 4)\?)\1)1)11)2

+ 2005 + A3) Age? + [(Afff AT 2057) A + (AT + AgU)AU} VU,
202008 + A A3+ (A7 + 457 + X574+ A7) A2 + X37A2
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2 (AT D) (AT AT )2 AP A
2[ (08 = M)AT+ AT (M = A5+ 235 + A3 — Af +24)
2N+ A5 XS+ AU+ (A — A3+ Af — X+ 225 — 2X5)3]
+ M2 + (A]° +2A§5+Ags)v§}, (82)

ovi
ovy

= [vi (2N + AX) + 212 + (207° + AJ°)u?
+ (207 4+ AT w2 22002 4+ 20002 0y
— 2)\2()\2 — AQ) [()\2 — Ag)vl — ()\1 — Al)vg]
+ 8)\?’[}2()\1)\2 + AAs + 2U1U2)
+4xgo [(AF = X3) + (A7 — A3) +2(v} — o)
+2for [(AF+ A3 (A = A3) + 2003 + Mds + A +03) (A + A3)
+ (1 4 A g+ Ao) (A — A3)us +2(A; — A;)mg}
+ 2/\3{(/\2 + A2)2U1 + [)\1 (3)\2 =+ AQ) =+ Al(/\g =+ 3A2)] Vo + 4’()111%}
+4A5v1 [AT + A3 + AT + A3 +2(0f 4 v3)]
+ 2)\’fsv1vg + 205705 (M1 Ae + A1 Ay + 20105) + 205701 ()\[2, + A2+ 2v3)
+ (A7 + A7) [(AZ + A2)vr + (A + A (As + Ag)ve + 20107 ], (83)

oV
ovs

- [vi (2AF -+ AX%) + 202 + (2077 + A°)u?

+ (207 4+ A7) 2000 4 23] 702
= 2X1 (A1 = A)[(A1 = A1)z — (A2 — Ag)vi]
+ 8N v1 (A1 Ae + A As + 21)1’1}2)

+ AN, X) + (A3 - A3) +2(0f —03)]

(A3
+ 2{1}2 [(A% FAZ) (AT = A3) 4 202 + AoAs + A2+ 02) (A + Ag)]
+ O+ A O+ A (AT — A3)wn +2(X A;)mi}

+ 223 { (A1 + A1)z + [M(3A2 + A2) + A1 (A2 + 3A2)|or + dvovf }
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Vi
O]

Vi
A}

+ AN U2 [AT A3+ AT + AZ +2(v] +v3)] + 20 vp0?
+ 205705 (A2 Ao + A2Ag + 20205) 4 205702 (A2 + A2 + 202)

+ (A7 + ) [(AZ + A2) vz + (A2 + A2) (Ao + Ao )vs + 20202], (84)

= v;i (AT AX) AL+ 2(AF + A5 + A2 + A9 AS

+ANA A Ag + AT A AN + 2(A] 4 AS) Aef

+ 2()\?)\2 + /\iAQ — /\S/\Q — )\gAQ + 3)\§A2 + /\§/\2

+ AjA2 — Ao + AN A2)vrva + 2(A5 + A5) A3

+ [ (87 X7+ 2257) Ay + (AL + 257 A v,

+ A {2008 = 36X + (A7 + 37 + A1) A2

"1‘/145 + )\1175u2 + )‘;]/Su/2 + )\TSUQ + )\TISUIQ

+ 2[A§(A§ SO 205 A = A 228)  2(A5 A AS AL+ AS)o?
F TSNS - A28 — 2Ag)v§}

+ M0+ (A" + A3%) vl +>\gs(>\§+A§+2v§)}, (85)

=02 (AF 4+ M) As + 2(A] + A5 4+ AL+ A A3

T AN AL+ AT XA A+ 2(05 + A Aoo?

