Chapter 10
The Origin of Mass

The time has come to finally address a central problem left pending in the discussion
of the standard model carried out in Chap. 5: how particle masses can be gener-
ated preserving gauge invariance. We apply the Brout-Englert—Higgs mechanism
introduced in Chap. 7 to solve the problem of mass in the electroweak theory.

We will see, however, that this is not the end of the story. The masses generated
by spontaneous symmetry breaking in the standard model cannot account for the
mass of protons and neutrons, and therefore for most of the mass we see around us,
including our own. We will see that its origin is a purely quantum mechanical effect
in QCD.

10.1 The Masses in the Standard Model

We are finally ready to give a solution to the double problem that we left unsolved in
Chap. 5. First, the chiral nature of the electroweak interaction forbade writing mass
terms for the quark and lepton fields, while we know for sure that electrons, muons and
other particles are massive. Secondly, the phenomenology of weak decays indicated
that this interaction should be mediated by massive gauge bosons, something that at
face value is impossible to reconcile with gauge invariance.

Chapter 7 has provided the crucial hint on how this problem can be cured: by
breaking the SU(2) x U(1)y gauge symmetry spontaneously to the electromagnetic
U(1) one could give mass to three of the gauge bosons mediating the electroweak
interaction leaving a massless photon behind. To do so we have to introduce a new
field, the Higgs field, transforming under the electroweak gauge group and whose
vacuum expectation value breaks it properly. Since we are not interested in breaking
Lorentz invariance, the field has to be a scalar.

To find the transformation of the Higgs field under the gauge group we take into
account that, in acquiring its vacuum expectation value, it should also give mass to
the matter fields. To see how this can be done we go back for a moment to the Abelian
Higgs model discussed in Chap. 7 [see Eq. (7.78)]. We add a massless fermion
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and couple it to the complex scalar field ¢ (x) introducing the Yukawa coupling term
Aukawa = —walﬁ, (10.1)

where c is a real constant. Upon symmetry breaking, this term in the Lagrangian
takes the form

Pukawa = ——=Y ¥ — —G%ﬂ (10.2)

The first term gives a Dirac mass my, = \/chv to the fermion v (x), while the second

one couples it to the scalar field o (x).

This shows the way to solve the problem of giving mass to fermions coupling to
gauge fields in a chiral way without breaking gauge invariance. In Chap. 5 we learned
that in the standard model the left-handed fermions transform as doublets under the
SU(2) factor of the gauge group, whereas the right-handed components are singlets.
Then, the gauge invariance of the Yukawa couplings indicates that the Higgs field

has to be a SU(2) doublet
+
H= (II—_IIO), (10.3)

where H' and HY are complex scalar fields. Taking this into account we add to the
standard model Lagrangian the piece

R

Yukawa

3
=- > (Tt + ) T, (10.4)
ij=1

invariant under SU(2) gauge transformations. Here C l_({i) are dimensionless coupling
constants and we have used the notation introduced in Table 5.1. The Yukawa
couplings have been constructed in such a way that neutrinos do not get Dirac masses.

The masses of the quarks are generated by Yukawa couplings similar to the ones
already written for the leptons. One important difference, however, lies in the fact that
now we want to give mass to the two components of the left-handed SU(2) doublets.
To achieve this we need to couple the fermions not only to the Higgs doublet H but
also to its “charge conjugate”

- HO*

H=ioH = (_H+*). (10.5)
From the identity

(i02)e T = ™% (joy), (10.6)

it follows that the conjugated Higgs field H also transforms as a SU(2) doublet. Then,
the Dirac masses of the quark fields can be obtained from the following Yukawa
couplings



10.1 The Masses in the Standard Model 195

3
(4) (v i (@7 i
gYZkawa == Z (Ci}] Q HD;? + lei] >kDRHTQJ)
i,j=1
- > (EPQaUL+ CP TR, (10.7)
ij=1

The notation also follows Table 5.2.

