Relic density of WIMPSs

Assume a new stable (very long-lived) neutral
weakly-interacting particle

Will be in thermal equilibrium when T of Universe
much larger than its mass

Equilibrium abundance maintained by
processses

X —ete ., utu T qg WW—, 27

As well as reverse processes, inverse reaction
proceeds with equal rate



Number density of dilute weakly interacting
particle 9

T a3

/f(p)d‘p
g: number of internal degrees of freedom

—1
f(p) = exp (E ; g 1)

L. chemical potential, E2=p2+m?

B q o0 (E‘Z . ?H_B}I;‘E
e = 272 ,/n exp((E—p)/T) £ 1EdE

In relativistic limit (T>>m, T>>L) .

?L_,k — __I: ﬂ_z

gT?®  Fermi

n ~T3, as many X than photons



In non relativistic limit m>>T (also T>>u )

. 3 . .
ny' ~ g(my ' /2m)2exp(—m, /T).

The number density is Boltzmann suppressed.

lpexpansion of the Universe was so slow that thermal
equilibrium was maintained -> number of WIMPs today
would be exponentially suppressed (no Wimps today)

T>u Wimps abundant, rapidly annihilating in SM patrticles
(vice-versa)

Universe expands T drops below m, n drops
exponentially, rate of annihilation drops below expansion
rate '<H

When not enough x for annihilation - > fall out of
equilibrium and freeze-out (production of wimps ceases)
T-o~m/20



Relic density of WIMPS

In early universe WIMPs are
present in large number and they
are in thermal equilibrium

As the universe expanded and
cooled their density is reduced
through pair annihilation

Eventually density is too low for
annihilation process to keep up
with expansion rate

— Freeze-out temperature

LSP decouples from standard
model particles, density depends
only on expansion rate of the
universe
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Boltzmann equation

* Time evolution of the number density of
Wimps

dn PR RPN
d_; +3Hny = —(ov) ((ny)* = (n)°)
Depletion of X due Creation of X from

H = R /R H: Hubble expansion rate
| R: scale factor of the Universe



Solving Boltzmann equation

Y: ratio of number density to entropy density, s

dy B d (n) B dr 1 n ds

dt " dt dt s  s2dt

R3s Is constant in absence of entropy production
ds dY  dnl

o= s o=@ T
Evolution eq. Y o) (V2= V2)
dt =9
RHS dependsonlyon T =4 _ _sp,
p y dl’ dt '

Y _ 1lds,
AT~ 3H dT' o) (V2 ~Yo)




Change of variable & = m/T

d

m 1 ds

v _ S v (v2 2
Ur  23H4T" (} }rq)

In radiation dominated universe in FRW cosmology

3

Energy and entropy density parametrized with eff.
Degrees of freedom geff, heff
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dy [7g.(T) m V232
—_— = —— < gu = (YT — Y
dr \ A5G 12 \ “q/

g*(T) degree of freedom parameter derived from
thermodynamics describing state of universe

g2 = 2ot (1 - _ii@{'ﬂ)
gLﬁ]_;fd l?) 'FE‘L'ﬂ; {ET

Y,(T) : thermal equilibrium abundance

1 45 m? m
V.. (T) = — = - g— N5 (—)
ER s 4fr4fat.vyl,ﬁ['Tfl JT3 AT

Y, falls rapidly as temperature decreases

Equation is valid under the condition that annihilation
processes are in thermal equilibrium and chemical
potential negligible
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dY (g (T) m
_— = 1 - —
dx V156 2

- qy f /_2 x_:z A
< ov > (Y — ]:'q )

Integrating from T=inf. to T=T, (photon temperature of
the Universe today) gives Y,

Relic density at present

. M, T2
() — =X _

X
Perit Perit

FH\&S”}H

S, : today’s entropy at T=2.726K s,=2889.2 cm?