F2(NA F A AL — A3 — ASAT + 3A5A + A3\

+ A5AT — M+ ANA ) vvg 4+ 2(Af 4 A3) Aovd

+ [(N57 + 257 +207) Ay + (A7 + A7) Ao | w200

+82{2008 = X)X+ (A7 + 47 + A7) A2

2 AP T2 AP 2 Yy

+2[AT(A] = A5+ 205 + A5 — NS+ 2X3) +2(A] + A5+ AL+ AY)vs

4+ (A] = A3+ A5 — A 4228 — 2)8) 07 ]

+ A0+ (AT + %) 02 + AS° (A2 + A2 +2v )} (86)
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where V7 is a sum of Viext and Vigicsext:
‘/1 = V;ext + V:cri—sext . (87)

It is easy to see that Eqgs. (81)—(86) take the same form in couples. This system of
equations yields the following solutions

A=A, wv1=pPva, A=Ay, (88)

where 3 is a constant. It means that there are several alignments for VEVs. In
this work, to have the desirable results, we have imposed the two directions for
breaking Dy — Z> ® Zs and Dy — Z5 as mentioned, in which 8 =1 and 8 # 1 but
is approximate to the unit. In the case that 8 =1 or (s1) = (s2), we have

Vi Vi _OVi OOV _ OV Vi Vi OV
8)\1_8)\2_8)\5’ 8’1}1_81}2_81}57 8A1_8A2_8A57

and this system reduces to

o
O

=4\ H A5 H AL H AN
F A2 H A+ A)AZ + (A7 A AT AN
+ ASTAZ +8(A] + A5+ A2+ A3) vl + (AT° + 223° + Ag°)v?]
+4(A] 4+ A5 A2 + (A7 +257) (Ao + Ay ) 050,
+ A3 (AsAs + 20505) Ao, (90)

oVy
Ovg

= 4(A] + A] +2X8 4+ 2X5) 08

+ o [202 + 8(A] + A5+ A+ A5) (A2 + A2)

+ (A7 + 2087 +237) (A2 +A2)

+ 8(AF 4+ A5 AsAs 4+ 2(AT® 4 203° + A3 + 207°) 2]

+ [(A57 4+ 257) (Ao + Ao) (s + M) + 2257 (A + Ao Ag) v (91)

oV
O0A,

=4+ A5 H AL HA)AS
FAEE AN+ A)AZ + (AT AT+ AT HAT)AL + 257N
+8(A] 4+ A5 4+ AL+ AS)vZ + (AT 4 2A7° + AT%)02] +4(A] + A5)Asv?
+ (A7 +A57) (Mo + Ao)vsvs + A7 (As Ao + 2050,) A, (92)

The derivatives of V; with respect to the variable A\; and A as shown in (90), (92)
are symmetric to each other.
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7. Gauge Bosons

The covariant derivative of a triplet is given by

Aa Ag
D, zau—ig7W ngX B =0, , (93)
where \, (a =1,2,...,8) are Gell-Mann matrices, A\g = \/gdiag(l, 1,1), Tr A Ay =
20ap, Tr AgAg = 2, and X is X-charged of Higgs triplets. Let us denote the following
combinations:

W Wi —iWye X0 _ Wya —iWys
I V2 ) 1 V2 )
(94)
_ Wi —iWyur _ _
— I I — 1+ + /
Y, _T, W, =W, )", Y, =),
then P, is rewritten in a convenient form as follows:
W,s 2
W3 + T’; + t\/;XB,L Vew,t V2X;)
: Vol Wz + “8 + tf XBy, VaY,”
V22X, x/iYﬁ #8+t\/7 X By
(95)
with
=X
g
We note that W, and W; are pure real and imaginary parts of X° and X%,
respectively.
The covariant derivative for an antisextet with the VEV part ig!?0:158
ig . . .
Diufsi) = Z{WiNalss) + (s)WiniT } +igx Ty X By(si). (96)

The covariant derivative (96) acting on the antisextet VEVs are given by

A 1 /2 .
[Du(si)lin = ig (AiWuz’) + ﬁWus + g\/;t)‘iBu + V20, X7° ) ,

[Dy(si)liz = 7% Wi + oY),

2 [2
\/jtviBN +VINX] + ﬂAiXLO*> :

ig V;
[D,(si))13 = ) (UiWMS —=Wyus+ = 5\ 3

V3
[Dy(si)]a2 =0, [D,(si)|2s = %(WW;T' +AYT),

1350159-30



The Dy Flavor Symmetry in 3-3-1 Model with Neutral Leptons

2 1 /2
[Dyu(si)]ss = ig <_ﬁAiW,u8 + g\/;tAin + \/ﬁviXLO) ,

[Du(si)lor = [Dusidlizs  [Dusi)lsr = [Du(si)lis,  [Du(si)ls2 = [Dy(si)]2s -

The masses of gauge bosons in this model are defined
Linass = (Du{@)) T (DH(9)) + (Dyu(¢)* (DH(@')) + (D ()" (D*(x))
+ (D) (D () + (Du(n)) " (D" (') + (Dyu(p)) (D" (p))
+ Te[(Dy(s1)) " (D" (s1))] + Tr[(Dyu(s2)) T (D" (s2))]

