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Abstract. Ward-Takahashi identity is an useful tool for calculating amplitude of scattering pro-

cesses. In the high-order perturbative theory of sQED, propagators and vertex functions include

many high-order corrections. By using Ward-Takahashi identity, each vertex function is separated

into two parts: “longitudinal” and “transverse”. The longitudinal part can be directly calculated

from Ward-Takahashi identity. The transverse part depends on the expanding of specific orders of

the theory. This paper will present one method based on the Ward-Takahashi identity, to calculate

parts of vertex functions at the one-loop order in arbitrary gauge and dimensions in sQED.

I. INTRODUCTION

We introduce a method which use Ward-Takahashi identity to decompose the vertex
into longitudinal part and transverse part. This form of vertex satisfies two conditions:
(i) has no kinematics singularities in both two parts, (ii) the longitudinal part of a vertex
has fixed scalar coefficient that.

II. PROPAGATORS AND VERTEX FUNCTIONS OF SQED IN BARE

PERTURBATION

In the scalar Quantum Electrodynamics Dynamics (sQED), propagators and ver-
tex function in any gauge ξ are determined as follow:

∆0
µν =

−gµνp
2+(1−ξ)pµpν

p4

; arbitrary gauge ξ

µ ν

S0(p) = 1
p2
−m2

Fig. 1. Propagators of sQED in bare perturbative theory
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Γ0
µ = (k + p)µ

µ

k p

µ ν

e2Γ0
µν = e2gµν

Fig. 2. Vertex functions of sQED in bare perturbative theory
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Fig. 3. Propagator of complex scalar particle at one-loop.

III. WARD-TAKAHASHI IDENTITY WITH 3-POINT VERTEX

FUNCTION OF SQED

Propagators of scalar particles at one-loop order :
In regular dimension the second diagram (tadpole) vanishes. The one-loop propa-

gator is given by:

S−1 =
−e2

m2
(
m2

4π
)lΓ(1− l){1−

2(m2 + p2)

m2 2
F1(2− l, 1; l;

p2

m2
)

+ (1− ξ)
(m2 − p2)2

m4
)2F1(3− l, 2; l;

p2

m2
)} (1)

The 3-point function of sQED at one-loop:

µ

k p

=

µ

k p

+

µ

k p

+

µ

k p

+

µ

k p

In term of mathematical language, we have

Γµ(k, p) = (k + p)µ + Γµ1 (k, p) + Γ
µ
2 (p) + Γ

µ
2 (k) (2)

In which:
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Γµ1 (k, p) =

µ

k p
q

Γµ2 (p) =

µ

k p

q Γµ2 (k) =

µ

k p

q

For vertex functions:

Γ1
µ =

−ie2

(2π)2l
{4(kp)(k + p)µJ

0 + [−8(kp)gνµ − 2(k + p)µ(k + p)ν ]J1
ν + 4(k + p)νJ2

µν

+ (k + p)µK
0 − 2K1

µ + (ξ − 1)[(k + p)µK
0 + 4(k + p)µP

αKβI2
αβ − 8p

αKβI3
µαβ

− 2(k + p)µ(k + p)αJ1
α + 4(k + p)αJ2

µα − 2K
1
µ]} (3)

and

Γµ2 (p) =
e2p2pµ

(2π)2l
{[3 +

m2

p2
]Q1(p)−

πl−2

p2
Γ(1− l)(m2)l−1

+ (ξ − 1)
p2 −m2

p2
[Q1(p) + (p

2 −m2)Q3(p)]} (4)

Ward-Takahashi identity for the 3-point vertex function:

qµΓ
µ(k, p) = S−1(k)− S−1(p) (5)

in higher correlative orders we introduce:

Γµ(k, p) = ΓµL(k, p) + Γ
µ
T (k, p) (6)

Longitudinal component and the transverse component is

ΓµL(k, p) =
S−1(k)− S−1(p)

k2 − p2
(k + p)µ; ΓµT (k, p) = τ(k2, p2, q2)Tµ(k, p) (7)

Where

Tµ(k, p) = pqkµ − kqpµ =
1

2
[qµ(k2 − p2)− (k + p)µq2] (8)

The condition of ΓµT (k, p) is:

qµΓ
µ
T (k, p) = 0; Γ

µ
T (p, p) = 0 (9)