H= 100 h km/s/Mpc
P=1.88X10* h*gcm?

rrl X

(rt-i }”

(0, h? = 2.755 x 10°



Solving for Y

Equation for Y can be solved numerically or use freeze-
out approximation

High T WIMP are close to equilibrium Y~Y
d(Y-Y,)/dT is negligible
At freeze-out Y will be almost constant and Y, decreases

significantly dn(Y.) [ra lr

T A

ov > Y, 5(8 +2)

When Y>>Y . can neglect qu completely

1 1 ,l' T Ty 1/2 . . .
Y(0) = - ‘|‘ \,l 50 g, | T] = ov > dl

Solve iteratively and match the two solutions at freeze-
out



Solving for Y

* These solutions are implemented in numerical codes that
solve for the relic density of dark matter in
supersymmetry (DarkSUSY, Isarelic, SuperlSO) and in
other extensions of the SM (micrOMEGAS)

* The complexity is in computing sigma v in a given model

(many processes can contribute depending on the details
of the model) — more in next lectures



Approximate solution

X freeze out at T~m/20 or 25, particles are non relativistic
when FO.

Expand ov=a+bv?
Thermal average (ov) = a + 66T /m
After neglecting 1/Y,

'T TJ;' ;
Y S .'ll / - E_.'J__.."EI:-' T < ov > d‘]‘
0 \:.' 45{; T Yy \ ]
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Thermally averaged cross section

low) — fff.gpln’.gpgf(El)f(_EE)m;
\av f{f3p1ﬂf3fizf(51]f(Eg)

* At T=m/20 f(E) o exp™®/1
dprdipy = 4?rp1dE14:rrp2dE2%d cos#
* Change of variables, £, =k +E, B =E - E
s=2m?+ 26, By — 2p1pa COs

{Ig'pl dgpg = 27 E} EsdE dE_ds

The integration regions (Ey >, Ey > m —1 < cos# < 1) transforms to

| Am? | | 9
By <4/1- VE:—s E, > Vs s> dm”
s




Num = EFE/fJE+/f3E—/ff,::crtrE1E;2t:t';t}_E+-""'T

- o
dm=

] ||II f
= -'l?r‘/dscrf\:a' l—— /ffE_thrp_E*-"'T\(fEf_ — S

—

= 27°T / dso(s — 4m?) /5K, (\. ST)

Note that oF = ovEE IS a function of s only
F=1/2/s(s— 4m?).

Denominator /(fjplffjﬁﬁflel Vf(Ey) = ['—lﬂ'ﬂlj'TI‘;g[iF?ll,-";']—;l]g
ov) l ) o(s — 4m*)/sK(Vs/T)d
avy = — 5 — /8 (v &8/1)ds
Sl 8mATK3(m/T) J,2 JVERIVE)

This result is general and valid near thresholds and
resonances where often used approximation a+bv? fails

Resonance -> strong increase of cross section at s=4m?



Coannihilation

Take N non-standard particles, mass mi, gi degrees of freedom
Assume discrete symmetry guarantees that lightest particle is stable

Relic abundance in general determined not only by annihilation of LSP
but also annihilation of heavier particles. These all decay into LSP/

Relevant only when small mass splitting between LSP and other
particles

Reactions that change number densities
XiX; — XY iX — Y X; — XY

X,Y: SM particles
Set of N Boltzmann equations

" N
dn; ‘ - eq e
- = —3Hn; — E (TijUij) (”é”j - ”é.q”;'q)

ij=1

E ! N o 64 eqy co . €4
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T U5 ) = : . . ' Vi =
gty ]" {-;’.3}_;,‘;:‘:’.'3})5,- J(E:) F(E;) ’

Annihilations
i = Z ag(XiXj; — NsmXsnm)
SM

Scattering off cosmic thermal background

/ - - -
Oxij = E o(XiXsy — X;Ysn)
XY

Decays
ZX Xi — x;AwJ

Thermally averaged Cross section

L [ dPpid®p; f(E;) f(E;)oijvi

((f’}i 'i’-"'j)z — m2m
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- Decay rate of . other than LSP much faster than decay rate of
Universe, all decay into LSP. LSP abundance sum of abundances

g

* Generalisation of equatlon for number density

dn )
= = —3Hn — E (04Vi5) f.if - — quH;’q)
i,j=1

Scattering rate for x. on SM is much faster than annihilation rate. SM

particles assumed to be light hence relativistic their densities Is
much larger (T2) than those of non-relativistic particles