+ Tr[(Dy (o) " (D"{o))], (97)

where £GB in (97) is different from one in Ref. 150, by the contribution from the
p and the term relating to the antisextet o. In Ref. 150 the p and s’ contributions
were skipped at the first-order. In the following, we note that (s1) = (s1), namely
Al = Ao = Ag, 1 = Vg = v, Ay = Ay = A, are taken into account.

Substitute the Higgs VEVs of the model from (4), (10), (27), (28) and (30) into
(97) we obtain

2
v
Linss = 357 [816° (Wi + Wiy) + 81g%(Wjis + W)
+ (—9gWu3 + 3\/§gW#8 + 2\/69XB,M)2]
/2

v
+ 351 [81g* (W3 + Wiy + 81g°(Wis + W)

+ (—9gWu3 + 3\/§gW#8 + 2\/69XB,M)2]
2

w
+ 103 [27g° (W2, + Wis) + 27° (Wi + W)

+369°Wis + 12V29g. W, By, + 29% B
2

u
+ 351 [81g°(Wp2 + W2y) + 81g* (W2, + W)

+ (=99Wys — 3\/§9Wu8 + \/EQXB;L)Q]
/2

u
+ 351 [81g* (W3 + Wiy + 81g* (W3, + W)

+ (—=99Wyi3 — 3V3gW,us + V6gx By,)°]

2
v
+ ﬁ [81g* (W3 + W2y) + 81g*(Wis + W)

+ (—=99Wy3 + 3V3gW,s + 2V69x B,.)?]
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2
+ % |:2(2A5U5 + Aavcr)(ng,BWuéL + 3WM1 WNG - 3WN2WM7 — 5\/§WM4WMS)

+3(202 + 02 + 202 + N (W2 + Wio) + 3(207 + 07 + 477 +2X2)W 3,
+3(8v2 4+ 4v2 + 202 4+ AJ + 207 + A2 + 4NN + 20,00) W7,

+3(80F + 402 + 277 + A2 + 202 + A2 — AA N, — 20,0 )W)

+3(207 + 07 + 202 + A2)W i +3(202 +v2 + 202+ A))W2,

+2v3 (=202 — 02 + 402 + 202) W3 W5

+ (202 + 02 +4X2 + 2X2 + 18A2 + 8AZ) Wi

+ 18(2)\5115 + )\UUU)WW,WM + 6(2A505 + AoV )W Wi

— 6(2050s + Ao Vo ) Wi Wiz + 2V3(20505 + AV ) WyaWyis

2
+ = t2g7 (202 + A2 + 2A2 + A2 + 402 + 202) B,

27
2v/6
— T\/_th (2A2 + A2 + 202 + 02) W3 B,
44/6
- T‘ftf [(2As + 2A5)vs + (Ag + Ap)vo] Woa By,
2V/2
+ T‘[th (202 + 02 +4A2 + 277 — 202 — X2)W,sB,, . (98)

We can separate LGB, in (98) into

EGB _ £W5 + ECGB + ENGB (99)

mass mass mix mix

where L5 is the Lagrangian of the imaginary part Ws. This boson is decoupled

mass

with mass given by
g2
Mg, = 7(& +u® +u'? + 1602 + 8v2 +4)2
+ 202 + 4A2 + 202 — 8A A, — 4ALN,) . (100)
In the limit s, Ay, vs, vo — 0, M%VS reduces to
g2
Mg, = 7(uﬂ+u2Jru'%rzmiJrzAE,). (101)
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ES&B is the Lagrangian part of the charged gauge bosons W and Y,