We have constructed an interaction term between the Higgs field and the fermions
demanding invariance under SU(2) gauge transformations. It is easy to see that
the Yukawa couplings (10.4) and (10.7) are invariant also under the U(1)y gauge
symmetry factor provided the Higgs field is assigned the weak hypercharge
YH) = % The Gell-Mann—Nishijima formula then implies that

O0HY =1, QH" =0, (10.8)

thus justifying our notation.
To implement symmetry breaking we have to add the following term to the stan-
dard model Lagrangian

Lhiges = (D, H)' D'H — V(H, H'), (10.9)

where D,, is the corresponding SU(2) x U(1)y covariant derivative (see Sect.5.4).
The potential has to be wisely chosen in such a way that spontaneous symmetry
breaking takes place and solves our problems with the particle masses in a satisfactory
way. In fact, gauge invariance and the condition that the theory is renormalizable (see
Chap. 8) imply that the Higgs potential should be of the form

A V2 2

VHH) == (HTH — —> . (10.10)
4 2

The system exhibits spontaneous symmetry breaking if v> > 0. Then, the theory has

a degenerate family of vacua defined by H'H = %VQ.

The only surviving gauge symmetry in the electroweak sector at low energies
is the U(1) invariance of QED. This means that this symmetry is realized a la
Wigner—Weyl and therefore the vacuum has zero electric charge. Taking into account
Eq. (10.8) this means that we are forced to take'

0
(H) =(LV)‘ (10.11)
2

Since Y (H) = % this vacuum expectation value breaks not only SU(2) butalso U(1)y.
It however preserves the electromagnetic U(1) and therefore implements correctly
the symmetry breaking pattern, SU(2) x U(1)y — U(1).

1 It can be shown that, by appropriate gauge transformations, any other vacuum expectation value

can always be brought to this form.



196 10 The Origin of Mass

Following the example of the Abelian Higgs model, the fluctuations around this
vacuum can be parametrized as [cf. Eq. (7.81)]

H(x) = L a3 0 (10.12)
/2 v4+hx) ) '

There are four different fields associated with these fluctuations, here denoted by a(x)
and A (x). The factor /2 3 represents the action of the three broken generators,” and
can be eliminated by a SU(2) gauge transformation. This removes the three would-be
Nambu—Goldstone bosons a(x) that are transmuted into the longitudinal components
of the massive gauge bosons W+, W~ and Z°. The remaining propagating degree
of freedom £ (x) is the neutral scalar whose elementary excitation is known as the
Higgs boson. Inserting

1 0
H(x) = NG (V+h(x)) (10.13)

in V(H, HT) and expanding the result in powers of the field /(x), the mass of the

Higgs particle is found to be
[ A
my =/ o (10.14)

The dimensionless coupling A governs the self-interaction of the Higgs bosons.
Substituting Eq. (10.13) in the Yukawa couplings (10.4), we find, at low energies,
the following lepton mass terms

€R
2O = @, TMO [ ur | +he. (10.15)

mass
TR

We notice that no mass term for the neutrinos is generated through the Brout—Englert—
Higgs mechanism, so neutrino masses have to be explained in some other way. On
the other hand, for the quarks we find

dr UR
3151“]1)“ = _(dL’ EL’ bL)M(q) SR - (ﬁL7 ELa ;L)M(q) CR + h.c. (1016)
bR IR

and the mass matrices are given by

2 It might seem strange that, apparently, we have included only the action of the SU(2) generators
on the vacuum. As a matter of fact, this is not the case. What happens is that the electromagnetic
U(1) remains unbroken and therefore Qv,c = 0. Then, using the Gell-Mann—Nishijima relation, the
action of the weak hypercharge generator Y on the vacuum can be written in terms of the generators
of SUR) as Y = —2T3 = —o3.
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1 : 1
M = —ve P M = —ve? (10.17)

1 ﬁ \/5 ij >

with Cl.(f’q) and Cﬂ'l.(;’) the strength of the Yukawa couplings defining general complex
3 x 3 matrices. We notice as well that the mass scale of all charged fermion is set by
the Higgs vacuum expectation value v.