The function τ(k2, p2, q2) is reduced as follow:
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τ(k2, p2, q2) =
e2π2

2(2π)d∆2
{(k2 − 2m2 + p2 − 4kp)[−K0 + (m

2 + kp)J0]

+
2Q1(p)

k2 − p2
[p2(p2 − 3kp) + k2(kp− 3p2)− 2m2(p2 + kp)]

−
2Q1(k)

k2 − p2
[k2(k2 − 3kp) + p2(kp− 3k2)− 2m2(k2 + kp)]

+(ξ − 1)(m2 − k2)(m2 − p2)[J0 − (kp+m2)I0 −

2Q3(p)

k2 − p2
(kp+ p2)−

2Q3(k)

k2 − p2
(kp+ k2)]} (10)

In which:

∆2 = (kp)2 − k2p2 = (kq)2 − k2q2 (11)

It is convenient to present τ(k2, p2, q2) in terms of propagators of scalar particle:

τ(k2, p2, q2) =
1

4∆2

[S−1(k, ξ = 1)− S−1(p, ξ = 1)]

[(m2 + k2)Q1(k)− (m2 + p2)Q1(p)]
{(k2 − 2m2 + p2 − 4kp)

×[−K0 + (m
2 + kp)J0]

2Q1(p)

k2 − p2
[p2(p2 − 3kp) + k2(kp− 3p2)

−2m2(p2 + kp)]−
2Q1(k)

k2 − p2
[k2(k2 − 3kp) + p2(kp− 3k2)− 2m2(k2 + kp)]}

+
1

2∆2

[S−1(k, ξ − 1)− S−1(p, ξ − 1)]

[(m2 − k2)Q3(k)− (m2 − p2)Q3(p)]
(m2 − k2)(m2 − p2)

×{J0 − (kp+m2)I0 −
2Q3(p)

k2 − p2
(kp+ p2)−

2Q3(k)

k2 − p2
(kp+ k2)} (12)

We define

qµ = (k − p)µ;Pµ = (k + p)µ

W-T identity for three-point function can be written in the form of

qµΓν − qνΓµ = (qµPν − qνPµ)

[

S−1(k)− S−1(p)

k2 − p2
+

q2

2
τ(k2, p2, q2)

]

(13)

PµΓν − PνΓµ = (Pµqν − Pνqµ)

[

k2 − p2

2

]

τ(k2, p2, q2) (14)

IV. WARD-TAKAHASHI IDENTITY WITH 4-POINT VERTEX

FUNCTION OF SQED

Ward-Takahashi identity of 4-point function relates with 3-point vertex function by:

k′µΓνµ(p
′, k′; p, k) = Γν(p+ k, p)− Γν(p

′, p′ − k)

kµΓνµ(p
′, k′; p, k) = Γν(p

′, p′ + k′)− Γν(p− k′, p) (15)
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Following Eq. (IV) we can determine the longitudinal component of 4-point vertex
function based on 3-point vertex functions. We denote:

Qµ = k′µ(p+ p′)k − kk′(p+ p′)µ;Rµ = kµk
′k − k′2kν

Q′ν = kν(p+ p′)k′ − kk′(p+ p′)ν ;R
′

ν = k′νk
′k − k′2kν

(16)

Then 4-point vertex function is written by:

Γµν = ΓLµν + Γ
T
µν = Agµν +B11(kk

′gµν − kνk
′

µ) +B12Q
′

νk
′

µ +B13R
′

νk
′

µ

+ B21kνQµ +B22Q
′

νQµ +B23R
′

νQµ +B31kνRµ +B32Q
′

νRµ +B33R
′

νRµ (17)

And now we can determine longitudinal and transverse component of 4-point vertex func-
tion as follow:

ΓLµν = Agµν +B12Q
′

νk
′

µ +B13R
′

νk
′

µ +B21kνQµ +B31kνRµ (18)

ΓTµν = B11(kk
′gµν − kνk

′

µ) +B22Q
′

νQµ +B23R
′

νQµ +B32Q
′

νRµ +B33R
′

νRµ (19)

Factors of longitudinal component of 4-point vertex fuction is:

A = −
1

kk′

{

S−1(p+ k)− S−1(p) + S−1(p′ − k)− S−1(p′)
}

B21 = −
1

kk′
{
S−1(p+ k)− S−1(p)