2
£CCB — gZ(qﬂ ' w4 02) (W2 4 W2y W2+ W2

2
T % {2(2/\5@5 + Do) (3W,i Wig — 3W,2War)

+3(207 + 07 + 207+ A2) Wi +3(207 + 0% + 272 + X2) W2,
+3(202 + 07 4+ 202 + AZ)W i+ 3(202 + v2 + 202 + A2)W 2,
+ 6(2Ms0s + AoV )Wyt Wiag — 6(2As05 + )\UUU)WMQWM7} L (102)

We can rewrite £GP in matrix form

LCGB — ﬁ(Wl;_ Yl:_)Ma[/Y (W/-'rll Y/-",U«)T,

mix 4
where
2 2
Mgy = (m; mf) : (103)

with

mi) = 20" + 0" 2 +u” +u'? +0) + 0 + 207 +4X7 +2)2),

miy = m3 = 42005 + 20505 + Aoy + Aovs ), (104)

m3y = 2(v® + ' + w? + v2 4 402 4 202 + 4A2 + 2A7).
The matrix M7,y in (103) with the elements in (104) can be diagonalized as follows

Uy M,y Uz = diag(Mg,, M3) |

where

2
M2, = %{21;2 + 20" b ' 4 w? 202 4 402

+4A§+8v§+2)\?,+2A?,+4v3—\/f},

, (105)

Mg = %{21}2 +20" 2 + 0 + '+ w4 200+ 4N]
+4A§+8v§+2)\§+2A§+4v§+x/f},
with
[ = 16A% + 16A% + (202 — 2A2 — W2 +u® + 4/ ?)?
— 8A2(4A% — 2)02 4+ 2A2 + W —u? —u'? — 8&?)
—8A2(202 —2A2 — W? +u? - u'? — 8v2) + 64A( Ny + Ay)Ust,
+16(Ag 4 Ag)?v2 4 6405 (2A 405 + AoV + Apty) . (106)
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With corresponding eigenstates, the charged gauge boson mixing matrix takes the

form:
cosf) —sin0
Uz = (Sinﬁ cos 6 ) ’

where, the mixing angle 6 is given by
8(As + Ag)vs +4(Ao + Ap)vs

tanf = . 107
ANZ —4AZ 4202 —2A2 — W2 fu2 4 u/2 — /T (107)
The physical charged gauge bosons is defined
_ /— . ) —
W, =cosOW,” +sindY,”,
Y, = —sinfW,~ +cosfY,” .
In our model, the following limit is often taken into account:
MON20 0k vk xu?, W 0 v ~ AT~ AR (108)
With the help of (108), the I' in (106) becomes
32A A pvsv, + 8A202
~ 2 2 2 2 12 siloUslo oVs
VT ~ (4A2 + 2A% +w? —u? —u )+4A§+2Ag+w2—u2—u'2 . (109)
It is then
g9’ g9’
]\43‘/2?(u?_|_u/2_;’_1)24_1)/24_1%)—EAMa7 (110)
with
16AAgvsvy 4+ 4A202
N 6 VsV + 4AZv; (111)

w:4A§+2A§+w2—u2—u’2'

Notice that in the limit \s, Ay, vs, vy — 0 then T' =~ 4A2 + 2A2 + w? — u? — /2,
the mixing angle 6 tends to zero, and Mg2,, M in (105) reduces to
2
Mz =9 YU+t 0" 4 0)),

. (112)

2
ME = E(4A§+2A§+w2+v2+v'2+vz),

and one can evaluate
8Avs + 4A v, Vs Vo
tanf ~ — ~—~ 113
o SAZ14A2 + 202 T A, A, (113)
In addition, from (112), it follows that M3, is much smaller than M3.
LNGB s the Lagrangian part of the neutral gauge bosons W3, Wy, B, Wy. The
mass Lagrangian in this case has the form
v2 40’2 402
gi(icB = (?)Tp)(—ggwug + 3\/§gWug + 2\/6ng#)2
2

w
+ 108 (279° W2, + 3692 W2 + 12v/2ggx Wyis By, + 29% B2)

L
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n (u2 + U/2>

2
=i [8192W34 + (—99W,i3 — 3V3gW,s + V6gx B,,) }

2
+ % |:2(2A5U5 + Aavcr)(ng,BWuéL — 5\/§WM4WMS)

+3(202 + v2 + AN + 200 W

+3(802 + 402 4+ 2A2 + A2 + 2A2 + AZ + AN + 20,0, ) W2
+ 2\/—( 202 — 02 44X + 2)\2) W,sWys