So far we have written the standard model Lagrangian in terms of fields with well
defined transformations under the gauge group (this we call flavor eigenstates). Now,
however, there is no a priori reason for the mass matrices in (10.15) and (10.16) to
be diagonal. This means that the corresponding propagators are not diagonal and
therefore the different flavor eigenstates mix with each other as they propagate.
In order to quantize the theory, however, it is more convenient to work with fields
whose propagators, at low energies, are diagonal and therefore have well-defined
masses. These fields are constructed by noticing that a general complex matrix can
always be diagonalized by a biunitary transformation. More precisely, this means

that there are unitary matrices VIEE’Rq), \N/L(q; such that

m, 0 O
viOTMOvEO = 0 m, 0 (10.18)
0 0 mg

for the leptons, whereas for the quarks we have

mg 0 O m, 0 O
ViOTy@v =0 mg 0|, VPTMOVL =0 me 0
0O 0 my 0O 0 my
(10.19)
In view of this, we define the mass eigenstate quark fields as3
Uy g . UL.R dy, L.R
C/L,R = VIE?J)?T CLR | si,R = VIE?;J SL.R |» (10.20)
1Lk IL.R by r br.r

and similarly for the charged lepton fields, this time using the matrices VIE%. By
construction, the propagators are diagonal when expressed in terms of the new fields.
The couplings with the gauge fields, on the other hand, can get a dependence on the
unitary matrices involved in the diagonalization of the mass matrices. To see how
this dependence comes about we look, for example, at the quark charged current
coupling to the W+ bosons

dp, . d;
=@ iyt | se | = @, L iyt vV s (10.21)
br b,

3 Our notation at this point differs from the usual one in the literature in that we use primed fields

to indicate the mass eigenstates. The reason to use this notation is to avoid cluttering the equations
with primes both in this chapter and in Chap. 5.
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A similar calculation for the neutral quark current shows that it does not depend
on the unitary matrices relating flavor to mass eigenstates. This means that at tree
level there are no flavor changing neutral currents (FCNC), as a consequence of the
quantum numbers of the three families. This is the tree-level version of the Glashow—
Tliopoulos—Maiani (GIM) mechanism that works for complete families.

We have shown that the couplings of the quarks to the W bosons mix the different
mass eigenstates. This mixing is given by the 3 x 3 matrix

vV =y (10.22)

called the Cabibbo—Kobayashi—-Maskawa (CKM) quark mixing matrix. It is imme-
diate to check that this matrix is unitary and therefore in general complex. In
Chap. 11 we will see that this has important physical consequences.

We analyze next the leptonic sector. The charged lepton-neutrino current is

er e

L
. — - — — — — 4
3= Gers urs Vo)V | 1 | = Gers Vr, ve )y VO [ 1) | (10.23)
199 143

Were the neutrino massless, the matrix VL(Z) could be reabsorbed in a redefinition of
the neutrino fields without making the propagator nondiagonal. We know, however,
that the neutrinos are massive and the only question is whether their mass terms
are of Dirac, Majorana or a mixture of both. In either case one has to redefine the
neutrino fields to diagonalize their mass matrix and this results in the introduction
of a second CKM matrix in the leptonic sector.

Higgs Couplings

Having learned how fermion masses are generated, we would like to know how these
states couple to the Higgs field itself. This is important because these couplings
determine both how the Higgs particle can be produced in a scattering experi-
ment and also what its decay signatures are. Looking at the terms linear in % (x)
in (10.4), we find that the Higgs boson couples to the charged mass eigenstates
f=E, .t u,d, c,s' t,b") according to the vertices

where m ¢ is the mass of the charged fermion. Thus, the Higgs-fermion couplings
are suppressed by the ratio between the fermion masses and the vacuum expectation
value of the Higgs field.
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The masses of the gauge fields W* and Z° and their couplings to the Higgs are
obtained by expanding H(x) around the vacuum in the covariant derivative terms in
Eq. (10.9). For the masses one finds

! & (10.24)
my = —gv, = — .
W 2g z 2cos by,
with g the electroweak coupling constant and 6,, the weak mixing angle (see
Chap. 5). As for the coupling of the vector bosons to the Higgs field, the terms
linear in & (x) give rise to the following interaction vertices

wt, z0

In addition, the theory contains also vertices that couple two vector bosons to two
Higgs fields, as well as self-interaction vertices with three and four Higgs bosons.
They can be found, for example, in Ref. [4-8] of Chap. 5.

