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H. T. HUNG, L. T. HUE, H. N. LONG
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Abstract. Ward-Takahashi identity is an useful tool for calculating amplitude of scattering pro-
cesses. In the high-order perturbative theory of sQED, propagators and vertex functions include
many high-order corrections. By using Ward-Takahashi identity, each vertex function is separated
into two parts: “longitudinal” and “transverse”. The longitudinal part can be directly calculated
from Ward-Takahashi identity. The transverse part depends on the expanding of specific orders of
the theory. This paper will present one method based on the Ward-Takahashi identity, to calculate
parts of vertex functions at the one-loop order in arbitrary gauge and dimensions in sSQED.

I. INTRODUCTION

We introduce a method which use Ward-Takahashi identity to decompose the vertex
into longitudinal part and transverse part. This form of vertex satisfies two conditions:
(i) has no kinematics singularities in both two parts, (ii) the longitudinal part of a vertex
has fixed scalar coefficient that.

II. PROPAGATORS AND VERTEX FUNCTIONS OF SQED IN BARE
PERTURBATION

In the scalar Quantum Electrodynamics Dynamics (SQED), propagators and ver-
tex function in any gauge £ are determined as follow:
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Fig. 1. Propagators of sQED in bare perturbative theory
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Fig. 2. Vertex functions of sQED in bare perturbative theory
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Fig. 3. Propagator of complex scalar particle at one-loop.

III. WARD-TAKAHASHI IDENTITY WITH 3-POINT VERTEX

FUNCTION OF SQED

Propagators of scalar particles at one-loop order :

15

In regular dimension the second diagram (tadpole) vanishes. The one-loop propa-

gator is given by:
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The 3-point function of sSQED at one-loop:
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In term of mathematical language, we have

Tk, p) = (k +p)* + T (k,p) + T5(p) + T5 ()

In which:
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F/f(k,p) = /\;\/vv Fg(p) = R J\iv‘/\% q
7q R .. .
k P k P k p

For vertex functions:

—je?

r, = W{él(kp)(k +p)ud” + [=8(kp)gl, — 2(k + p)u(k + p)*] Ty + 4(k +p)" T3,

+ (k4 p)uK°® = 2K} + (€ = D[k +p) K® + 4(k + p) P KP 125 — 8p° KP I3 5
— 2(k+p)ulk +p)*Js + 4k + p)* T}, — 2K ]} (3)

and
o B 62p2p” . m2 7T1—211 L -
2(p) = e [ +p—2]Q1(P)— e (1=0)(m7)
2 _m2

+ - 1)1’7@1@) +(p® —m®)Qs(n)]} (4)

Ward-Takahashi identity for the 3-point vertex function:
g " (k,p) = S7H (k) — 5™ (p) (5)
in higher correlative orders we introduce:
% (k,p) =T (k,p) + I'p(k, p) (6)
Longitudinal component and the transverse component is

S7H(k) - S~ (p)

Ppkop) = ——5— 53— (k42T (k.p) = (k% p?, ¢*)T" (k. p) (7)
Where
T4k, p) = pabt — kap = 51" (>~ )  (k + )] Q
The condition of I'}.(k, p) is:
.1 (k,p) = 0; T4 (p,p) = 0 (9)

The function 7(k?, p?, ¢*) is reduced as follow:
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2,2

TR = S = 2 = k) =Ko + (4 kp) o]
QQI( l[pQ( — 3kp) + k*(kp — 3p%) — 2m*(p* + kp)]
2Q1( )

—2 = pp B (& = 3kp) + 9 (kp = 3k) — 2m*(k” + kp)]

+(E = 1) (m® = k*)(m? — p?)[Jo — (kp +m®) Iy —

z?ﬁl (kp +p*) — lfi(g (kp+ k*)]} (10)
In which:
A? = (kp)® = K*p? = (kq)® — K*¢? (11)

It is convenient to present 7(k?,p?, ¢?) in terms of propagators of scalar particle:

1 SR E=1)— S p, g =1)]
T(k27p27q2) = o T )05 (m2 0,0 {(k2 —om? 4 p?— 4kp)
x[—Ko + (m® + kp)J ] ( 2@2( — 3kp) + k*(kp — 3p?)