+ (207 + 07 +4X7 + 202 + 16A2 4+ 8A2) Wi

+ 18250 + Ao ) Wos Wit + 2VB A0 + Agtig) Wyt Ws|

2t% g2
+ = (2X2 4+ A2 +2A2 + A2 + 402 + 202) B}
S22 2(202 + A2 + 202 + 02) W3 B
3 3 g s o s o u3Pu
4 /2,
2\/_ 2 2 2 2 2
Tt (202 4+ 02+ 4A2 + 202 — 202 — \2)W 8B, (114)
In the basis of (Wﬂg, Ws, Bus Wya), the LNGB in (114) can be rewritten:
LNGB = —VTMQV, (115)

VT = (W3, Wy, By, Wya)
M MP, Mi; M
o | My M3 M3 M3, (H6)
Ll My M3 M3 M3,
M{y M3, Mz, M
where

M2 :2(U2+U/2+u2+u/2+Uz+4vg+2vg+8)\§+4)\(2,)7

2
M122:—?(UQ—FU’Q—u2—u’2+vg+4vf+2v3—8)\§—4)\(2,)7
M2 = 2 2zt22+2’2+ 2w/ ? 4202 + 8A2 + 402 + 802 + 402)

13 = 3 3(’[} v u u Up s - Vg Vs )

M3, = 8(3Xsvs 4+ Agvs) + 4(3Xo 05 + Apvy)
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2
M3, = g(1}2—|—v’2—i—élco.)z—l—uz—i—u'g—|—vz—|—4v§
+ 202 + 82 + 4N2 + 32A2 + 16A2),

2v/2t
M3, = T\/_(2’UQ + 20" + 2w — u? — u'?

+ 207 + 8v2 + 402 4+ 16A2 + 8AZ — 8A2 — 4)2)
il
V3
2 4t2 2 12 2 2 12 2
M33:E(4v +4v T+ w i+ ut +u + 4o,
+8A2 + 4A2 + 8AZ + 4A2 + 1602 + 8v2)

M§4 = _33_2\/gt()\svs + ASUS) - 13_6\/gt()\o'vo' + AG—'UG—) 5

M7y =2(w + u® 4+ 0/ + 1602 + 8v2 + 422 + 2X2 + 4A?

()\Svs - 5A5vs) + i()\(,v(,. - 5Agvg) ,

M224 = \/g

+ 202 + 8A N +4A,N5) (117)

The matrix M? in (116) with the elements in (117) has one exact eigenvalue,
which is identified with the photon mass,

2 _
M5 =0. (118)
The corresponding eigenvector of MW2 is

V3t
NZZEST
t
A, =| VAZ+I8 |. (119)
3v2

VAt? + 18
0

Note that in the limit \s, Ay, vs, v, — 0, M}, = M3, = M3, = 0 and W, does not
mix with Ws,, Ws,, By,. In the general case Ag, Ay, vs, Vo # 0, the mass matrix in
(116) contains one exact eigenvalues as in (118) with the corresponding eigenstate
being given in (119).

The diagonalization of the mass matrix M? in (116) is done via two steps.
In the first step, the basic (W3, Wys, B),, Wa,) is transformed into the basic
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(A,uv Z}Lv Zl/“ W4p,) by the matrix:
Sw —Ccw 0 0

CWtW Sth t%/V 0

Ungs = , (120)

o
S
- j ‘.
co|§w
3
T
oo|§§>
° GlF
o

1

where sy = sin Oy, ey = cos Oy, ty = tan Oy, and we have used the continuation
of the gauge coupling constant g of the SU(3); at the spontaneous symmetry

breaking point,?0:158

t— ?’\/_ﬂ (121)

V3 —4sy,

The corresponding eigenstates are rewritten as follows

tw t2
A# = swWsa, +cw (—ﬁW&u—F 3 iy )
tw tiy (122)
Z, = —cwWsy, + sw —ﬁW&L—F I_TB'M ,
7 = W8 cwp
w 3 H \/g H

In this basis, the mass matrix M? becomes

0 0 0

0
210 M3 M2 M2
f= UST—GBMzUNGB - /2 /2 12 (123)
0 My Mz Ms;
0

Méz M/2 M/2

where
4(2t% +9)
2 2 2 2 2 2 2 2 2 2

M3 _W(SAS+4AU+u +u'? + 0P+ 0" 0+ 40l +207)
4 V2249

M2 = 8AZ 4+ 4)2
3\/_(7524—18)[( 9)(8\2 + +u? +u'?)
+ (22 +9) (v + 0% + 0 + 4l + 7)),

2t 9
M53=—4f a [(A +3X)vs + (Ao + 33X o],
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4

M/2 _
37 97(12 4 18)

{8A§(t2 —9)2 + 8A2(£2 + 18)?

