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Abstract

®

CrossMark

We study the quasi-bound state (QBS) spectra of the graphene quantum rings created by an
axially symmetric electrostatic potential. Detailed calculations are carried out for the case

of rectangular confinement potentials using the 7-matrix and/or the local density of states
approaches. Obtained results are analyzed in detail with respect to the two principal characters
of QBSs, the (resonant) level position and the level width. A unique relation is established
between the QBS-spectrum of a quantum ring under study and the resonant levels formed in
the corresponding one-dimensional rectangular potential barrier. Studies are realized in both

cases of zero and non-zero mass.
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1. Introduction

Quantum rings have been originally studied in the physics of
metal/semiconductor nanostructures [1-3]. The ring geometry
results in a specific energy spectrum and allows to observe
the most basic quantum phenomena such as the Aharonov—
Bohm (AB) effect [4] and the related persistent current (i.e.
the equilibrium current driven by the magnetic field threading
the ring). The observation of such quantum interference
phenomena has recently attracted much attention due to the
fundamental interests as well as the potential applications in
microelectronics and quantum computation [3, 5].

Graphene, a single layer of carbon atoms in a honeycomb
lattice, shows unique electronic properties such as the Dirac-
like low-energy spectrum or a very high carrier mobility
[6], providing an effective possibility to probe the quantum
phenomena. In fact, the AB-conductance oscillations have
already been observed in different graphene quantum rings
(GQRs) [7-9]. Certainly, an impressive progress in fabri-
cating GQRs should also lead to equally notable results on
the observation of the ring energy spectra and associated
dynamical properties [7, 10, 11]. Theoretically, the energy
spectra were mainly studied for closed GQRs in the single
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particle approximation, using either the tight-binding method
[15, 16] or the continuum models where charge carriers are
effectively described as massless Dirac fermions [12—15]. It
was shown that the energy spectra strongly depend on the
ring geometry and the edge structure [15]. For the model of
circular graphene quantum rings (CGQRs) with the infinite-
mass boundary condition, it was demonstrated that the com-
bined effect of the ring confinement and an external magnetic
field can be used as a controllable way to break the valley
degeneracy of energy levels [12, 16, 17]. Another model of
CGQRs examined extensively is the model of rings with zero
width, which allows an analytic solution to the Dirac equa-
tion by discarding the radial variation of the electron wave
function [14, 18, 19].

Actually, a CGQR can be created by an appropriate gate
or a charged scanning tunnelling microscope (STM) tip [10,
20-24]. Generally, due to the Klein tunnelling, the gate/tip
induced electrostatic potentials can confine carriers in just the
quasi-bound states (QBSs) with a finite trapping time [25].
While for the closely-related structure of circular graphene
quantum dots (CGQDs) the QBS-spectra have been studied
very extensively (see [26] and references therein), for CGQRs
this problem is much less attended.

© 2018 IOP Publishing Ltd  Printed in the UK
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Recently, [26-28, 31] suggested the simple approaches to
calculate the QBS-energy spectrum of any structure created
by an axially symmetric potential in a continuous graphene
sheet. On the one hand, the QBS-spectrum can be extracted
from the local density of states (LDOS). Each resonance
emerged in the LDOS expresses a QBS with the definite reso-
nance position (level) and resonance width. On the other hand,
one can directly determine the QBS-spectrum by solving the
Dirac equation with an outgoing wave boundary condition.
Generally, the energy spectrum is then complex, where the real
part and the imaginary part of a complex energy respectively
give the resonance level and the resonance width of a QBS
[28-30]. In addition, the resonance width of a QBS measures
the inverse of its trapping time. Notably, for CGQDs, these
approaches provided the QBS-spectra that describe very well
available experimental data [27, 32]. Besides, for the same
CGQD the QBS-spectrum extracted from the LDOS and that
calculated from the Dirac equation are shown to be in very
good agreement [27].