The implementation of symmetry breaking has resulted in the introduction of a
new energy scale, the Higgs vacuum expectation value v, and a number of dimension-
less couplings: the Higgs self-interaction A, and the Yukawa couplings for leptons
and quarks, C i(f), C i(](.]) and C i(](.]). In fact, the Higgs vacuum expectation value v is
related to the Fermi coupling constant G r introduced in Chap. 5. Using the relation
between v and the mass of the W boson (10.24) we find

1
o

Since G r can be measured, for example, from muon decay we learn that the Higgs
vacuum expectation value is

Gr = (10.25)

v~ 246 GeV. (10.26)

Once the value of the only energy scale v is determined, one can use the relations
(10.17) to fix the Yukawa couplings for quarks and leptons from measurement of
the mass matrices for the different matter fields. With this, however, we still get no
information about the value of the Higgs self-coupling constant A, or equivalently,
the Higgs boson mass m g . This is the last standard model parameter that remains to
be measured and the Higgs boson the last particle of the model to be detected.

What makes the Higgs field so elusive? First, our ignorance of the value of the
Higgs mass makes its detection difficult because it is not possible to know a priori
“where” to look for it. Depending on the value of my different channels have to
be considered for the production of this particle. A second aspect is that the Higgs
boson couples to other standard model particles with a strength proportional to their
masses. Thus, its coupling to light fermions is very small and to produce Higgs
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particles one must begin by producing heavy fermions, W, or Z° vector bosons in
large quantities. The situation is complicated by the fact that many decay channels
of the Higgs boson produce signals that are quite common also in other standard
model processes not involving Higgs particles (or, in technical jargon, they have
“large backgrounds”).

This however does not mean that we do not know anything about the Higgs
mass. The Higgs particle enters in the calculation of higher order corrections to stan-
dard model processes and bounds to m g can be found by comparing these calcu-
lations with the precision measurements carried out at the Large Electron Positron
(LEP) collider, running at CERN between the years 1989 and 2000. Additional
bounds for m g can also be found from consistency requirements. For example, if
the Higgs boson is too light the quantum corrections to the Higgs coupling constant
A could make it negative, thus rendering the theory unstable. On the other side, a
too-heavy Higgs boson would have unpleasant effects on the good behavior of the
theory at high energies. Combining these with other pieces of information a likely
range for the Higgs mass can be obtained depending on the energy scale A up to
which we consider the standard models to describe the physics correctly [1]. Taking,
for example, A ~ 1 TeV one finds

50GeV <mpy < 800GeV, (10.27)
while if A ~ 10'® GeV the range narrows to
130GeV < mpy < 180GeV. (10.28)

Searches for Higgs boson are currently underway at both the Tevatron at Fermilab
and the LHC at CERN. Particularly promising channels are the decay of the Higgs
into two photons or into two Z°, that in turn decay into a couple of lepton—antilepton
pairs:

z° ¢
PR f P—
o 7
¥ ¢

The first process would give a distinctive signature for a Higgs with mass
myg < 150 GeV, whereas the second would be important in the regime mpgy 2> 2m.

Remarks on Symmetry Breaking in the Standard Model

The Higgs sector of the standard model cannot be regarded as a mere attachment to it,
as just a smart “trick” intended to circumvent the conflict between masses and gauge
invariance. There are more fundamental reasons to think that the Higgs particle, or
something very similar, should be there. It is an experimental fact that the W= and
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70 bosons are massive and therefore have longitudinal components that have been
detected.