+81(4A2 4+ 16A2 + 4w® + u? + u'? +0* + 0" 4+ v2 + 403 + 207)
+ANZ(1? — 18)t% + 7 (144A2 + 36w” — 18u?

— 18u’? + 36v” 4 36V % + 36v) + 7207 + 36v7)
+ 4 (4A2 + w® + uP 0% + 40 + 4" + 2 4 1607 + 8'0?,)} ,

44/2 1
M2 = - [(2)\vs + Moo ) (482 — 9) + (2A5vs + Apv, ) (482 + 45)],
3 = =55 T (At + Ar0o) (48— 9) + (2Asu + M) (467 + 45)

M7 = 2(4N2 + 8M\ Ay +4A% +2)2 + 44X\ A,
+2A2 + w? +u® +u'? + 1607 + 8v2) . (124)
In the approximation A2 ~ A2, v2, v2 < A2 ~ A2 ~ w?, we have
M3 = %(u2 +u'?+ 0P+ 02 +07),
2[(1 = 2¢fy) (u? + ' ?) + 0 + 0% + 2] Jag

2 bl
Cw

12
Mys =

4
My2 = ——(2A5vs + Ayv,),
cw

M2 = 32(A2 + 2A2)cdy oo + 8w?clyao (125)

2 2
+ 5 (0 + 02 +0))ao + 52y — 1)*(u® 4+ v *)ag,
w Cw

8o/
M/f _ O\/—
cw

M2 = 2(w® + u® + u'2 + 402 + 202 4+ 8A A, + 4N, A,) .

(Asvs + 4A50,)

with
— A2 _ 2 -1
xo=4dcy +1, ag=(dejy —1)7. (126)
It is noteworthy that in the limit vs = 0 and v, = 0, the elements MJ}? and
M2 vanish. In this case the mixing between there is no mixing between W, and
Zyy 2y,

In the second step, three remain bosons gain masses via seesaw mechanism
92 T -1
Mg = S [agg — (o) (vag2y) et (127)
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where
ppe — [ M 2 Mii Mid (128)
’ X
M7 Mgi M3
Combining (127) and (128) yields:
2(42 4 /2 402 4+ /2 + 02 2
M%:g( S P)_QQ AM?,
2cyy, 2cyy,
where
4A2 —16AA
Ay = 381 | T(@iz2 — 164, 20) (129)
z T xo(4cyyx3 + 4)
with
z1 = (1= 2¢) (W +u'?) + 0 + 0 + 07,
Ty = AN,(20s + Ag) + 205 (200 + Ay) +w? +u? +u'?,
w3 = 8AZ +4A2 + w? +u® +u'?, (130)
zy=(1—4P) (W +u'?) + 0> + 0" + 02,
Ay =2N 0 + Ajvy,  Ag = Agvg +4A,0, .
The p parameter in our model is given by
Mg, Ows
— Wy =14 Sireo, 131
p M? cos? Ow + M?2 o (131)
where
g
571)2 = F(AJ\/IE — AM?Z) . (132)
w
From the mass of W boson evaluated in (112) we can identify
2(u® +u'? + 07 + 07 +207) =0l ~ (246 GeV)?
and then obtain
u~u ~v ~v~100 GeV, (133)
provided that v, ~ 0.
In addition, let us assume the relations (108) and put
v o2
As:_S:_U:/\Ua :ASEAU
A, A, N
then
2.28571A2 — 4 8)v? 4 2.77644 x 106
Asge — Appe ~ (2.28571A7 — 45590.8)vs + 2.77644 x 10 . (134)

A
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0.4] 8 8
0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007
03 0.1 tree
0.2 -0.2
0.1 -0.3
5tree 0.4

0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007

Fig. 12. The coupling g as a function of dtree With diree € (0,0.0007) and vs = 10 GeV.