As an extension of the works [26, 27], the present study
is aimed at examining the QBS-energy spectra of CGQRs,
using the same approaches. We focus on the model of CGQRs
created by a rectangular radial potential. We systematically
examine the dependence of the QBS-spectra, including both
the resonance levels and resonance widths, on various poten-
tial/ring parameters. Impressively, we observe that the QBS
spectra have certain geometrical feature that is entirely deter-
mined by the width and height of confinement potential, but
not the ring radius. The fact that the discussed feature of the
spectra is independent of the ring radius inspires a simple rela-
tion between the energy spectra of the studied CGQRs with
those of the corresponding one-dimensional (1D) rectangular
potential barriers. Further, we observed strong oscillations
of the resonance widths with respect to the ring parameters,
which may be understood as a manifestation of the interfer-
ence process within the ring. This interference process also
causes an oscillation of the mass-induced valley split.

The paper is organized as follows. Section 2 briefly men-
tions the general approaches to solve the QBS-problem of
graphene nanostructures created by an axially symmetric
electrostatic potential. Section 3 is devoted to study the QBS-
spectra of the CGQRs created by a rectangular radial potential,
including the mass-induced valley splitting effect. While the
paper is closed with a summary and some remarks in the last
section 4, an appendix is added to present the energy spectra
of 1D rectangular potentials related to studied CGQRs.

2. Computation of the QBS spectrum

In general, for axially symmetric electrostatic potential
induced graphene nanostructures the electronic properties can
be easily extracted by computing the so-called 7-matrix of the
potential or its generalization [26, 27, 30]. In particular, the
QBS-energy spectra can be obtained either directly by solving
a spectral equation involving the elements of the T-matrix [27]
or indirectly by analyzing the resonant peaks in the LDOS.

Below we give a short summary of both methods; detailed
discussion and comparison can be found in [26, 27].

We begin with the two-dimensional (2D) Dirac-Weyl
Hamiltonian which describes the low-energy electronic exci-
tations in graphene under an axially symmetric potential U(r):

H=adp+vAo, + U(r), (1)

where ¢ = (oy, 0y, 0;) are the Pauli matrices, p = —i(0x, 0y)
is the 2D-momentum, v is the valley index (v = + for the
K- and K’-valley, respectively), and Ao, is the constant mass
term [6]. We consider the case where the valley scattering
can be neglected and use units such that 7 = 1 and the Fermi
velocity vy = 1.

Due to the axial symmetry of the potential U(r), in the
polar coordinates (r, ¢), the eigenfunctions associated with
the eigenvalues E of the Hamiltonian (1) can always be found
in the form

—ig/2,,(4)
wien-en (SN

where the total angular momentum j takes half-integer
values and X](A/ B) (E, r) are the partial radial wavefunctions
on the graphene A/B-sublattices. The radial wavefunction

X;/(E.r) = (X}A) (E,r), X}B) (E,r))T obeys the equation
COxi(E,
Xjér " = A (B, 3)

where the formal radial Hamiltonian #(r) is defined by

1]%/2 U(r)—E—-vA
Hl) = (U(r) CEtva otz )@

In order to study the QBS-spectra of the studied structure, one
has to solve this radial Hamiltonian (4) with an outgoing wave
boundary condition [28-30].

Such a problem can be solved conveniently with the
T-matrix method. Specifically, in the case when the con-
finement potential U(r) is flat in the limiting regions of
small and large distances r, i.e. there exist r; and 7y so that
U(r) = U; = constant at r < r; and U(r) = Uy = constant at
r > ry, the Hamiltonian (4) can be exactly solved in these two
limiting regions. The general solutions involving two integral
constants (CS), C,(Xz))T read x;(E,r) = Wa(r)Cqo with Wy (r)
being the basic solution in the respective regions o =i or

a=f,

_ ‘]J._%(qar) Yj_%(lIa”)
Walr) = (iTJjH (gar) iTY}y1 (‘W)) -7

Here, J;,.1 and Y, 1 denote the Bessel functions of the first
and second kind, respectlvely, Go = v/ (E — Uy)? — A? and
T = qa/ (E— Uy — AA).
One can then define the (2 x 2) transfer matrix (7-matrix),
T = [T11, T12; Ta1, T2)", which connects the integral coeffi-
cients in r < r; with the solution in r > r,

G =TC,. 6)
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The transfer matrix 7 can be computed for potentials of arbi-
trary form in between r; < r < ry with standard numerical
methods for ordinary differential equations. It was then shown
that solving the Hamiltonian (4) with an outgoing wavefunc-
tion boundary condition is equivalent to solving the following
equation [26]

T +1isT> =0, (7)

where T; and T, are E-dependent elements of the 7T-matrix
for the potential U(r) and s = sign(E — Uy). Solutions to this
equation are complex energies, the real and imaginary parts
of which describe the positions and the widths of QBS-levels,
respectively.