—2m?(p” + kp)] — ZQQI_( pl [k*(k? — 3kp) + p°(kp — 3k%) — 2m®(k* + kp)]}

1 [S7'(k,E-1) =S5 p, £ = 1)] 2 12 (m2 — p2
oA [ R (k) — (2 — ) Qa(p)] T )

<= (o )t — 22D ) - 2 )y )

We define

¢" = (k—p)*; P* = (k+p)*
W-T identity for three-point function can be written in the form of

S'(k) - 57 2
Q,U,FV - qyru = (unu - quM) |: (k; . p2 (p) + %T(kQ,pQ,QQ) (13)
k* — p? 2,2 2
P/LFV_PZ/F,LL: (P,uQV_Pl/q,u) 9 T(k yP s 4 ) (14)

IV. WARD-TAKAHASHI IDENTITY WITH 4-POINT VERTEX
FUNCTION OF SQED

Ward-Takahashi identity of 4-point function relates with 3-point vertex function by:
KT (p' K'sp, k) =T (p + k,p) = Tu(p',p' — k)
RMTy (0 K'sp, k) =T (p', 0 + k) = Tu(p — ¥, p) (15)
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Following Eq. (IV) we can determine the longitudinal component of 4-point vertex
function based on 3-point vertex functions. We denote:

Qu="FK,(p+ 1)k — kK (p+1)u; Ry = kuk'k — Kk,
Q, =k, (p+p)k —kk'(p+p),;R, =k Kk — Kk,
(16)
Then 4-point vertex function is written by:
Ty = UL, +T0, = Agu + Bu(kk gy — kyk],) + B12Q) k], + Bis Rk,
+ Bo1k,Qu + B2Q,Qu + BasR,Q, + Bsik, R, + B32Q, R, + B33R,’/R# (17)

And now we can determine longitudinal and transverse component of 4-point vertex func-
tion as follow:

I, = Agu + B12Q, k), + BisR} k], + Ba1k,Qp + Bsik, Ry, (18)
T, = Bii(kk g — kukly) + B22Q,Q, + BasR,Qpu + B32Q, R, + BssRLR,  (19)

Factors of longitudinal component of 4-point vertex fuction is:

A = kk, (ST +k) -5 P+ 570 - k) ST}
B — L STk =S STW) ST k)
2 Kk’ (p+ k)2 — p2 p? - (p — k)2
— K [FT(p+ k.p) = Tr@,p = k)]}
B o_ L STNW k) -STW) ST ) St K)
TR (K p? p*—(p+K)?
— K2 [Cp(p —K.p )—FT(p7p+k)}}
o = - (k;/p {lp+k)* = p*IPr(p+ k. p) + (' = K)* = p*ILr (0,0 — ) }
By = - (k;,)g {l" = &) =00 (0 = K.p) + [+ &) = p"ICr(p,p — +4) }

(20)

In which I'7 is the transverse component of 3-point vertex function and it is determined
as follow:

SHp+k) =S p)
(p+k)? -

Factors B11 , Bos , Bas, Bgs and Bss of transverse component of 4-point vertex function

will be calculate according to perturbative -orders of the theory. We will introduce tech-

nique to calculate the transverse component of 4-point vertex function at one-loop. The
corresponding Feynman diagrams for this function are:

Tulp+k,p) = (2p+k), + 2(kupk — K*p)Tr(p+k,p)  (21)
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For sake of simplicity, we denote ¢ = k +p and ¢/ = k' + p, then results of Feynman
diagrams at one-loop are given by

ie?
I () = — 2 K (g) + (1 - £)1" (q)} (22)

(2m)

ie? 4 "
0.0 = op {2l b K@)+ S K0+ (- O+ 0 @) | (23)

ie? o (=
T (pg) = — (%)Dg“ {K(p =) =2(p+p)"1u(p. p") + 4pp' I1(p, p')

+ E-DK@p-p) =20+ L) + 4" Ju(p, p')} (24)