From (131)—(134) we have:

g% (2.28571A2 — 45590.8)v2 + 2.77644 x 10°

(135)
2¢3, M2A2

5trco =

The experimental value of the p parameter and My are respectively given in Ref. 1,
p = 10004755067 (diree = 0.0004¥55657)
5%, = 0.23116 £ 0.00012, My = 80.358 + 0.015 GeV . 150
It means

0 < Stree < 0.0007. (137)

The expression (135) gives the relations between g and ¢ree as follows

. 79.9648+/Grroot?
/1.1428608 — 22795402 — 45590.8 x 106

9

In Fig. 12, we have plotted g as a function of direc € (0,0.0007) from which it
provides that vy = 10 GeV satisfying the condition (108). From Fig. 12, we can
find out |g| € (0,0.42).

Diagonalizing the mass matrix M}2,, we get two new physical gauge bosons

Z)] = cos pZ), + sin oWy ,

(138)
4 = —8in@Z, 4 cos oWy .
The mixing angle ¢ is given by
8\/ As s 4AO’ o
tan ¢ = aoew (Asvs + 48qv5)20 (139)

)
—4C§Va0x3 + C%ng —aoprs +VF
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where
F = (40?,[,@0963 + C%ng + a0x4)2
—dagcyy [(u? +u'?)as — dcfy (u? 4+ u' )22 + dojy s
+ (V¥ + 0"+ 0)) w5 + 8AA (W w0+ 0%+ 02)
— 16(Asvs + 4A005) 2], (140)
and

x5 = 402+ AA Ny + 202 4w +u? .
With the help of (108), we have
F o~y {8A N + 20, (20, + Ap) + w? — 4[(Bapchy — 1)A2 + apcly (4A2 + w?)] }

and one can evaluate

4\ /ap(Asvs + 4A,0,5) g

tan ¢ ~
¢ ew [(4 = 3200¢d,)A2 4 (2 — 16c0cd, )A2 + (1 — dagcy, )w?]

Vs Vo
~ =~ 2 141
A, (141)

The physical mass eigenvalues are defined by
2
M%,,7W/4 = %{moc%% + cly s + azy £ \/f} . (142)
" I W

In the limit As, Ao, vs, vo — 0 the mixing angle ¢ tends to zero, and M2, wr, in
wo
(142) reduces to

g2
M%;'J = 2—2(x4 + 40%4/3:3) ,

&
W (143)
2

MEV‘,A = %( Pt w® 4N+ 2A2) .

Thus, the W;/A and W5 components have the same mass. With this result, we should
identify the combination of W/, and W;

V2X0 =W, —iWs, (144)

as physical neutral non-Hermitian gauge boson. The superscript “0” denotes neu-
trality of gauge boson X . Notice that, the identification in (144) only can be accept-
able with the limit A ,, vs» — 0. In general it is not true because of the difference
in masses of W, and W5 as in (100) and (142).

The expressions (113) and (141) show that, with the limit (108), the mixings
between the charged gauge bosons W — Y and the neutral ones Z/ — W, are in the
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same order since they are proportional to vs/Ag (or vy /A, ). In addition, from (112)
2
M2, ~ 2¢g%(8A2 + 4A2 + w?) is little bigger than M3 ) T (w? 4+ 402 + 2A2),
W I

(or M%,), and |ME — M%,| = %(v2 + 0% 4+ 02 4+ u? +u'?) is little smaller than

M}, = %(7} +u' 20?02+ v%). In that limit, the masses of Xg and Y is nearly

degenerate.