The other approach to computing the QBS-spectrum is
indirectly based on the computation of LDOS. We would like
to note that, while being indirect, this approach is computa-
tionally often simpler than solving the spectral equation (7)
directly on the complex plane.

Generally, because of the axial symmetry of the studied
structure, the LDOS also depends only on the radial coordi-
nate r and can be found as

+oo
p(E;r) =Y pY(Er), ®)
j=—00
with
%) Lo one
PO (Er) o 2=l ©)

where AFE is the level spacing at the energy E when the
system is embedded in a fictitious large graphene disk [27,
31]. Importantly, x;(r) has to be also subjected to a proper
normalization condition as well [27, 31]. The normalisation
can be easily carried out with the computed 7T-matrix [27].
Note that this procedure of computing the LDOS of a circu-
larly symmetric quantum nano-structure is significantly sim-
pler than the often-used finite difference method [33].

Once the LDOS-spectrum is known, to access the reso-
nances in it, one should calculate the total density of states
(TDOS) which is defined by [27]:

oo

Rmax
p(E) = / 4mdr Z pY(E,r),
0

j=1/2

(10)

where the integral is cut off at r = R,x which encircles the
major maxima of the LDOS. The positions and the widths of
resonances emerged in the TDOS describe the QBS-energy
levels and the widths of these levels, respectively.

We note that while in the large distance region (r > ry) the
assumption of U(r) = Uy = constant is naturally met for all
the realistic short range electrostatic potentials, in the oppo-
site region near the origin (r < r;) the similar assumption of
U(r) = U; might be violated in practice, e.g. in the case of
U(r) created by a gate or charged STM-tip [20, 22]. In prin-
ciple, the 7T-matrix is not well-defined in this case. This is
because the basic solutions in this region, W, in equation (5),
have the first column vanishes and the second column of W;

u(r) R
Up
R
—l—
0 (1 (2 (3)
w
0 ri rf r

Figure 1. Studied CGQRs are characterized by the average ring
radius R, the ring width W, and the magnitude of confinement
potential Up: ring geometry (left) and rectangular radial
confinement potential U(r) (right).

diverges. Nevertheless, one can investigate the asymptotic
form of the basic solution W, to extract the information in
the regular part of the 7-matrix. This procedure allows one
to compute the LDOS with confinement potentials which are
not necessarily flat near the origin (for details, we refer the
readers to [27]).

Focusing on qualitative distinctions of the studied structure,
we are here restricted ourselves to computing the QBS-spectra
of the CGQRs created by an axially symmetric rectangular
confinement potential, using the methods briefly described
above. Obtained results are presented in the following section.
Note that in the absence of an external magnetic field, one has
the symmetry E(j,7) = E(—j, —7) [16, 34] and, therefore,
only the energy spectra of positive angular momenta j will be
presented.

3. Rectangular radial potential induced CGQRs

We consider the CGQRs created by a radial potential in
rectangular shape: U(r)=Uy if r; <r <rp and U(r) =0
otherwise. Such a CGQR is characterized by the three param-
eters: the average ring radius R = (r; + r¢)/2, the ring width
W = (ry — r;), and the magnitude of confinement potential Uy
(see figure 1). Both the radius R and the width W are assumed
to be much larger than the inter-carbon distance in the gra-
phene lattice, so the inter-valley scatterings can be omitted.