If we only worry about giving masses to the vector bosons and fermions, it is
clear that freezing the field i (x) in Eq. (10.12) suffices. For all practical purposes
the theory we obtain has massive W* and Z° bosons and massive fermions, but no
elementary Higgs scalar. So long as we work at low enough energies, this may be a
reasonably good phenomenological description.

This naive Higgsless standard model has problems: scattering amplitudes involving
the longitudinal components of the gauge bosons behaves badly as the energy
approaches the scale v~my z/g. The amplitudes grow so fast with the energy
as to be incompatible with something as basic as the conservation of probability.
This problem is automatically solved by including a neutral scalar field in the theory
that couples to the massive gauge bosons and fermions in precisely the same way as
the Higgs particle does. But this is not the only possibility.

We illustrate this point in more detail using the example of a SU(2) massive gauge
field coupled to a pair of chiral doublets ¥, Wg transforming as

VL (x) — g()PL(x), Yr(x) — Pr(x), (10.29)

where g(x) belongs to the fundamental representation of SU(2). The Lagrangian

L =- %Tr (Fuw F™) + MPTr (A A™) +iW LI + iWR DR
—m (VL¥R + PRY¥L) (10.30)

is not gauge invariant due to the presence of mass terms for the gauge and fermion
fields. Gauge invariance can be “restored” using a trick originally due to Stiickelberg
[3] (see [4] for a review). We introduce a scalar field U (x), called the Stiickelberg
field, taking values in the gauge group and transforming under SU(2) as U (x) —
g(x)U (x). The Lagrangian

1 M? .
L == ST (FuF*) = ——Te [ U D)W D 0 |
2 8ym

+iWLWL+iERWR—m(WLUWR —i—aRUT‘I/L) (10.31)

is gauge invariant. Using this gauge freedom we can set U (x) = 1 and recover the
original Lagrangian (10.30). In this picture the breaking of gauge invariance in the
massive theory can be seen as resulting from gauge fixing. In the process, the field
U (x) becomes the longitudinal component of the massive vector field.

Replacing (10.30) by (10.31) does not solve our ultraviolet problems. The theory
is still ill-defined at energies of order M /gy and should be completed by specifying
the dynamics of U (x) at high energies. Here we are faced with various alternatives.
One of them is the Brout-Englert—Higgs mechanism presented: a gauge invariant
potential implementing symmetry breaking is added
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4 2
VUi = % (ngM) [%Tr(UTU)— 1} , (10.32)

and the field U (x) is linearized around the vacuum
_ 8YM
U(x) = Up(x) [1 + £ h(x)], (10.33)

where Up(x) € SU(2) and h(x) is the Higgs field of mass m%i = ZAMz/g%M. At
energies below m g the Higgs field is frozen, U (x) >~ Up(x), and the Stiickelberg
Lagrangian (10.31) provides a reliable phenomenological description.

This linear realization is the simplest, and historically the first one used. Many
other scenarios have been proposed as alternative ultraviolet cures of the mass gener-
ation mechanism. Among them, technicolor, where U (x) is a bound state (analogous
to the pion) of a set of strongly coupled new fermions. There is a large collection
of alternatives to the standard Higgs mechanism (for a clear exposition see [4]),
however they all share the same mechanism of giving masses to the vector bosons
by absorbing the relevant Nambu—Goldstone bosons. This is reasonable, the masses
of the W= and Z° bosons are infrared properties of the theory and their origin is not
necessarily related to the high energy fate of the “Higgs”-mode.

This discussion should help clarifying the statement contained in the closing
paragraph of Sect.5.5. The Lagrangian (10.30) can be used to describe the physics
of a nonabelian massive gauge field chirally coupled to massive fermions, as long
as we restrict our attention to energies below the mass scales of the problem. In this
regime, the absence of gauge invariance is no big deal. As the reader has repeatedly
been reminded along the book, gauge invariance is not a real symmetry but rather a
redundancy. The point of Stiickelberg’s trick is to “fake” this redundancy, allowing
to write a formally gauge invariant Lagrangian.