8. Conclusions

In this paper, we have constructed the D, model based on SU(3)¢c ® SU(3), ®
U(1)x gauge symmetry responsible for fermion masses and mixing. Neutrinos get
masses from antisextets which is in a singlet and a doublet under Dy. We argue
how flavor mixing patterns and mass splitting are obtained with a perturbed Dy
symmetry. We have pointed out that this model is more simpler than those of
S3 and Sy (Refs. 145 and 144) since the same number of Higgs multiplets are
needed in order to allow the fermions to gain masses but with the simple scalar
Higgs potential. The CKM matrix is the identity matrix at the tree-level, but it
can be different from it by adding the soft violating terms. The realistic neutrino
mixing, by old data with 6,3 = 0, can be obtained only if the direction for breaking
Dy — Zs. For the case with the nonvanishing 6,3, it is necessary to introduce one
more Higgs triplet p which is in 1" of the Dy group responsible for breaking the
Z3 — {identity}. As a result, the value of ;3 is a small perturbation by <.
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Appendix A. D4 Group and Clebsch—Gordan Coefficients

D, is the symmetry group of a square.'®® It has eight elements divided into five
conjugacy classes, with 1, 1/, 1”7, 1" and 2 as its five irreducible representations.
Any element of D4 can be formed by multiplication of the generators a (the 7/2
rotation) and b (the reflection) obeying the relations a* = e, b*> = e and bab = a~*.
D, has the following five conjugacy classes,

Cy: {a1=e},
Co: {az=d®},
Cs: {az=a, as =a’}, (A1)

Cy: {as =0, ag = ab},
Cs: {ay =ab, ag = a’b} .
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The character table of D, is given as follows:

Class n | h | xa X1/ X1 X1/ X2
Cy 1 1 1 1 2
Cs 1 2 1 1 1 1 -2
C3 2 | 4 1 -1 -1 1 0
Cy 2 | 2 1 1 -1 -1 0
Cs 2 | 2 1 -1 1 —1 0

where n is the order of class and h the order of elements within each class.

We have worked in real basis, in which the two-dimensional representation 2
of Dy is real, 2*(1*,2*) = 2(1*,2*). One possible choice of generators is given as
follows

1: a=1, b=1,

1': a=1, b=-1,

1”: =—1 b:l

= a ) ) (A'2)
1" a=-1, b=-1,

0 1 1 0
2 o= (0 o) o=(p )

Using them we calculate the Clebsch—Gordan coefficients for all the tensor products
as given below.

First, let us put 2(1, 2) which means some 2 doublet such as & = (z1,22) ~ 2 or
y = (y1,y2) ~ 2 and so on, and similarly for the other representations. Moreover,
the numbered multiplets such as (...,ij,...) mean (..., z;y;,...) where z; and y;
are the multiplet components of different representations x and y, respectively. In
the following the components of representations on left-hand side will be omitted
and should be understood, but they always exist in order in the components of
decompositions on right-hand side:

1e11)=1(11), 1'O)e1/()=101), s
1"(D®1"(1) = 1(11), 1"(1)®1"(1)=1(11), .
1)e1'(1)=1'01), 11)e1(1)=1"11),
L) ®17(1) =1"11), 1'(1)®1"(1) = 1"(11), (A4)
1)@ 1"(1) = 1'(11), 1"1)eL/1)=1"(11),
l(l)®2(1,2) = 2(11,12)7 _'(1) 2(1,2) 22(11,—12), (A.5)
l//(l) ®

1712+ 21) ®1"(12 - 21).  (A.6)
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In the text we usually use the following notations, for example, (zy)1 = (r1y1 +
x2y2) which is the Clebsch—Gordan coefficients of 1 in the decomposition of 2 ® 2,
where as mentioned z = (z1,22) ~ 2 and y = (y1,y2) ~ 2.

The rules to conjugate the representations 1, 1/, 1”7, 1" and 2 are given by

27(17,27) =2(17,27), (A7)
l*(l*) — l(l*>7 _/*(1*) — l/(:[:k)7

(A.8)
ll/*(l*) — l”(l*>7 l/l/*(l*) l/l/(l:k)7

where, for example, 2*(1*,2*) denotes some 2* multiplet of the form (a7, z3) ~ 2*.

Appendix B. The Numbers

In the following we will explicitly point out the lepton number (L) and lepton parity
(P,) of the model particles (notice that the family indices are suppressed):

Particles L P,
+ /+ 0 /0 0 /0 — /I— 0 0 0
NR7 u, d7¢ 7¢1 7¢27¢277717771 77727772 X3, 033, 533 0 1
/ 0o /0 0 0 0
vr, l7 U: D*7¢;7¢3+77737773 7X1*7X;70—137U;_37 8137533 -1 -1
0+ _++ 0 + 4+
O11> 912> 922 » S11> 512> S22 —2 1
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