Because the radial confinement potential U(r) is con-
stant in the regions r < r; and r > ry, the QBS-spectra of the
studied CGQRs can be more conveniently deduced from the
T-matrix equation (7). Fortunately, the piecewise form of
the studied potential allows for an explicit calculation of the
T-matrix. Indeed, in this case, in each of regions (1)—(3) (indi-
cated in figure 1) the potential U(r) is constant and, there-
fore, the Hamiltonian (4) can be exactly solved by solution
(5). The partial T-matrices at two potential steps (located
at r; and ry) can be easily derived by matching the solutions
(5) at these potential step positions. Then the total 7-matrix
for the whole potential is obtained by simply multiplying
these two partial T-matrices. The explicit matrix elements,
T = (T1 Tia, To1 Tx)7, are as follows:
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Figure 2. QBS-spectra of CGQRs with different radius R and/or width W are shown for several values of low j (j = 1/2(¢), 3/2(+), and
7/2(e)) in the energy range of 0 < € < Uy, given Uy = 1eV. (a)—(c): the same W = 6 nm, but different R (R = 24 (a), 48 (b), and 84nm
(c)). (d)—(f): the same R = 48 nm, but different W (W = 4 (d), 8 (e), and 10nm (f)). As a rough guide to the eye, the calculated points for
the same j in each box are freely connected by a line. The spectra show peaks of the level width 6. The number of these ¢-peaks and their
positions ¢ (indicated by arrows) are entirely determined by the confinement potential parameters W and U, and can be estimated from the
energy spectra of the corresponding 1D-potential barrier. Note: for comparison data in all the boxes are plotted in the same scales.

Ty = msmY 1 (gsre)di s (quri)ay — 31 Y5y 1 (g3rp) Ty 1 (qiri)as
=Ygz (qiras + nn Y (g (qir)as
Ty = 1Y, (Q3Vf)Y-,%(fZ1ri)a1 — Y 1(¢]3Vf)Y_,-+%(111Vi)(12
—73Y,_ Lasry)Y_1(qir)as + 1am Yy (qsr) Y s (qiri)as
To1 = =312l 1 (qsrg) ;s (quri)ar + 73701 (q3rp) iy (quri)an
+ (@) (@ir)as = mamdisy (gar gy (quri)aa
Ty = —msmadi 1 (g3ry) Y s (quri)ar + 731l 1 (qary) Y1 (quri)a
+ T22Jj—%(q3rf)yj wqiri)as — momid;_ 1 (gsry) Yy 1 (quri)as

where
ar =Yy 1 (qeri)j— i (aary) = Yi_ 1 (qary)djy 1 (q2ri),
ar = Y;_1(qarild;—1(qory) = Y;_ 1 (qorp)d;— 1 (qori),
as = Yiy 1 (qarildyy 1 (qar) = Yy 1 (qarp)dy 1 (qari),
as =Y, 1(qari)diy 1 (qary) — Yy 1 (qarp)d;_ i (qari)s
Q3 =VE =A%, g =+/(E-Up)> =A%, Ti3=q13/

(E+vA),and m = ¢ /(E — Up + vA). The indices 1, 2, and
3 at the last expressions of g and 7 are respectively related to

the regions (1)—(3) in figure 1.
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Using the obtained 7-matrix, we solve equation (7) to find
the complex eigenvalues E, of which the real and imaginary
parts, i.e. Re E and (—Im E), determine the positions and the
widths of QBS-levels, respectively. Calculations have been
carried out for CGQRs with different R, W, U, and A. Some
obtained results are presented in figures 2-6 (Here after, for
short, the symbols € and 6 will be used to denote the QBS-level
position and width, respectively, e = Re E and § = —ImE).
In all these figures, our discussion is restricted to the most
interesting energy range of —A < e < Uy — A.

Let us first analyse the case of zero mass, A = 0. In figure 2
we present the QBS-spectra of three CGQRs different only
either in the radius R ((a)—(c)) or in the width W ((d)—(f)), given
the potential magnitude Uy = 1 eV. The spectra are shown
for some first QBSs with j = 1/2(¢), 3/2(+), and 7/2(e). As
a rough guide to the eye, the calculated points for the same j
in each box are connected by a thin line. Remarkably, any line
in all the boxes in figure 2 shows a relatively symmetric shape
with remarkable peaks on ¢ (6-peaks). For a given W, the
number of §-peaks and their positions ¢; (indicated by arrows)
seem to be independent of the radius R (see, boxes (a)—(c) with
W = 6nm in the left column). Upon increasing the width W,
the number of peaks increases, keeping the spectra relatively
symmetric in the discussed energy range (see, boxes (d)—(f)
with W = 4, 8 and 10 nm, respectively, in the right column).
In any box in figure 2, the lines with different j share a syn-
chronous shape; in particular, the positions ¢; of the peaks are
independent of the angular momentum j.