(p+ k)2 − p2
−

S−1(p′)− S−1(p′ − k)

p′2 − (p′ − k)2

− k2
[

ΓT (p+ k, p)− ΓT (p
′, p′ − k)

]

}

B12 = −
1

kk′
{
S−1(p′ − k′)− S−1(p′)

(p′ − k′)2 − p′2
−

S−1(p)− S−1(p+ k′)

p2 − (p+ k′)2

− k′2
[

ΓT (p
′ − k′, p′)− ΓT (p, p+ k′)

]

}

B31 = −
1

(kk′)2
{

[(p+ k)2 − p2]ΓT (p+ k, p) + [(p′ − k)2 − p′2]ΓT (p
′, p′ − k)

}

B13 = −
1

(kk′)2
{

[(p′ − k′)2 − p′2]ΓT (p
′ − k′, p′) + [(p+ k′)2 − p2]ΓT (p, p−+k′)

}

(20)

In which ΓT is the transverse component of 3-point vertex function and it is determined
as follow:

Γµ(p+ k, p) = (2p+ k)µ
S−1(p+ k)− S−1(p)

(p+ k)2 − p2
+ 2(kµpk − k2pµ)ΓT (p+ k, p) (21)

Factors B11 , B22 , B23, B32 and B33 of transverse component of 4-point vertex function
will be calculate according to perturbative -orders of the theory. We will introduce tech-
nique to calculate the transverse component of 4-point vertex function at one-loop. The
corresponding Feynman diagrams for this function are:
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For sake of simplicity, we denote q = k+ p and q′ = k′+ p, then results of Feynman
diagrams at one-loop are given by

ΓµνD1
(q) = −

2ie2

(2π)D
{−gµνK(q) + (1− ξ)Lµν(q)} (22)

ΓµνD4
(p, q) =

ie2

(2π)D

{

−2
(p+ q)µqν

q2 −m2
K(q) +

(p+ q)µ

q2 −m2
Kν(q) + (1− ξ)(p+ q)µLν(q)

}

(23)

ΓµνD8
(p, q) = −

ie2

(2π)D
gµν

{

K̃(p− p′)− 2(p+ p′)µIµ(p, p
′) + 4pp′I(p, p′)

+ (ξ − 1)K̃(p− p′)− 2(p+ p′)µIµ(p.p
′) + 4p′µpνJµν(p, p

′)
}

(24)

ΓµνD9
(p, q) = −

ie2

(2π)D
{2(p+ q)µpνI(p, q)− (p+ q)µIν(p, q)− 4pνIµ(p+ q) + 2Iµν(p, q)

− (1− ξ)[(p2 −m2)(p+ q)µ]Jν(p, q)− 2(p2 −m2)Jµν(p, q) + 2Lµν(q)

− (p+ q)µLν(q)}

(25)

ΓµνD15
(p, q, p′) =

ie2

(2π)D
{

−2p′νK(p′) +Kν(p′) + (1− ξ)(p′2 −m2)Lν(p′)
}

(26)

ΓµνD19
(p, q, p′) =

ie2

2(2π)D
(p+ q)µ(p′ + q)ν

{(

2

q2 −m2
+

4m2

(q2 −m2)2

)

K(q)

−
T

(q2 −m2)2
−
(1− ξ)

q2 −m2
L(q)

}

(27)

ΓµνD20
(p, q, p′) = −

ie2

2(2π)D
(p′ + q′)µ(p+ q′)ν

(q′2 −m2)2
{

−4q′2K(q′)− T + 4q′αK
α(q′)

+ (1− ξ)
[

T − 4q′αK
α(q′) + 4q′αq

′

βL
αβ(q′)

]}

(28)

ΓµνD23
(p, q, p′) =

ie2

2(2π)D

{

(p+ q)µ(p′ + q)ν
[(

4p′q

q2 −m2
+

m2 − p′2

q2 −m2
− 1

)

I(p′, q)

−
K̃(p′ − q)

q2 −m2
+

K(p′)

q2 −m2
+

K(q)

q2 −m2

]

− 2(p+ q)µ
[

(
4p′q

q2 −m2
+

m2 − p′2

q2 −m2
− 1)

× Iν(p′, q)−
(p′ + q)ν

2(q2 −m2)
K̃(p′ − q) +

Kν(p′)

q2 −m2
+

Kν(q)

q2 −m2

]