M ;05 X T3m>/ zmg."jzrr.;-r'.x'p_‘:'f”%J””'j'J*"'T | , .
J J / ~ (T/ v3/2 . ms T o109
0/0 3/2 T nx/n; o< (I'/m;)" “exp™’ ~ 10
”.a'”XE'TX_ij ~ T%/ m;' "0;€ ap- " ‘ ‘
« X;particles remain in thermal equilibrium, ratio of densities =
equilibrium one before,during,after FO ni mit




Define it g4 A, VP Rexp(—r; )

T.-.i — (4
ned Jeff
m; — 1m-
A; = - L
Ty
N
Gerr = gi(1+ Ai)*Pexp(—z )
i=1

* Boltzmann eq. including coannihilation

dn , x
f — —3H!’ — ’{IrTEff'f.‘l} ('HQ — 'ﬁ'gq)
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Following same steps as before

/

Sogg; [ dssKi(y/s/T)p; 05 (s)
®
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[mi+mg)
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ET( > g m?ffg (11 /T } ’
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One can proceed as for the case of only LSP to solve for
abundance and obtain relic density

Coannihilation processes are strongly suppressed if

large mass difference NLSP-LSP
For Xx. X,~>XY with 20% mass difference
exp(—20(m; —my)/my) = 0.02

Larger mass differences can be relevant if coan process
has much larger cross section than ann.



my=—p=2M,, m,=5M,, tanf=10
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* An example of how coannihilation can reduce
the relic density (this case if for SUSY — more
later)

If ov for coan >> ov ann , NLSP annihilates into
SM faster -> reduce number of LSP



Summary

Relic density of Wimp is obtained after solving eq.

dy [7g.(T) m V232
—_— = —— < gu = (YT — Y
dr \ A5G 12 \ “q/

Depends only on effective annihilation cross section —
calculable in specific particle physics model.
3 x 10~ *Tcm®s—1

Qh? =~ - -
(ov )

Typical ov =3 1026 cm3/s

In this eq. all processes involving annihilation and
coannihilation should be included (in supersymmetric
model can be over 3000 processes )



Extra Notes



Deriving Boltzmann equation

Evolution of phase space density f(E,t) of a particle
L[f] = CIf]
L : Liouville operator gives rate of change in time of
particle phase space density
C collision operator: number of particles per phase
space volume lost or gained after collision with other
particles of o p|2 Of

Botzmann equation integrated over p and summed over

spin 3
L . (J P1 o J_ “T _,PS v ‘JH



 Collision term In case of 1+2->3+4

f
_‘-':"1/ [fl { M — —Zf f1f2 l:|:f3 l:|:f4|’\/|'12_134‘

Spins

— fafa(1 £ f1)(1 £ fo)| Mas_19] )
{2??]4(‘54{p1 + po — p3 — pa) 11115113114

I, = d3p: /((27)22E)

* Assume annihilation products go quickly into equilibrium
with thermal background (em interactions with photons)
f3f4->f.eof 9 and 1+f.~1

* &— function f3". fy" = crp(—(Es+ Ey)/T > N
f1q f;;q:f rp(—(E1+ Eq) /T



. Unpolarized Cross section
d*ps d*py
(27)32E5 (27)32E,

012:34 = MLQ—Sé‘ 27) % }?14—}?2 P3—DPy)
—1F(;U;Q

spins

1/2
F = [(p1-p2)? — m2m3]"".

 Collision term

d? d P
m/t"[h] Mg = —/rr-zrmuz(zlp)lg ((21”)2 (fifo — FE2£59)

, 1/2
0 = Z;_(y Ol2—Xxy U= F/E{Es V= U-c'l — -t‘g\g — |vq ¥ 'i‘g‘g]l

vn,n, : invariant under Lorentz transformation
* Thermally averaged cross section

lov) = f ffa}-?lffgfﬁgf(Eljif'(gzjﬁ.f,
s [ B3pyBpaf(Ey) f(Ey)




* Collision term

d’p P*py dPp o
m/('[h](zf)lg = —/n-f.ﬂluz(z“)lg o }2 (fifa = 1 f2")

fF dgpl f ’ eq e
‘ g1 /(“J 27)3 = —(ov) (nyng — ni{iny?)

« Boltzmann equation (same expresssion for n, and
n=n,=n, if two particles are identical)

dn,,

fff
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