I (pg) = — L {2(p +9)"p"1(p,q) — (p+a)"1"(p,q) — 4p"I"(p + q) + 21" (p, q)
— (1=9l@*—m*)p+ "I (p.q) — 20> — m*)J*™ (p,q) + 2L" (q)
- (p+a"L"(a)}
(25)
ie?
T (p.q.p) = @mP {—20"K@)+K"(p)+ (1 - @* —m*) L' ()} (26)
v / ie? / v 4m?
'y (q,p) = W(erQ)“(p +q) {<q2 — 3t @ m2)2> K(q)
T 1—
- (qg — mg)g - q(Q — SQL(C])} (27)
v N ie? (' +d)p+qd) / T,
F%zo(P’q’P) = _2(27r)D (% — m2)? { ~4q”K(q') = T + 44, K*(q')
+ (1= |T - 44.K*(¢) + 4443 L (d)] | (28)
o2 m2 — 2
Iy (p.q,p) = ( D {(p+q [ q24_p 3’12 q2—77222 —1> I(p',q)
K(v K (v K 4y m2_ 2
- B O O s [ B
x I'(p,q) - 2E§2ti)12)—f<(?/ —a)+ qu{y_(};; + qfi(gzz]
2 _ 2
9|+ 00+ 0 6R —AI0) — ) - L L)

12 2

— 2+ " P” —m*)J (P q) - L”(q)—%ﬂ(ﬂ)]]} (29)
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ie?

Ty (p,q,p) = 32n)D {(k+2p)"(k + 6p + p') [(=2m* + (' — p)* — 2pp")U (p.p'.q)
+ Iqg—p, 0 —p)—I(p,q) — I(¢),q)] — 2(k + p+ p"[(—2m* + (v — p)*
— 2ppU*(p, 7', 9)]) +f“(q—p,p'—p)} (30)

The remain Feynman diagrams is determined according to:

I, = T ST, = TE o T =TT = TG 6

4
. — / . _ / . _ /
Y =Th (p,d )T =Th (0, d) Ty, =Th (0, q); T =T (p,d,p)  (32)
Uy =Th (0.d.p);Th =Th (0,a4:p); T, =Th, (0,d,0); T, =T ('d',p)(33)

Iy =Th (0,q,p); T =T% (k,p,qd,p") (34)

Diagrams I'y) ;T Ty T, v, vanish, so they do not contribute. And the calcu-
lating follow us to arrange terms of total 4-point vertex function in term of:

F,Lw = C(]g;w +C k,uky + CQk,upzx + C3p,uky + C4k,uply + C5kau
+Coppup), + C7p,py + Cspp), + Copupu, (35)

in which factors C; can be computed according to one-loop diagrams. Now factors of
transverse component of 4-point vertex function can be determined based on C; as follow:

k‘2 k‘2 k 2 o0 k k2 12 / ko'
B = *Wcﬁ + ( p(;:]f/p rp )02 - k—]io/C':g + (=p (]:—kzlj)pQ +kp')
kp(—p” + pp' + kp') kp/ kp' (kp + p* — pp')
Cs — —Cs +
(kk')? kK (kk')2
kp'(—p” + pp’ + kp') kp(kp + p* — pp')
(kk')? (kk')2
Cs+ Cr+ Cs + Cy
(kp')(—2kp + kp') + (kp)? + k2(k2 + 2kp — 2kp)
Cs — Cr+ Cs — Cy
(kp')(—2kp + kp') + (kp)2 + k2(k2 + 2kp — 2kp)
202+204_C6+C7+08—Cg
kp')(—2kp + kp') + (kp)? + k2 (k2 + 2kp — 2kp')
205 —2C4 + Cg + C7 — Cg — Cy
(kp')(—2kp + kp') + (kp)? + k2(k2 + 2kp — 2kp’)

Cy

+

Cr

_l’_

Cs + Cy

By =

By =

B3y =

e N N S

—

Bss = -

] =

(36)
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V. CONCLUSION

Using Ward Takahashi Identity to present 3 and and 4-point vertex functions as
the sum of two parts. First, Longitudinal part of 3-point vertex can be written in terms
of complete scalar propagator while for 4-point vertex, this part is presented in terms
of scalar propagators and transverse part of 3-point vertex function. Second, transverse
parts are not presented in term of fix components which depend on specific orders of the
perturbative theory. The thirst, this method can used to derived transverse part of 3-point
and 4-point vertex functions at higher order of the perturbative theory.
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