A close examination of the spectra in boxes (a)—(c) reveals
that while the number and the positions ¢; of the 6-peaks are
unchanged, the relative spacings between the lines of dif-
ferent j are gradually narrowed with increasing the radius R.
The phenomenon can be understood by considering the limit
of large R. As R is large, the angular momentum j losses its
meaning in this limit because the related terms in the effective
Hamiltonian (4) vanish. The radial potential U(r) is thus in
fact equivalent to a one-dimensional (1D) rectangular poten-
tial barrier, namely U(x), with the same width W and the same
height Uy (see appendix). The energy spectrum of the lim-
iting 1D-potential barrier U(x) is entirely determined by only
the two barrier parameters W and U,. We anticipate that this
U(x)-induced spectrum should be the one the QBS-spectra of
the CGQRs with the same W and U, converge to when the ring
radius R increases towards infinity. This means that, given W
and U), the number and positions of the specified levels in the
U (x)-induced energy spectrum should provide the number and
positions of the R-independent §-peaks emerged in the QBS-
spectra of CGQRs.

To verify this assessment we analyze in figure 3(a)
the dependence of LDOS on (1/R) for (j= 1/2)-states
of CGQRs with W= 6nm, Uy= 1eV (as studied in fig-
ures 2(a)—(c)), and R ranging from 24 to 84 nm. Note again
that the resonances in a LDOS describe the QBSs in the corre-
sponding energy spectrum. Each from these QBSs draws a
straight line in the figure as R increases [14]. Extrapolating
these resonance-data lines to the limit of R — oo shows that
in this limit most of the QBS-energies of different j in the
energy range of 0 < £ < Uy undoubtedly converge to the state

(a)

e © 9
N ® ©

e
o

L
B

o
w

o
N
T

Resonance energy € = Re(E) [eV]
2 &
AL aaan

=

%806 “o.01 0.02 0.03
1/R [nm™1]

0.04 4 6 8 10 12 14 16
W [nm]

Figure 3. (a) LDOSs calculated for the (j = 1/2)-states of CGQRs
with different radii R (given W = 6nm and Uy = 1eV) are displayed
against 1/R. The resonances in the LDOS describe the QBSs, each
of which show a straight trace as R increases. In the limit of large
R, R — oo, all these traces converge to zero energy (see some
extrapolating dotted-straightlines in the figure, for example), except
the two lines of €, that remain stable, independent of R.

(b) QBS-energies ¢ of j = 1/2, taken from the spectra like figure 2,
are plotted against the ring width W for CGQRs of the same

R = 48nm and Uy = 1eV, while W changes from 4 to 16 nm (red-
solid lines). The green-dotted lines describe the W-dependence of
the energies ¢; determined from the suggested resonance condition
for corresponding 1D-rectangular potential barriers.

of zero energy that corresponds to states of free electrons with
vanishing momenta. Nevertheless, out of the QBSs, two of
them with energies £; = 0.66 eV and ¢, = 0.31 eV remain
independent of R. Impressively, these two energies €, are
indeed well coincident with the resonant energies induced
by the 1D-rectangular potential of the same W and U (see
appendix). As one might have expected, these energies €2
also coincide with the energy-positions of the two é-peaks
emerged in figures 2(a)—(c). In this way, we can determine the
positions of all §-peaks emerged in the energy-range [0,Up]
for CGQRs with any W. As an example, we systematize in the
next figure 3(b) the data for CGQRs with W ranging from 4
to 16nm.