The situation is different if we aim at constructing a theory whose predictions
can be trusted to arbitrary high energies, in the spirit of good old QED.* In this case
gauge invariance is a crucial ingredient for consistency. The Brout—Englert—Higgs
mechanism provides a renormalizable, gauge invariant ultraviolet completion of the
massive low energy theory. Historically, this explains the enormous effect the proof
of renormalizability of spontaneously broken gauge theories by ’t Hooft and Veltman
[5-8] had on the acceptance of the Glashow—Weinberg—Salam theory.

10.2 Quark Masses

The previous presentation might have led to the mistaken conclusion that the Brout-
Englert-Higgs mechanism settles once and for all the problem of accounting for the
masses of the subatomic particles. The only task left is the experimental measurement

4 Let us forget for the moment about the presence of the Landau pole.
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of the quark and lepton masses that in turn determine the value of the Yukawa
couplings Cl.({z’q).

This idea works indeed for the leptons. Since they exist as asymptotic states,
their masses can be unambiguously determined, and with them the corresponding
parameters in the Lagrangian. The complication comes with the quarks. As they
cannot be pulled out of the hadrons their masses cannot be measured directly.

One definition of the quark masses is provided by the nonrelativistic quark model.
Here the hadrons are considered to be the bound states of a quark—antiquark pair
(mesons) or three quarks (baryons). The mass of the hadron can be written in terms
of the masses of its constituents plus the corresponding binding energy

Mmeson = mg +mg + Aqu
Myaryon = mg, +mg, +mg, + AEg44. (10.34)
As quarks are considered to be nonrelativistic in the bound state, the binding energy

is subleading with respect to the quark masses, AE < m,. In fact, it can be modelled
as

3
4a
AEgg = ——54 57, AEgqq =4d' >

—
Ea i<j

1

Sgi * Sq;» (10.35)

Mmg;Mg;

where a, @’ are undetermined numerical constants and s, is the quark spin operator.
Their products are numbers that depend on the total spin S of the system. This is easy
to see in the case of the quark—antiquark bound state, where

Sy - S7 = % [S(S +1)— %] (10.36)

with S = 0, 1 the spin of the corresponding meson.

At first sight the ansatz (10.35) for the binding energy might look surprising.
It has the form of the hyperfine splitting of the hydrogen atom that we know is
a small perturbation to the energy levels determined by the Coulomb interaction.
This, however, is not the case for the quark bound states. In the hydrogen atom the
smallness of the hyperfine splitting is due to the fact that the corresponding term in
the Hamitonian comes suppressed by a factor ¢ >~ 0.0004. In the case of the quark
system the factor in front of this term is of order one and therefore its contribution
is expected to be of the same order as the quark-quark potential. Due to this we can
parametrize our ignorance about the latter in terms of the numerical parameters a
and a’.

Using (10.35) the spectrum of hadrons can be fit to get m, a and a’. The masses
thus obtained are the so-called constituent quark masses. They make up a large
fraction of the mass of the hadron. For example, in the case of the u and d quarks
their constituent masses have the values

my >~ mg >~ 310 MeV, (10.37)

about % of the proton mass.



204 10 The Origin of Mass

Despite the success of the nonrelativistic quark model in accounting for certain
properties of hadrons such as their masses and magnetic moments, the constituent
masses of the quarks cannot be identified with the mass parameter appearing in
the standard model Lagrangian in its broken phase. For historical reasons these
parameters are called the current-algebra quark masses.

In fact, there is experimental evidence showing that there is much more stuff inside
hadrons than the nonrelativistic quark model picture shows. The most compelling
comes from the deep inelastic scattering of leptons off protons already described
in Chap. 5. In these experiments it is possible to measure the distribution function
of the proton momentum among the constituents of the hadron, collectively called
partons. The remarkable thing is that about 50% of the total momentum is carried
by constituents that do not participate in the electroweak interactions! These have to
be identified with virtual gluons responsible for the interaction between the quarks.
The remaining proton momentum is shared between the quarks responsible for the
quantum numbers such as charge, spin and isospin of the hadron (called the valence
quarks), and virtual quark—antiquark pairs (sea quarks).