− (1− ξ)

[

(p+ q)µ(p′ + q)ν [(p′2 −m2)J(p′, q)− L(q)−
p′2 −m2

q2 −m2
L(p′)]

− 2(p+ q)µ[(p′2 −m2)Jν(p′, q)− Lν(q)−
p′2 −m2

q2 −m2
Lν(p′)]

]}

(29)
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ΓµνD27
(p, q, p′) =

ie2

2(2π)D
{

(k + 2p)µ(k + 6p+ p′)ν [(−2m2 + (p′ − p)2 − 2pp′)U(p.p′.q)

+ Ĩ(q − p, p′ − p)− I(p, q)− I(p′, q)]− 2(k + p+ p′ν [(−2m2 + (p′ − p)2

− 2pp′)Uµ(p, p′, q)]) + Ĩµ(q − p, p′ − p)
}

(30)

The remain Feynman diagrams is determined according to:

ΓµνD2
= ΓµνD1

(q′); ΓµνD5
= ΓµνD4

(p, q′); ΓµνD6
= ΓµνD4

(p′, q′); ΓµνD7
= ΓµνD4

(p′, q) (31)

ΓµνD10
= ΓµνD9

(p, q′); ΓµνD11
= ΓµνD9

(p′, q′); ΓµνD12
= ΓµνD9

(p′, q); ΓµνD16
= ΓµνD15

(p, q′, p′) (32)

ΓµνD17
= ΓµνD15

(p′, q′, p); ΓµνD18
= ΓµνD15

(p′, q, p); ΓµνD24
= ΓµνD23

(p, q′, p′); ΓµνD25
= ΓµνD23

(p′, q′, p)(33)

ΓµνD26
= ΓµνD23

(p′, q, p); ΓµνD28
= ΓµνD27

(k, p, q′, p′) (34)

Diagrams ΓµνD3
; ΓµνD13

; ΓµνD14
; ΓµνD21

vΓµνD22
vanish, so they do not contribute. And the calcu-

lating follow us to arrange terms of total 4-point vertex function in term of:

Γµν = C0gµν + C1kµkν + C2kµpν + C3pµkν + C4kµp
′

ν + C5p
′

µkν

+C6pµp
′

ν + C7p
′

µpν + C8p
′

µp
′

ν + C9pµpν , (35)

in which factors Ci can be computed according to one-loop diagrams. Now factors of
transverse component of 4-point vertex function can be determined based on Ci as follow:

B11 = −
k2

kk′
C1 +

k2(kp+ p2 − pp′)

(kk′)2
C2 −

kp

kk′
C3 +

k2(−p′2 + pp′ + kp′)

(kk′)2
C4

+
kp(−p′2 + pp′ + kp′)

(kk′)2
C6 −

kp′

kk′
C5 +

kp′(kp+ p2 − pp′)

(kk′)2
C7

+
kp′(−p′2 + pp′ + kp′)

(kk′)2
C8 +

kp(kp+ p2 − pp′)

(kk′)2
C9

B22 =
1

4

C6 + C7 + C8 + C9

(kp′)(−2kp+ kp′) + (kp)2 + k2(k2 + 2kp− 2kp′)

B23 =
1

4

C6 − C7 + C8 − C9

(kp′)(−2kp+ kp′) + (kp)2 + k2(k2 + 2kp− 2kp′)

B32 =
1

4

2C2 + 2C4 − C6 + C7 + C8 − C9

(kp′)(−2kp+ kp′) + (kp)2 + k2(k2 + 2kp− 2kp′)

B33 = −
1

4

2C2 − 2C4 + C6 + C7 − C8 − C9

(kp′)(−2kp+ kp′) + (kp)2 + k2(k2 + 2kp− 2kp′)

(36)
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V. CONCLUSION

Using Ward Takahashi Identity to present 3 and and 4-point vertex functions as
the sum of two parts. First, Longitudinal part of 3-point vertex can be written in terms
of complete scalar propagator while for 4-point vertex, this part is presented in terms
of scalar propagators and transverse part of 3-point vertex function. Second, transverse
parts are not presented in term of fix components which depend on specific orders of the
perturbative theory. The thirst, this method can used to derived transverse part of 3-point
and 4-point vertex functions at higher order of the perturbative theory.
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