In this figure 3(b), the red-solid curves describe the depend-
ence of the QBS-energies ¢ on the ring width W in the energy
range of 0 < & < Uy for the (j = 1/2)-states of the CGQRs
with R =48nm and Uy = 1eV. Note on the QBS-level spac-
ings that are rather regular in this case. Correspondingly, the
green-dotted curves describe the W-dependence of the reso-
nant levels induced by 1D-rectangular potential barriers with
the same height Uy = 1eV (see appendix). Specifically, the
crossing points of a vertical-straight line of constant W, e.g.
the dashed-line at W = 6nm in the figure, with the red-solid
curves will provide the positions of all the QBS-levels in the
energy-range of interest for the CGQRs of given W, Uy, and
R. On the other hand, its crossing points with the green-dotted
curves allow one to infer the resonant levels that remain stable
at large R (see the two Xx-points €1, in the figure). Thus,
figure 3(b) provides a useful tool to analyze QBS-spectra of
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Figure 4. (a) QBS-level widths, 6 = —Im E, of the lowest state

(j = 1/2) taken from the spectra like figure 2 are plotted for
CGQRs with different radius R ranging from 24 to 84 nm (different
point-types along the vertical direction) and different widths W
ranging from 4 to 16 nm (horizontal direction). (b) Variations

of QBS-level widths of several states of (j = 1/2) show an
oscillation behaviour as the ring width varies (given R = 48 nm and
Up = 0.5eV). Note that for the sake of clarity, only few states are
presented in the figure.

CGQRs. Certainly, figures that are similar to figure 3(b) for
different Uy and/or W-range could be constructed depending
on the CGQRs of interest (see appendix for additional
information).

We now turn to the second character of QBSs, the level
width § = —ImE. Figure 4(a) presents the width 6 of the
lowest QBS (j = 1/2) for CGQRs with different W and R, given
Up = 0.5eV. At a given W, the variation of the computational
points along the vertical line describes the R-dependence of the
level width of the studied QBSs. With the data in figure 4(a),
one might generally assume that the level width 6 of the lowest
QBS is monotonically reduced with increasing the ring radius
R. In reality, more detailed data show a complicated behaviour
of the (6 — R)-relation, depending on the ring width W. This
is however expected, since the lifetimes of the electrons in a
quantum ring depend on the interference pattern of the wave
function in the ring; the latter in turn depends crucially on the
geometry of the ring, namely its radius and width.

In addition, we show in figure 4(b) the variation of the
level width 6 with the ring width W for some lowest QBSs
(G=1/2) of CGQRs with R=48nm and Uj=0.5¢eV.
Each (6 — W)-curve in this figure is smoothly constructed
from about 100 computational points. The observed oscil-
lating behaviour of all the curves in figure 4(b) reflects the
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Figure 5. LDOSs are shown versus (1/R) in the way similar

to figure 3(a) but for CGQRs with W = 4nm, Uy = 1eV, and

A = 0.1 eV. The mass splits each £-QBS into two partial
e(F)_QBSs, associated with K /K’-valleys. To see both partial states
simultaneously, the figure is artificially split into the upper part
(green) and the lower part (red), each only showing one of the two
types. Note however that in reality, the two partial states appear in
all energy range which overlay with each other. Variations of these
partial QBSs as R varies, e and (), are extrapolated by the red
and green dotted-lines, respectively. In the limit of R — oo, all the
e()-QBSs (¢(7)-QBSs) converge to the energy of —A (A) except

the EEJF) (agf))-state that is insensitive to R.

interference-induced origin of the QBS-level widths 6. The
typical period of these oscillations depends on the examined
states (different curves) and varies with the ring width itself
(different ranges of W). An increase of W modifies the energy
structure, even inducing new QBSs (see the two lowest curves
in figure 4(b)). On the whole, counting the R-dependence in
figure 4(a), calculations show a complicated dependence of &
on the all three parameters R, W, and j that mutually affect the
interference process within the ring.