With this picture of the hadron interior in mind, constituent quarks can be seen
as effective “quasiparticles” resulting from the dressing of the valence quarks by the
QCD interaction. This heuristic idea, that would explain the success of the nonrela-
tivistic quark model, is unfortunately too hard to make quantitative due to computa-
tional difficulties.

10.3 Agcp and the Hadron Masses

The techniques described in Chap. 8 can be used to calculate the beta function in
perturbation theory. The running coupling constant can then be formally written in
terms of a single dimensionful integration constant as

g(w)

A= pexp —/ ﬁcii) . (10.38)

We observe that, whenever the beta function is nonvanishing, quantum correc-
tions generate a characteristic energy scale. This happens even when the classical
Lagrangian contains no dimensionful parameters, a phenomenon called dimensional
transmutation. It is important to keep in mind that the dynamically generated scale
A is an integration constant and therefore has to be fixed experimentally. This is
related to the fact that quantum field theory only determines the rate of change of
the coupling constants with the energy through the renormalization group functions
(8.93). Fixing the numerical values of the couplings requires measurements at a
reference scale.

In the case of QCD, using the value of the one-loop beta function (8.25) particu-
larized to the case of three colors (N, = 3)
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3

__ 8

(33 = Ny), (10.39)
we find the QCD energy scale to be
24 1
Aqgep = pe PV su? (10.40)

The strong coupling constant can be written in terms of it as

2472
(33 — Ny)log ( i )

g(u)? = (10.41)

AqQcp

The physical meaning of Agcp becomes clear: it sets the energy scale at which the
theory becomes strongly coupled. Notice that the divergence of the coupling constant
at @ = Aqcp following from the one loop computation cannot be taken literally.
When the coupling constant grows the perturbative approximation used to compute
the beta function (10.39) breaks down.

In the context of the physics of hadrons, Aqcp determines the characteristic size of
a hadron. Indeed, the theory becomes strongly coupled when the hadron constituents
are at distances larger than AééD, setting thus the length scale inside which quarks
are confined.

One of the big problems in QCD is to calculate the mass of particles such as the
proton and the neutron in terms of the mass parameters of the quarks. The reason why
this problem is difficult lies in the fact that the valence quarks u and d have masses
that are much smaller than the natural scale of the theory, Agcp. To see this we
estimate the kinetic energy of these quarks using Heisenberg’s uncertainty principle.
Since they are confined inside a hadron of typical size AééD, the uncertainty in
their momenta can be estimated to be Ap ~ Agcp. Moreover, using isotropy we can
assume that the average momentum of the quarks is equal to zero, (p) = 0. Then,
(Ap)2 = (pz) and we finally conclude that

(p*) ~ Adep- (10.42)

So far we have not made any hypothesis as to the mass of the quarks. Let us
now assume that we are dealing with light quarks. They are defined as those whose
masses satisfy m, < Aqcp. This is the case of the u and d quarks that make up most
of the matter that we see around us. In this case, Eq. (10.42) can be recast as

() > my (g =u,d). (10.43)
This means that light quarks inside hadrons are relativistic. What is more important,
Eq. (10.42) implies that the typical energy of these quarks if of order Agcp and
therefore we are in regime where QCD is strongly coupled.

There are two conclusions to be extracted from this discussion. The first is that
we have found the reason behind the technical problems in calculating the masses
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of hadrons such as protons or neutrons from first principles: we would have to deal
with a theory in a regime where perturbation theory does not work. Hence, we have
to resort to numerical approaches such as lattice field theory.

The second lesson we learn is that the Brout—Englert—-Higgs mechanism actually
contributes very little to explaining the mass we see around us. In fact, most of
the mass of an atom comes from the nucleus (from about 99.95% for hydrogen to
99.9997% for uranium) that is made of protons and neutrons. What we have argued is
that the quark mass parameters m, generated by electroweak spontaneous symmetry
breaking contribute very little to the mass of these hadrons: most of the mass of
protons and neutrons, and therefore of the world we see, come from Aqcp.