So far, all the results presented in figures 2—4 are for
the case of zero mass, A = 0 in the Hamiltonian (1). Now,
we examine the QBS-spectra of the same CGQRs studied
above, but in the case of non-zero mass. As well-known
[12], the mass splits each QBS-energy ¢ into two ener-
gies, namely £(*), associated with the K/K’-valleys, cre-
ating in the energy spectrum a gap of [—A, Al. Figure 5
shows the LDOS in the same way as in figure 3(a), but
for (j = 1/2)-states of CGQR with W = 4nm, Uy = 1eV,
and A = 0.1 eV. Note that for the CGQRs with the same
W and U, but with zero mass, all the QBSs in the con-
sidered energy range of energy spectra converge to the
zero-energy state as R — oo except a single QBS that
is stable with R-variation corresponding to the single
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o-peak in figure 2(d). Now, in figure 5 with A =0.1 eV
the spectrum is split into two types, variations of which with
respect to (1/R) are described by the green £(7)- and red
£(F)_lines. Interestingly, while all the £(~)-QBSs (associated
with K’'-valley) converge to the energy of 0.1eV = A (free

electron states), except the 557)-state, allthe e()-QBSs (asso-
ciatedwith K-valley)convergetotheenergyof —0.1eV= —A
(free hole states), except the 5§+)-state. The Egi)-energies
are insensitive to R and, as shown in the appendix they
coincide with the resonant energies induced by the corre-
sponding 1D-rectangular potential: e =0.582 eV and

£ = 0385eV.
In the case if there are multiple stable energies ¢; in the
absence of mass (see figure 3(a) for example), a finite mass

splits each ¢; into two partial stable energies, ei(i), all of which
are well-defined from the resonance condition (A.1) for corre-
sponding 1D-rectangular potentials. In fact, we can draw the

pictures like figure 2 for each of partial £(*)-QBSs that show
the 6-peaks at e(E) = 5&). For practical use, we also can draw

the diagrams similar to figure 3(b) for each type of QBSs of
CGQRs with given Uj and A.

To further analyse the effects of the mass term, we cal-
culated the QBS-spectra for the CGQRs with the same R,
W, and U, varying A from 0.1 to 0.3eV. Calculations have
been performed by solving the 7T-matrix equation (7) with
the same A-dependent 7-matrix given above. Obtained data
presented in figure 6 are for the lowest from (j = 1/2)- and
(j =7/2)-states of the CGQRs with R = 48nm, W = 6nm,
and Uy = 1eV (Types of data-points for different j and v
are given in figure 6(b)). Figures 6(a) and (b) respectively
show the valley-associated QBS-energies £(*) and the corre-
sponding level widths 6(*), plotted against A. In all the cases
studied, figure 6(a) shows that with slight oscillations the QBS-
energies £(*) (main figure) as well as the valley-splitting ener-
gies Ae = (e(7) — (1)) (Inset) increase almost linearly with
A. For the level widths §*) (of corresponding £(*)-levels),
contrarily, figure 6(b) shows a strong oscillation as A varies.
Such an oscillation should be understood as a manifestation
of the interference process within the ring, following the way
similar to that related to figure 4(b). Besides, one observes
in figure 6 a familiar effect: the life-times of QBSs tend to
increase as the angular momentum j increases [28]. This has
been related to the increase of the effective potential due to
the angular momentum in the Hamiltonian (4), which in turn
enlarges the classical forbidden area that traps the electron in
the ring [28].

Lastly, it should be again mentioned that in this work
the study is focused on the QBSs in the spectrum region of
—A < e < Uy— A (including both massless and massive
cases). Certainly, there exist the bound states in the studied
structure. It was shown in [27] that these bound states can
also be found by using the same 7-matrix presented above.
In particular, the zero-energy states were already shown to be
strictly localized [20].
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Figure 6. In (a) and (b) the partial QBS-energies e of the lowest
from (j = 1/2)- and (j = 7/2)-states and the corresponding

level widths 6(+) are respectively plotted versus A for CGQRs
with R = 48 nm, W = 6 nm, and Uy = 1eV. Inset in (a): valley-
splitting energies Ae versus the mass A: x- and e-points are for
(j=1/2)— and (j = 7/2)-states, respectively, as indicated in

the main figure (a). (Note: in both (a) and (b) the data points with

v = 4/— are respectively associated with K/K'-valley.)