That all difficulties in computing hadron masses come from having light quarks
can be seen in a toy model due to Howard Georgi [9]. He imagines a world essentially
identical to our own but with a single crucial difference: the masses of the u and d
quarks satisfy

1
my =mq = gmproton > AQCD. (10.44)

Therefore (p?) <« m?] and the quarks can be treated nonrelativistically. Thus, the
typical energy of the processes inside the proton is m,, and the condition (10.44)
implies that the theory at this scale is weakly coupled. Tuning m,/Aqcp we can
even make

gmg)* 1
dr 137

as(mg) = (10.45)

This sets Aqcp ~ 10_42mq.

Given all this, it should be possible to study the bound state of the three quarks in
the proton using the techniques of atomic physics. Since the theory is in a coupling
regime where perturbation theory can be used, the static potential between the quarks
is obtained from the diagram where the two quarks interchange a gluon. In fact we
do not even have to compute the diagram. It suffices to compare the corresponding
processes in QCD and QED

i J i J
Tin/0s TN g > TN
g

i J i J

where ¢;, g are the charges of the corresponding quarks. A look at the Feynman rules
for nonabelian Yang—Mills theories listed in Chap. 6 shows that the only difference
between the contribution of the two previous diagrams comes from the presence of
the SU(3) generators in the vertices of the former. This means that the first diagram
is obtained from the second by the replacement
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8
agiq; — as(mg) D Thtl. (10.46)

n=1

where " = %An, with A, the Gell-Mann matrices shown in Eq. (B.16). Making this
replacement in the Coulomb potential, we find the chromostatic potential between
two quarks in the proton to be

os(mg) (10.47)

Vaq (r)=Cr
where CF is the color factor on the right-hand side of (10.46).
How different is Georgi’s toy world from our own? In fact, we are not so far off.
Because the quarks are nonrelativistic, the binding energy can be estimated from a
formula analog to the one for the ground state energy of the hydrogen atom

AE ~ay(mg)*my =~ 16keV., (10.48)

Therefore AE <« m, and the mass of the proton is essentially the sum of the masses
of the quarks. This means that we can fine tune m, to have mproon = 938 MeV while
preserving (10.44). As for the proton size, it is set by the corresponding Bohr radius

1
Rproton ~ —————— ~ 90 fm. (10.49)
mgotg(mgy)

Although almost two orders of magnitude above the real proton radius, it is still
about 500 times smaller than the radius of the hydrogen atom. Thus we can expect
the electronic structure of the atoms not to be radically changed. Notice that now
the size of the hadron is dictated by perturbative effects, as opposed to real hadrons
where the relevant physics is nonperturbative and their size is determined by the
length scale AééD.

The main advantage of this toy model is that in it, unlike in the real world, QCD
computations are “easy”. In particular, the length scale at which confinement takes
place is macroscopic. With Agcp ~ 10_42mq and m, ~ 300 MeV we find that

Agep ~ 10°Mpce (10.50)

and free quarks could be observed! In fact, in this imaginary world the constituent
masses are the physical quark masses and the nonrelativistic quark model is the
correct QCD description of hadrons.

With this example we wanted to make an important point: confinement itself is
not at the bottom of the difficulties with QCD, but the fact that quarks are much
lighter than the energy scale at which confinement occurs. This is illustrated also in
“real” QCD with heavy quarks, those whose mass is much larger than Aqcp. This
is the case of the b, ¢ and  quarks, although the short lifetime of the latter prevents it
from forming hadrons. Then the strong coupling constant is small at the quark mass
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scale and the bound state of heavy quarks is amenable to QCD perturbation theory.
Moreover, applying (10.42) we have

(p?) <m;  (heavy quarks), (10.51)

and therefore heavy quarks inside hadrons are nonrelativistic.
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