4. Conclusions

We have studied the QBS-spectra of CGQRs created by a rect-
angular radial potential that is characterized by three param-
eters: the radius R, the width W and the potential height U.
Calculations were carried out for CGQRs with different W
and U, as well as R, by either solving the QBS spectral equa-
tion and/or analysing the resonances in the LDOSs calculated.
Obtained results show the key role of the two parameters W
and Uy in forming the spectrum structure. For given (W,Uy)
the QBS-spectrum exhibits well-defined maxima on the level-
width. Analysing the LDOSs shows that these maxima cor-
respond to the QBSs that are insensitive to the ring radius
R, while all the other QBSs converge on the zero-energy
when R — oco. Furthermore, such the R-independent QBSs
of CGQRs are uniquely related to the resonant levels of the
1D-rectangular potentials with the same W and U. As for the
second character of QBSs, the level width, that measures the
inverse of level trapping time, the calculated results reflect
the interference-induced origin of this quantity. Qualitatively,
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the findings are being maintained in the case of the Dirac
Hamiltonian with a non-zero mass term. The mass splits each
QBS into two partial states associated to the K/K’-valleys.
Each partial QBS-spectrum behaves with respect to param-
eters W, Uy, and R in the way similar to that observed in the
massless case, including the relation to the resonant levels in
corresponding 1D-rectangular potential barriers. In fact, we
also extended our computations to the case of CGQRs created
by a smooth potential of the type suggested in [20]. We how-
ever found no qualitatively different results in comparison to
those for rectangular confinement potentials that are worthy to
be in detail described.
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Appendix. One-dimensional rectangular potential
barrier

In the case of zero mass, A = 0, the tunnelling through an one-
dimensional (1D) potential barrier, U(x) = Uy if 0 < x < W
and 0 otherwise, applied to a pristine graphene sheet, has been
originally solved in the classic paper [25], suggesting the reso-

nance condition: W\/(s — Up)?/ W20} — k2 = nm, n=0,%£1,

..., where k, = kp cos ¢, kr is the Fermi wavevector and ¢ is
the incident angle.(Here, for convenience, we re-introduce 7
and vF into the Hamiltonian, keeping all the symbols the same
as in [25]). It is easily to extend the study [25] to get the reso-
nance condition in the case of non-zero mass. With respect
to the radial property of the studied equation (3) (implying
ky, = 0), the resonance condition for the 1D-potential barrier
induced energies € that determine the R-independent QBS-
levels of corresponding CGQRs may be anticipated as

V(E—Uy+ A)e—Uy—A) = nr(hog/W) (A1)

with n=0,+1,.... This condition provides all the
R-independent QBS-energies ¢; realized in figures like figure 3
or figure 5. Here are some examples.

A.1. The case of zero mass, A =0

The condition (A.1) suggests for CGQRs with W= 6nm
and Uy = leV the two energies ¢; in the energy range of
0<e<Uye =0.66eVande, = 0.31eV (taking vp = 10°
m s~!). Obviously, these energies coincide with the QBS-
energies €, determined in figure 3(a) and, on the other side,
describe well the e-positions of the two d-peaks observed in
figure 2(a). For CGQRs with W = 4nm and U = 1 eV the con-
dition (A.1) reveals the single resonance energy £; = 0.48 eV
that well describes the e-position of the single é-peak in
figure 2(d). Similar predictions can be made for 6-peaks
in spectra of various CGQRs: for CGQRs with W = 8nm
and Uy = 1eV (see figure 2(e)) there are three 6-peaks at

€1 =0.74 eV, ¢, =048 eV and g3 = 0.23 eV; for CGQRs
with W = 10nm and U, = 1eV (see figure 2(f) there are four
O-peaks at €1 =0.79 eV, €, =0.59 eV, 3 =0.38 eV, and
g4 =0.17eV.

A.2. The case of non-zero mass

The condition (A.1) provides for CGQRs with W = 4nm,
Up=1eV, and A =0.1 eV a pair of R-independent QBS-
energies, e = 0.385 eV and e(=) = 0.582 eV. These ener-
gies are exactly the stable energies sli shown in figure 5. One
more example, for CGQRs studied in figure 1(a) (W = 6nm
and Uy = 1eV) the mass A = 0.1 eV splits the two §-peaks at

energies €17 in figure 2(a) into four §-peaks at 5§+) = 0.557,
e = 0754, 7 = 0213, and {7 = 0.41 eV.
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